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Abstract. A generalization of the Schur Q-function is introduced. This generalization, called generalized Q-
function, is indexed by any pair of strict partitions, and can be expressed by the Pfaffian. A connection to the theory
of integrable systems is clarified. Firstly, the bilinear identities satisfied by the generalized Q-functions are given
and proved to be equivalent to a system of partial differential equations of infinite order. This system is called the
UC hierarchy of B-type (BUC hierarchy). Secondly, the algebraic structure of the BUC hierarchy is investigated
from the representation theoretic viewpoint. Some new kind of the boson-fermion correspondence is established,
and a representation of an infinite dimensional Lie algebra, denoted by go,.., is obtained. The bilinear identities are
translated to the language of neutral fermions, which turn out to characterize a G-orbit of the vacuum vector, where
G is the group corresponding to gooso-

1. Introduction

1.1. Schur Q-functions and BKP hierarchy. The Schur Q-functions arise from the
theory of projective representations of the symmetric and alternating groups[6], which play
similar roles to Schur S-functions for irreducible characters of the general linear groups. The
Schur Q-functions are also understood as a + = —1-specialization of the Hall-Littlewood
symmetric function [14].

Let L = (A1, A2, ..., A2,) be any strict partition, i.e., all the A; are non-negative integers
such that A1 > A2 > --- > Xy > 0. Let ¢, (x) (n € Z) be elementary Q-functions which are
polynomials in variables x = (x1, x3, x5, ...) (see (2.1)). We set forall m,n € Z,

Gm.n () =qm (X)qn () +2 Y (=¥ g x (%) gn—k (x)
k>1

which include g, (x) as g,.0(x) = gn(x) and satisty g, n(x) + gnm(x) = 2(—1)"8p4n,0-
The Schur Q-function @, (x) indexed by the strict partition A is then expressed as a Pfaffian
(6, 14]

0,.(x) = Pf[M;] (1.1)

for a skew-symmetric matrix M = (m; j)1<i,j<2r With entries m; j = gy, »;(x) fori # j
and m; ; = 0 fori = j. Notice that the original definition of the Schur Q-function as a
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symmetric function can be obtained by setting the variables as x, = 2p,/n where p,, is the
n-th power sum.

The Schur Q-functions appear as polynomial solutions of the BKP hierarchy of partial
differential equations [1, 2, 3, 7], which is one of the variants of the famous KP (Kadomtsev-
Petviashivili) hierarchy [16]. From the viewpoint of infinite dimensional Lie algebras [9], the
BKP hierarchy corresponds to a Lie algebra of B-type, while the KP hierarchy corresponds to
A-type. It was discovered by Y. You [19] that O, (x) for any strict partition A gives a solution
of the BKP hierarchy.

As was proved by M. Sato, the Schur S-functions give solutions of the KP hierarchy
[16]. It is interesting that solutions for both KP and BKP hierarchies include special functions
(“character polynomials”) related to the representation theory of the finite groups.

1.2. Universal characters and UC hierarchy. The universal (rational) character,
defined by K. Koike [12], is a generalization of the Schur S-function, which gives an irre-
ducible rational representation of the general linear groups. (The Schur S-function describes
a polynomial representation). The universal character is defined for each pair of (ordinary)
partitions, while the S-function is defined for a single partition. Moreover the universal char-
acter has a (twisted) Jacobi-Trudi formula (determinant expression).

Recently T. Tsuda [18] proposed an extension of the KP hierarchy called the UC hier-
archy. The UC hierarchy is an integrable system corresponding to the universal characters.
The UC hierarchy may be somewhat strange among many classical integrable systems, be-
cause all the differential equations included in the hierarchy have infinite order. However
many interesting properties of the UC hierarchy were revealed remarkably similar in style
with those for the KP hierarchy, e.g., boson-fermion correspondence, Lie algebra symmetry,
Pliicker relations, etc.

1.3. Purpose. The aim of this paper, motivated by the fact mentioned above, is two-
hold. Firstly we define a generalization of the Schur Q-function, as an analogue of the univer-
sal character. This generalization, called the generalized Q-function, is defined for any pair
of strict partitions and possesses a Pfaffian structure which gives a natural generalization of
(1.1). Secondly we present a system of differential equations satisfied by the generalized Q-
functions. Since this system may be considered as a B-type analogue of the UC hierarchy, we
call it the UC hierarchy of B-type (BUC hierarchy). We also investigate an algebraic structure
of the BUC hierarchy, i.e., an infinitesimal symmetry of a certain infinite dimensional Lie
algebra, by using the language of neutral fermions.

1.4. Summary of results. The results of this paper are summarized as follows.

By a strict partition, we mean a sequence A = (A1, A2, ..., A,) of non-negative integers
suchthat A1 > A > --- > A, > 0. Let (x, y) = (x1, X3, X5,..., Y1, Y3, Y5, ...) be a set of
independent variables. We first define the generalized Q-functions.
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DEFINITION 1.1. Let X and u be arbitrary strict partitions. We define the generalized
O-function Q. ,1(x, y) by

Qp(x, ¥) = 05 (x —20,) 0, (y — 20y) - 1 (1.2)

where 3y = (8x;, 8x3/3, 35 /5, .- . ).

Since we have Q. g(x, y) = Qx(x) and Qg 1 (x, y) = Q. (y) where § = (0), the
generalized Q-function is regarded as a generalization of the Schur Q-function. This definition
(1.2) is motivated from a similar relation between the Schur S-function and the universal
character (see [18], Lemma 4.7).

The generalized Q-function has a Pfaffian structure as follows (see Theorem 2.8).

THEOREM 1.2. Let A = (A1, A2, ..., ) and u = (1, U2, - .., [2s) be strict parti-
tions. Let M) be a skew-symmetric matrix given in (1.1) and M, = (m; j)1<i,j<2s @ skew-
symmetric matrix with entries mi,j = qua, ;. y,ug i1 (X) if i # jandmij = 0ifi = j.
We furthermore define the matrix Ny, = (rpy,_,., Aj (x, ¥)1<i<2s,1<j<2r, Where rpy (X, y)
(m, n € Z) are defined by

Fonn (%, ) = G (P)qn () +2Y (=D g1 (¥)gn—i (x) .
k>1

Then the generalized Q-function Q. .1 (x, y) can be expressed as a Pfaffian of the form

MM N)uli
Op.(x, y) =Pf|: ] (1.3)
N, M

where N AT u denotes the transpose of Ny .

We discuss a relationship between the generalized Q-functions and the following linear
differential operators:

X(@) = X(@ x, 3, 5. dy) = £ 020
~ ~ (1.4)
X(@) = X(z:x,y, 8s, By) = FO 200 20

where &(x,2) =), x27—122"~1 and z is a non-zero complex number. In physics, operators
of these types are called vertex operators.
We express the vertex operators as

X@ =) X2" XK@ =Yy X"
nez neZ
The coefficients X, = X, (x, y, 0, dy), X, = X, (x, ¥, 0x, dy) (n € Z) are differential oper-
ators on the polynomial algebra C[x, y], which have the following property (see Proposition
3.1).
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PROPOSITION 1.3. LetA = (Ay,..., o) and u = (W1, ..., was) be strict partitions.
Then we have the formula

Opm(x, ¥) = Xo, - Xog Xy -+ Xy, - 1. (1.5)

We now introduce the BUC hierarchy. Consider the following quadratic relations for an
unknown function 7 = 7(x, y):

Z(—l)"x,,z@ox,,,z =Z(—1)"f(,,r®5(,,,r=r®r. (1.6)
neZ nerl

We call this equation bilinear identities. The bilinear identities are equivalent to a system of
differential equations for t. In fact, by virtue of a calculus on “Hirota differentials”, we can
rewrite (1.6) as follows (see Proposition 3.4)

Y @) quim(—2Dx) gu(—2Dy)e P B Prix . o = (@ Prle® Dyl

n,m>0
N N (L.7)
Z qn(2b)qm (—2Dy) ‘In-‘rm(_ZDy) e(a’Dx>e<b’Dy>t T = e(a’Dx>e<b’Dy>t - T
n,m=>0
where a = (aj,a3,as,...), b = (by, b3, bs,...) are newly introduced variables, and
we have used notation {(a, Dy) = anlaZn—len_] for Hirota differentials 5x =

(Dyx,, Dx;/3, Dy /5, ...). This equation produces an infinite number of Hirota bilinear equa-
tions, when we regard (1.7) as multiple Taylor series with variables (a, b).

DEFINITION 1.4. A system of the Hirota bilinear equations (1.7) is called the UC
hierarchy of B-type (or the BUC hierarchy for short).

Note that the BUC hierarchy reduces to the (bilinear) BKP hierarchy when t is indepen-
dent of y.
We have a class of polynomial solutions of the BUC hierarchy (see Theorem 3.7).

THEOREM 1.5. The generalized Q-functions are solutions of the BUC hierarchy.

We can also obtain soliton-type solutions, which can be expressed by Pfaffians (see The-
orem 3.9 and Proposition 3.11).

We next investigate an algebraic structure of the BUC hierarchy. We use the language of
neutral fermions. Let A be an associative C-algebra with generators ¢y, , qS,,, (m € Z) (neutral
fermions) satisfying fundamental relations

[bm, Dl = [Pm, Pult = (1) 8msn0  [dm, Pul =0

(the former is “anti-commutative” and the latter is “commutative”). The Fock representation
of A is an irreducible representation on the vector space F = A|0) = {a|0) |a € A}, where
|0) satisfies the relations ¢,|0) = ¢,|0) = 0 for n < 0. The representation space F is called
the fermionic Fock space.

The Fock representation has an explicit realization in the polynomial algebra with infinite
variables x, y, ¢, . Let T be an ideal of C[x, y, ¢, g ] generated by g> — 1/2 and > — 1/2.



GENERALIZED Q-FUNCTIONS AND UC HIERARCHY 353

We define the bosonic Fock space by B = Clx, y,q,q 1/7. Then we have the following
theorem (see Theorem 4.8).

THEOREM 1.6. There exists a vector space isomorphismo : F = B,

The map o is called the boson-fermion correspondence, which gives a new version of
a similar correspondence due to DJKM [2, 3, 7] for single component neutral fermions. An
explicit description of the map o can be given in an analogous way to the case of the UC
hierarchy [18] (see Section 4.2). Through the boson-fermion correspondence, we can realize
the neutral fermion on 3 by means of the vertex operators (see Theorem 4.11).

We now discuss a relationship between the BUC hierarchy and an infinite dimensional
Lie algebra. Consider any element of the form

X = Z (aij : ¢ip—; . +aij :ql_ﬁ,'(]_ﬁ,j D+c (ceO)
i,jeZL
where : : denotes a normal product of neutral fermions, and g;;, a;; are assumed to be subject
to the condition a;; = a;; = 0if |[i — j| > 0. The set of such elements forms an infinite
dimensional Lie algebra, denoted by go,.,, which is realized as an infinite rank matrix Lie
algebra (see Section 5.1 and 5.2). We define the (formal) Lie group G corresponding to go,..:

G={eX1...e8 X, € g0, : locally nilpotent}

and consider G|0) = {g|0) | ¢ € G}. By the boson-fermion correspondence, G|0) is mapped
to the subspace of C[x, y], which turns out to give a description of polynomial solutions of
the BUC hierarchy (see Theorem 5.4).

THEOREM 1.7. A polynomial function Tt € Clx, y] gives a solution of the BUC hier-
archy if and only if there exists a g|0) € G|0) such that T = o (g|0)).

By the explicit formula of o, a polynomial solution corresponding to ¢|0) can be given
in terms of a vacuum expectation value

T = (HEN gy 1

with the Hamiltonian operator H (x, y) (defined in Section 4.2). Solution expressed in this
form is referred to as a t-function, in soliton theory.

Our discussion will be finished by showing the relationship for solutions between the
BUC hierarchy and the BKP hierarchy (see Theorem 5.8).

THEOREM 1.8. t(x,y) € C[x, y] is a solution of the BUC hierarchy if and only if
there exist solutions t1(x), T2(x) € C[x] of the BKP hierarchy such that

T(x,y) = 11 (x — 20,) 1a(y — 20x) - 1. (1.8)

1.5. Contents of the paper. In Section 2, we define the generalized Q-functions and
prove their Pfaffian structures. In Section 3, we introduce the BUC hierarchy and construct
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exact solutions of polynomial-type and soliton-type. In Section 4, we establish the boson-
fermion correspondence. In Section 5, we define the Lie algebra go,, and give a Lie algebraic
description of the BUC hierarchy. We also discuss a relation to the BKP hierarchy. Section 6
is devoted to concluding remarks.

2. The generalized Q-functions

In this section, we first recall a definition of the Schur Q-function and then introduce
the generalized Q-function. The goal of this section is to prove a Pfaffian formula for the
generalized Q-function (Theorem 2.8).

2.1. Schur Q-functions.

DEFINITION 2.1. Letx = (x1, x3, X5, ... ) be a set of independent variables. Elemen-
tary Q-functions g, (x) (n € Z) are polynomials in x defined by the generating series:

an(x)z" =ef®)  where £(x,z) = sz,,_IZZ"—l . 2.1)
neZ n>1
Explicitly, go(x) = 1, g,(x) =0 (n < 0), and

ky ks ks

-xl x3‘ xs PR
g (x) = ) il B e B
kilkslks! .-
k1+3k3+5ks+---=n

The n-th elementary Q-function g, (x) is a homogeneous polynomial of degree n when
we putdegx, =n (n > 1). Since
1 = eE(x,z)e*E(x,z) — Z qm (x)qn(_x)zm+n
m,nel
we obtain the following equality:
> (=D gm(x)gn(x) = 80 22)
m+n=k
where we have used ¢, (—x) = (—1)"g, (x) by homogeneity. For each m, n € Z, we define
Gmn(X) = Gn()qn () +2 ) (=D m1r(x)gn—t(x) (2.3)
k>1
which include g, (x) as g,,0(x) = gn(x). Itis proved by using (2.2) that forallm,n € Z
Qm,n(x) + gn.m (x) = 2(_1)m5m+n,0 . (2.4)
A sequence A = (A1, A2, ..., A;) of non-negative integers is called a strict (or distinct)
partitionif A1 > Ay > --- > A, > 0. The length of A denoted by /(1) is a number of non-zero
A in A, and the sum [A| = A1 + A + -+ + Ay is called the weight of . We may write

any strict partition as (A1, A2, ..., A2,) by adding A2, = O (if necessary). For example, (1, 0),
(2,0), (3,2,1,0) and so on.
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DEFINITION 2.2 ([6]). For any strict partition A, we define the Schur Q-function
0, (x) by the following inductive formulae.
1. If A = (A1, A2, ..., A2k+1) be a strict partition with odd length, i.e., [(A) = 2k + 1,
then
2k+1
Qi@ = Y (D000, 7 e @) (2.5)

.....

i=1

2. Ifx = (A1, A2, ..., Ag) be astrict partition with even length, i.e., /(1) = 2k, then
2k

o) (%) (2.5b)

iseees

i=2
In the above, the hat ~ denotes the absence of the corresponding letter and we put Qy(x)=1,
Q.20 (X)=qn, 2, (x) for Ay > 22 > 0.

EXAMPLE 2.3. The following is a list of O, (x) with degree |A| < 5:

A 05.(x) A Q5.(x)
degree 0 | ¥ 1 degree 4 | (4) 21—4x‘f + x1x3
degree 1 | (1) | xi G, D) | Hxf —xix3
degree 2 | (2) %xlz degree 5 | (5) llwxf + %xlzx3 + x5
degree 3 | (3) %xf + x3 “4,1) 41—0xf —2x5
@2, 1) | gxj —2x3 (3,2) | ggx] — 3x37x3 + 2x5

Another useful definition of Q; (x) is given in terms of Pfaffian. For each strict partition
A= (A1, A2, ..., Ap), define the matrix

My=(m; j)i<i j<or

by putting each (i, j)-th entry as m; j = gy, (x) fori # jandm; ; = 0 fori = j. Notice
that M, is a skew-symmetric matrix by the relation (2.4). The inductive definition of Q; (x)
given in (2.5) can be rewritten in terms of Pfaffian [6, 14]:

Ox(x) =Pf[M;]. (2.6)

Here recall that Pfaffian for a skew-symmetric matrix A = (a;j)1<i, j<2r is defined by

1 2 - 2
Pf[A]ZZ'SgH<~ ; )ailizaisu“'aizr_liz,

ST & SR

where )’ means the summation running through i| < i3 < --- < ipr—j and i} < ip,i3 <
i4, ..., I2r—1 < i2r. The equivalence between (2.6) and (2.5) follows from the expansion rule
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for Pfaffian (cf. [5]):
2r
Pf[A] = Z(—l)iﬂ'*‘au PIIAY] (1 <j<2r) (2.7)
i=1

where A;"j denotes the submatrix of A obtained by deleting the i-th, j-th rows and i-th, j-th

columns.
2.2. Definition of generalized Q-functions

DEFINITION 2.4. Let(x,y) = (x1, X3, X5,..., Y1, Y3, Y5, ...) beasetof independent
variables. Let A and u be arbitrary strict partitions. We define the generalized Q-function
O, u1(x, y) by the following formula:

Op(®, y) = 05.(x —23,) 0 (y — 20y) - 1 (2.8)
where 5x stands for (0y,, 0x;/3, 0xs/5,...) (Ox, = %).

Notice that (2.8) resembles a similar relation between the Schur S-function and the uni-
versal character (see [18], Lemma 4.7).

EXAMPLE 2.5. Ifeither A or p is chosen to be ¥ = (0), then Q[ 4 (x, y) reduces to
the Schur Q-function:

Onmx,y)=0,(x) QO x,y)=0.0).

If we count the degree of each variables as degx, = n and degy, = —n, then
O, uu1(%, y) is a homogeneous polynomial of degree |A| — |u].

EXAMPLE 2.6. Let[A, u] = [(2, 1), (1, 0)], then

1
(y1 — 23x1) 1= (gx? — 2x3)y1 — x12

1
Ore.n.a.01(x, y) = (gxf - 2x3)

x%xfﬁ)‘y

which has homogeneous degree |A| — |u| = 2. Furthermore by using Q. (%, y) =
Oru,21(y, x) (see Remark 2.7 below), we have

1
011,021, ¥) = OQ12,1),01,01(y, X) = (gyf - 2y3)X1 — i

which has homogeneous degree |A| — || = —2.

REMARK 2.7. Eq.(2.8) can be equivalently rewritten as

2 2
Q[)\,H](xv y) = exXp (_ Z ;axn8y11> Qk(x)Qu(y) eXp (Z ;axnayn) -1

2
= exp (— >, ay,,> [05.(x) Q. ()]
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so that we have in particular

Oiu(x,y) = Oy, x).

2.3. Pfaffian representation. The generalized Q-function can be expressible in terms
of Pfaffian described as follows. Let 7y, , (x, y) (m, n € Z) be polynomials in x and y defined
by

Fonn (X, ) = @m(P)an(X) +2 Y (=D gm-r (¥ gk (x) . (2.9)
k>1
For strict partitions A = (A1, A2, ..., A2) and u = (u1, 12, ..., as), define the matrix
Now = (Fuge_i 0 (6, Y)1<i<as,1<j<2r -

We also define the skew-symmetric matrix

M, = (ﬁli>j)1§i,j§2s
by putting each (i, j)-thentry as m;, j = gy, ;1 o,y (¥) fori # jandm; j =0fori = j.
We will prove the following theorem.

THEOREM 2.8. The generalized Q-function Q. (x, y) for any pair of strict parti-
tions [A, ] can be expressed as a single Pfaffian of the form:

N
“‘} (2.10)

( | _
X, = Pt
Q[)L,,u] y NT) M

“w
where N )T M denotes the transposed matrix of N;, .

EXAMPLE 2.9. If[A, u] =12, 1), (1,0)], then

0 %1} - [ 0 ‘?IOi| [Voz rm}
M)L — s M, = _ s NA — s s
[qu 0 a gonr O o r2 Fil

and hence
0 q10 To2 70,1
q0,1 0 2 T _
Ot n,a,01(x, y) =Pf ' ’ | =4q1,092,1 — Fo,2F1,1 + 10,1712
@D-(.0 —r02 —r12 0 g2
—ro1 —r,1 q12 O

where we have denoted g,.n = @m.n(X), Gm.n = Gm.n(¥) and ryn = rp n(x, y) for simplicity.
Substituting

= 3
g10=y1 q2,1=x7/6—2x3
2 2
ro 1 =Xx1 ro2 =x{/2 rii=x1y1—2 ri2=x7y1/2—2xi

yields the same result given in Example 2.6.
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EXAMPLE 2.10. If[A, u] = [(m, 0), (n, 0)], then

0 dn0  Tom 70,0
‘jO n 0 'mom  Tn,0
Ol(m,0),(n,0) (X, y) = : . Tl =rum-
—rom —Tnm 0 qm,0 '

—710,0 ~Tw,0 gom O

Here notice that rp , = gm(x) and r,,.0 = gn(y)-
The rest of this section is devoted to the proof of Theorem 2.8.

2.4. Generating function. In order to prove Theorem 2.8, we here give a supplemen-
tary discussion on the generating function for generalized Q-functions.

First we consider a generating function E(x; z1,z2) = Zm“nez Gm,n(x)2}'z5 for the
polynomials g, ,(x) defined in (2.3). It is easy to check that this function can be written
equivalently as

1 —
E(x: 21, 22) = 22 e pf(x.z) @2.11)
1 +22/z1

where the rational function on the right hand side should be understood as the Laurent series
with |z1] > |z2], i.e.,

1 —z2/z1 x
———— =142 (—z22/21)".
1+ 2z22/21 ;
Now by introducing more complex variables z = (z1, z2, . . ., 22r), we define the function
Gix;io= [] E@:iz.zj) 2.12)
1<i<j<2r
or equivalently
Gixio= [] Link17k0} ]_[ §(x.zi) (2.13)
l<iei<n —i—z,/z, i
<i<j<2r i

where as remarked above, the right hand side should be considered as the Laurent series with
|z1| > |z2| > - -+ > |z2r|. Then we have

LEMMA 2.11 ([14]). The coefficient of 7" = z)'z5%---25 in (2.13) is equal 1o
05.(x).
PROOF. In general, we have the factorization formula
Zi—Zj:Pf[Zi—ij| (2.14)
I<izj<ar Zi +2j Zi +2j I<i,j<2r
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(cf. [14]). Using this, we can rewrite (2.13) as

1 —zj/zi , .
Gi(x;z) = Pf : 520 5 (x.2)) =Pf[E(x; 7, z; o
( _) |:1 +Zj/Zi i, s [ ( l J)]lgl,]SZr

so that, by definition of Pfaffians, G (x; z) is a sum of terms of the form
:I:E(x, Ziys Ziz)E(x; Zizs Zi4) tee E(x, Zigp_1» Ziz,)

where i1 < i3 < -+ < ip—1and i1 < i2,...,02—1 < i2-. The coefficient of gk =

A ar . . .
2)'25% -+ - 257 in the term just written yields

iqx,-l ,A.iz (x)fIAi3,Ai4 (x) e q)»izr_ A (x) .

1 or
Hence the coefficient of z* in G| (x; z) equals
D G,y OG0, () @y 2y, (6) = PEIM,] = Qa(x)

as required. O

Thanks to this lemma, we can introduce a generating function for the general-

ized Q-functions. Introduce the sets of complex variables z = (z1,22,...,22/), W =
(wy, wo, ..., wy), and define
Ga(x, y; 2, w) = G1(x — 20y; G 1(y — 205 w) - 1. (2.15)

By Lemma A.1 in the appendix, this function has an expression

1—2zj/zi I —wj/w; 1 —ziw;
Gr(x,y,z,w) = 1. 7.
2(%, y; 2, w) l_[ 1+2zj/z | l_[ I+w;/w; l_[ I+ ziw;

1<i<j<2r <i<j<2s 1<i<2r
1<j<2s
2r 2s
x l_[eE(X,Zi) l_[ e wi) (2.16)
i=1 i=1
where the right hand side is considered as the Laurent series with |w2_51| > e > |w1_1| >

[z1] > -+ > |zor].

Comparing Definition 2.4, Lemma 2.11 and (2.15), we obtain

LEMMA 2.12. The coefficient of 2" w* = zi” . 'z;f’wll“ - wh2 in (2.16) is equal 1o
O (X, y).

2.5. Verification of Theorem 2.8. First of all, we express the right hand side of (2.16)
as a certain Pfaffian. In what follows, we denote the variables as

[=%

ef def , 1 _q —1
2= (21,22, 227) W= (227,25, -+ 2 5) -
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Then

. _ 1=2i/zi 17 e07) T 602
Gz(xsyvgsw)_ 1_[ 1+Z}/Zl 1_[ 1_[6 J
i=1

—2s<i<j<2r

i,j#0

By the same argument as in the proof of Lemma 2.11, the right hand side can be written as a
Pfaffian of the form

1 —Zj/Zi e&—ie&—j

1+zj/z i|2SSi<jS2r

Ga(x, y; 2, w) =Pf[
i,j#0

where the exponential factor &; denotes £(y, zfl) for negative i and &(x, z;) for positive i.
We put

1=2/2 g g

—2s <i,j<2r i,j#0).
T2/ (=25 <i,j J#0)

ij =
Then by definition of Pfaffians, G»(x, y; z, w) can be expressed as a sum
Gax,y;z,w) = Z/ + Cising1 Ciinginsings  Cigeoring - (2.17)

We now prepare the following lemma.

LEMMA 2.13. Let C(m " be the coefficient of zm ” in Cij, ie, Cij =

Zm,neZ C,'()’;‘l’n) Zlm Z?. Then

qm.n(x) O<i<j

—qn,m(Xx) 0<j<i

—n— i<j<0
Ci(n?,n) — q—n,—m(y) . J (2.18)

~q—m,—n(y) Jj<i<0

r—m,n(x’y) i<0<j

—F_pm(X,y) j<0<i.
Note that each C; j has been considered as the Laurent series with |z_5| > -+ > |z_1| >

lz1] > -+ > [z2].

PROOF. This is a straightforward calculation. a

Let [A, 1] be a pair of strict partitions, which we denote by
A=A, o hr) = (=A-1, A2, ..., —A-2y)

e, Al > Xy > - > Ay >0and i) < A_p < --- < A_ps < 0. We already know by
Lemma 2.12 that the coefficient of z)l‘l . z;f’z FRRREE 22; in the right hand side of (2.17),
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i.e.,

Z/ + C()Li—Zs ’Ai—25+]) ()Li—23+2’)‘i—25+3) . ()‘i2r—] ’)Lin)
I-25,0-25+1 L2542:1-25+3 12r—1,-02r

is equal to Oy, ,(x, ¥). This sum can be rewritten into a Pfaffian

(Xi,Aj)
pf I:Ci,j ! ] —25<i,j<2r
i,j#0
where we note that this Pfaffian does make sense by Lemma 2.13. By re-denoting u as
(m1, U2, ..., H2g) and substituting the expressions (2.18), we see that the last Pfaffian coin-

cides with the desirous formula (2.10). The proof is completed.

3. The UC hierarchy of B-type (BUC hierarchy)

In this section, we introduce a series of differential equations called the BUC hierarchy.
We construct two classes of exact solutions: polynomial solutions and soliton-type solutions.

3.1. Vertex operators. We start with linear differential operators of infinite order,
called vertex operators. Let X (z) = X(z; x, y, 0x, dy) and }_((z) = )_((z; X, Y, 0x, dy) be the
following linear differential operators:

X () = £ @ 203:0,-2%0)  F() = 02052 ,=26@ 7 G.1)
with a non-zero complex number z. With regards the notation used here, see the previous
section. In physics, the operators of these types are called vertex operators

We define differential operators X,, = X, (x, y, 0x, dy), X, = X, (z; x, Y, 0x,0y) (n €
Z) by expansions
X@ =) X" X@ =) XuZ"
neZ neZ
or equivalently in terms of the elementary Q-functions (see (2.1))
Xp =) quri(x —20y)qi(=200) Xy =Y quyi(y — 20)qi (—23y) .
i>0 i>0

These operators have the following important property.

PROPOSITION 3.1. Let A = (A1,...,A2), u = (u1,..., U2s) be arbitrary strict
partitions. Then we have a formula
Opu(x, y) :X)»l"'x)nzr)_(m "’)_(Mzs 1. 3.2)

PROOF. Applying Lemma A.1 in the appendix, one easily obtain the equality
Go(x, y;zow) = X (21) -+~ X (z2) X (w1) -+~ X (way) - 1.
Equating the coefficient of g)‘w“ = ZTI E z;ir wlfl cee wétszs in both sides, we obtain the
desirous formula by Lemma 2.12. a
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LEMMA 3.2. The differential operators X,, X, (n € Z) satisfy the relations
[Xm’ Xn]+ - [Xma )_(n]—i- = 2(_1)m5m+n,0 [Xma )_(n] =0 (33)

where [A, Bly & AB + BA and [A, BI Y AB — BA. In particular, X3 = X2, = 6,.0.

PROOF. The relations are written equivalently as
[X(@), X()]4 = [X (@), X))+ = 28(~w/2) [X(@), X(w)]=0

where §(z) = ZneZ "=1/1-2)+ z’l/(l — z71) denotes the formal §-function. These
relations can be checked by using Lemma A.1 and §(w/z) f(z, w) = §(w/z) f(z, z) that
holds for any Laurent series f(z, w) of z and w. O

3.2. Bilinear identities. Consider the bilinear relations for an unknown function T =
T(x, y):

Z(—l)"xnr@ox,nr = Z(—l)"i(nr@of(,nr =1Q®T7 (3.4)

neZ nez

or equivalently in term of the vertex operators:

ng(z)r ® X(—2)1 = f}'{(z)r ® X(—2)T —TQ®T (3.5)

Z b4
2miz 2miz
where the contour integral means an algebraic operation extracting the coefficient of z° for
the (formal) Laurent series, i.e.,

dz
n
Z — =00
7{ 2miz "

Hereafter we call (3.4) or (3.5) bilinear identities.
Note that

Xo-1=Xo-1=1 X,-1=X,-1=0 n<0

which follows from X (z) - 1 = ¢5®9 and X (z) - 1 = €50?). Therefore any constant satisfies
the bilinear identities.

The bilinear identities can be converted to an infinite number of Hirota bilinear equations
for t. Firstly the bilinear identities are equivalent to the following equations:

feﬂx’*xs“r(x/ S My —2Lree 421 Ly + 2[z]>2i—f.z o y)T(x. y)
(3.62)

few—mr(x/ —2[z], ¥ = 2[z ' Dr(x + 20z, y + Z[Z_ID% =t(x’,y)t(x,y)
(3.6b)

where x’, y’, x, y are arbitrary and [z] stands for (z, 2 /3, 2 /5, ... ) . To rewrite these further,
we here recall the definition of Hirota differentials [5].
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DEFINITION 3.3. Let P(D) be arbitrary polynomial (possibly formal power series) in
D = (Dyx,, Dy;, Dxs, ..., Dy, Dy;, Dy, ...) (symbols of Hirota differentials). The Hirota
bilinear equation P(D)f - g = 0 for functions f = f(x,y) and g = g(x, y) is defined by
setting

P(D)f-g=P@) f(x+a,y+bgx—ay—-bl,_,_,

where 0 = (34, 043, das, - - - » by, Oy, Ops, - . . ). For instance,

Do f-g=0unf-9—fdng Dif -g=05f g—0qf dg+ fi5g
We have the following proposition.

PROPOSITION 3.4. The bilinear identities are represented as the following system of
Hirota bilinear equations:

3" 5 Q@) (—2Dy) g (~2Dy)e P PP g g = (@D (3.7a)

n,m=>0

3 402G (=2D2) uim (—2Dy) @ P PP T 1 = (@D BDY o (371)

n,m=>0

where a = (a1, a3, as, ...), b = (by, b3, bs, ...) are newly introduced variables, and

5x = (Dy,, Dy;/3, Dy /5,...) {a,Dy) = Za2n7]Dx2,l,1 .

n>1

PROOF. If we substitute x’ — x +a,x +— x —a,y — y+b, y — y — b into (3.6a),
then

d
feE(Za,z) =tx+a-20z""y+b-2zDt(x —a+2[z""1,y —b+2[z]) Zniz
=t(x+ay+btx—ay—>b).

By virtue of a calculus on Hirota differentials (cf. [9], Ch.14), this equation can be rewritten
into

T T——=¢

%eaza,z)e—zs(ﬁx,z-')e—zs<5y,z>e<a,1)x>e(b,Dy> Zd? _ L (@Da) B0y g
Tz

Let us express the first three exponentials on the left hand side as

(Z qn(2a)z”> < > an(- 25x)z"> < > an(- 25y)z")

neZ neZ nez

by using (2.1). Then by picking out the coefficient of z for the last bilinear equation, we
obtain the first equation (3.7a). We can derive the second equation (3.7b), starting from (3.6b)
by the same calculation. a
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Eq. (3.7) includes two copies of the bilinear BKP hierarchy in each sectors x, y. Indeed
if 7 is independent of y, then (3.7a) reduces to the bilinear form of the BKP hierarchy [2]

Y 41 (2a)gu(—2Dy) P77 =0 (3.82)

n>1

a,Dx) a,Dy)

while (3.7b) turns to a trivial identity e -7 =¢f 7 - 7. Similarly, if 7 is independent

of x, then (3.7) reduces to the bilinear form of the BKP hierarchy with y-flows:

an(Zb)qn(—ZBy) Dy =0. (3.8b)

n>1

By expanding (3.7) into a multiple Taylor series with respect to the variables (a, b) =

(ay,a3,as,...,b1,b3,bs,...), we can obtain several Hirota bilinear equations from each
coefficients of a?a?a? e bi‘b?bgs --+. For example, from the coefficient of a’p? =

a?agag e b?bgbg --- in (3.7a), one obtains

Z an(_zﬁx)Qm(_zﬁy)T =0

m>1

which is a Hirota bilinear equation of infinite order. All the equations obtained from (3.7) in
this way are in fact differential equations of infinite order, as in the case of the UC hierarchy
[18].

DEFINITION 3.5. A whole system of the Hirota bilinear equations included in (3.7) is
called the UC hierarchy of B-type or the BUC hierarchy.

3.3. The BUC hierarchy and generalized Q-functions. We present a class of poly-
nomial solutions of the BUC hierarchy. First we prove the following transformation property
for the BUC hierarchy.

LEMMA 3.6. Ift € Clx, y] is a solution of the BUC hierarchy, then so are Xt and
Xyt forany k € Z.

PROOF. We express the bilinear identities (3.4) compactly as

93(t®r)=f§3(r®1)=t®r.

by defining 25 def Y opez(—D"X, ® X_, and 25 def Znez(—l)")_(n ® X _,. The proof of

the lemma is done by showing that £25 and [_25 commute with X; ® X and X; ® Xy for all
k € Z. By virtue of Lemma 3.2, we obtain

280 Xk ® Xp) = > _(—=1)" (=Xt Xn + 2(=1)"8x4n.0) ® (=X X +2(—1)"1.0)

neZ

=Xk ®X) o 23 —2X; @1+ 1@ X)) +4 > (=18 100 ® Sn0

neZ
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= (Xx ® Xi) o 25

where the last equality is due to X,% = 0k,0. Similarly we have [[_23, Xi ® Xi] = 0. Also

we have [§25, X ® Xi] = [QB, Xt @ Xi] = 0 by the commutative relation in Lemma 3.2.
Hence the proof is completed. g

Since T = 1 is a solution of the BUC hierarchy, Lemma 3.6 together with Proposition
3.1 leads to the following theorem.

THEOREM 3.7. The generalized Q-function for any pair of strict partitions gives a
solution of the BUC hierarchy.

REMARK 3.8. Recall that the generalized Q-function not depending on y reduces to
the Schur Q-function. Thus we can recover from Theorem 3.7 the result by Y. You [19] that
the Schur Q-functions are solutions of the BKP hierarchy (3.8a).

3.4. (M, N)-soliton solutions. The BUC hierarchy has another important class of
exact solutions called (M, N)-soliton solutions. Note that Theorem 3.9 and Proposition 3.11
given below will be proved in the appendix.

Define linear differential operators r+ (z,w)y=T jE(z, w; X, y, 0x, dy) by

Iz, w) = eEF=20.0 @ =20y.w) =260 =26 w™h)

- - - N 3.9)
r(z,w) = oE(—202.2) LE(y=20x ) ,—25(By.2 ") , =25 @y, w ") (z.w € CX)

which are also called vertex operators. These vertex operators have a close connection to a
certain infinite dimensional Lie algebra (see Section 5.2). Notice that
1—w/ w/z

_ _ 1 —
X)X w) = ﬁ rtew X@Xw) = TTun T Ew (3.10)

where we assume |z| > |w].
Let M, N be arbitrary non-negative integers. We define the function

-1 N
— =1 ;-1
v yia b= [T eal @D [Teal e G3.11)
i=—M i=1
with a;, bi, ¢; (i € (=M, ..., —1,1,..., N}) being complex constants such that a; # —a;,

a; # —bj,bj # —bj fori < j. Then we have

THEOREM 3.9. The function Ty n(x,y; a, b, ¢) is a solution of the BUC hierarchy,
which is called the (M, N)-soliton solution.

By using Lemma A.2 in the appendix, we can rewrite this solution as follows.
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COROLLARY 3.10. The (M, N)-soliton solution can be written as

ty N, y;a,b,c)= Z <1_[ Aij)exp(Zn,-) (3.12)

KCI_UI, ~ i<j iek
i,jeK
where I_ ={—M, ..., —1}, I+ = {1, ..., N} denote indexing sets and we have denoted

- (@i —aj)ai —bj)(bi —aj)(bi — b))
"7 (@i +aj)ai +bj)(bi +aj)(bi + b))

é(y,afl)—i-é(y,bfl) +loge; i€l-
E(x,a;) + &(x, b)) +logc; iel;.

i, jel_Uly;

i =

The (M, N)-soliton solution can be expressible in terms of a Pfaffian described as fol-
lows. Foreachi, j € I U I, we define the 2 x 2-matrix S; ; of the form

Gt Ghi@+Ej@) bl i@+ b)

aj+aj aj+b;
Sij= PN - 3.13
b bi=aj E)+Ej@  bizbi EbB)+Eb) G139
b,-+aj bi+bj
where the exponential factors are defined by
@ = E(y,arH+a? el B = by H+BY el
’ Ex,an+a?  ielp Ex, b))+ B0 el
with a?, ,Bio (i € I- U I;) being arbitrary complex constants such that
a? + ,3? = log al—i_—bl +loge; forall iel_UI,. 3.14)
a — b

1 1

We define the following 2(M + N) x 2(M + N)-matrix:

§= (S"J)i,jel_ul_,.

which is a skew-symmetric matrix, because S; ; = —(S;;)T. Then we have the following
proposition (see Appendix B for the proof).

PROPOSITION 3.11. The (M, N)-soliton solution can be represented as a Pfaffian

tmN(x,y;a,b,c) =Pf[J + S] (3.15)

where J denotes the 2(M 4+ N) x 2(M + N)-matrix Ziﬂf{N(Ezl-,],zi — Epi2i—1) with E; ;
being a matrix unit with a 1 on the (i, j)-th entry and zeros elsewhere.

EXAMPLE 3.12. As an example, we have the (1, 1)-soliton solution:

(a—1 —a)(b-1 —b)(a—1 — b)) (b—1 — av
(a—1 +a)(b-1 +b)(a-1 +b1)(b-1 +a1) '

T1(x,y;a,b,¢) =1+ + "M+
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Notice that ; = ’é, (a) +’§,- (b) —a? —,BP—i—log ci (i e I-UIl}),sothate = a”;Zi eSi(@+Ei(b)

aj
The (1, 1)-soliton solution can thus be written as follows:

I Rl TN ) Bl A PRI RSN )
a—y+b_y ay + by

(@a—1—a)(b-1—b1)(a—1—b1)(b_1—a1)(a—1—b_1)(a1—by) egil(a)ﬁ:gil(b)ﬁ:gl(a)+§l(b)
(a—1+a1)(b-1+b1)(a-1+b1)(b-1+ai)(a—1+b_1)(a1+b1)

which coincides with an expansion of Pf[J 4+ S]with M = N = 1.

4. The boson-fermion correspondence

This section deals with a new kind of the (neutral) boson-fermion correspondence. The
results of this section will be used in next section.

4.1. Neutral fermions and fermionic Fock space

DEFINITION 4.1. Let A be an associative algebra over C generated by ¢,,, ¢, (m €
7)) with anti-commutative and commutative relations

[¢mv ¢n]+ = [Q_ﬁms Q_ﬁn]Jr = (_1)m5n1+n,0 [(bms Q_ﬁn] =0 (4.1)

where [A, B+ def AB + BA and [A, B] def AB — BA. The generators ¢y, qS,,, (m € Z) are

referred to as neutral fermions. In particular, q% = ng =1/2.

Note that the above definition of neutral fermions differs to ¢,,, :z)\m in [7, 19] defined
from “charged free fermions”.
The algebra .4 has a standard representation in the so-called fermionic Fock space.

DEFINITION 4.2. The fermionic Fock space is a vector space F = A|0) = {a|0) |a €
A} with a vacuum vector |0) satisfying the relations

&n|0) = $,10) =0 for n<0. 4.2)

A representation of .4 on F, by left multiplication, is called the Fock representation. Note
that F is an infinite dimensional vector space with a basis

{¢m1"‘¢mr¢3n1"’an5|0>|m1 >-.->m, >0, ny >--->ng, >0}.

Similarly we define a representation of A on the vector space F* = (0| A = {{Ola|a €
A} by right multiplication, where the (dual) vacuum vector (0| satisfies the relations

(Ol = (Ol¢py =0 for n > 0. 4.3)

Two representations of A above are dual to each other with respect to the canonical
pairing between F* and F, namely
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DEFINITION 4.3. There exists a unique bilinear form 7* x F — C:

((0la, b|0)) — (Ola - b|0) & (ab)

such that (1) = 1, (¢o) = (o) = (¢o ¢o) = 0. The quantity (a) (a € .A) is said to be the
(vacuum) expectation value of a.

EXAMPLE 4.4. The expectation values for quadratic elements are calculated as

0 n<0
(B ®n) = (Dnbn) = { 8m.0/2 n=0

(_1)m5m+n,0 n>0

and (¢ ¢,) =0 forallm,n € Z.

EXAMPLE 4.5 (Wick’s theorem). Let w; (1 < i < r) be elements from A expressed
by linear combinations of ¢,, and ¢,, (m € Z). The Wick’s theorem gives a simple way to
compute the expectation value (cf. [8]):

<w1wz---wr>=Z/sgn(.1 T )<w,~]w,-2>~-~<w,-,_.w,~,> (r: even)

11 CIICR

and (wjwy---w,) = 0 for odd r. Here Y ' denotes the summation over all permutations
(i1,...,ip)of (1,...,r) satisfying i1 < i3 < --- <ip—1andiy < ip, i3 <iqg,...,0i20—1 <
i2r.

We decompose the fermionic Fock space F as a direct sum

F=@ 7. (4.4)

i,j=0,1

Here each element of F belongs to the space F; ; (i, j = 0, 1), according to whether it is
spanned by monomial vectors of the form ¢y, - - 'qurq_s,,l e q_ﬁ,,s |0y withr =i, s = j mod2.

We further decompose each F; ; into subspaces j:l_("j'l;dz) with fixed degree (d1, do):

dy,d
Fii= @ FP (4.5)
dy,d>>0

by letting for [v) = @, - - - P, Pny - - - Pn, 10),
deg (V) = (di.d2) it Y omi=di Y ni=d>.

Note that deg (|v)) is always a pair of non-negative integers.
The following lemma will be used later.
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LEMMA 4.6. The dimension ofﬁ(i] ) equal to P(dy)P(da), where P(n) denotes

the number of the strict partition for the natural number n, i.e.,

M= X o =3 b

n>1 my,m3,ms,--->0 nez

4.2. Boson-fermion correspondence. The Fock representation has an explicit real-
ization in the polynomial algebra with infinite variables called the bosonic Fock space.

DEFINITION 4.7. LetClx, y,q, g ] be apolynomial algebra with variables x, y, ¢,g,
and 7 an ideal of C[x, y, ¢, G | generated by elements of the form ¢ — 1/2, 3% — 1/2. The
bosonic Fock space is defined by

B=Clx,y.q.91/T

which has a decomposition B = ®i,j:0,l B;, j, where B; ; = C|x, ylg'q/.

The boson-fermion correspondence states that the fermionic Fock space can be identified
with the bosonic Fock space.

THEOREM 4.8. There exists a vector space isomorphismo : F = B.

The proof of this theorem will be given in Section 4.3.
A concrete form of o can be constructed in the following way. For eachm € 2Z + 1, we
put

1 . - 1 i+17 T
Hy =353 (D90 jm Hn=2 3 (=D hjpjm.
jez Jjez

It is straightforward to check that

Hpul0) = H,|0) =0 if m > 0; (4.6)

[(Huns 0] = Gn-m  [Hu. bn] = bum 4.7)
and also that

(Hins Hl = U, ) = S0 1. 4.8)

‘We now introduce the operator called “Hamiltonian" with variables (x, y):

2 0 2 0 -
e = 32 (o= T ) (o) )

l ENodd

Multiplication of H (x, y) on F, as well as e"®.Y) s well-defined, so that we can define a
linear map o : F — B by

o)=Y 274 G ghg e ) 1 (4.9)
i,j=0,1
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which yields the isomorphism of Theorem 4.8. An image of ¢ will be described by means of
the generalized Q-functions (see (4.13)).
The following lemma is easily verified.

LEMMA 4.9. We have the following formulae form = 1, 3,5, ...

—1 ad -1 m d
oH,o0 " = oH_ 07 = —x;, — —
0xp 2 Oym
(4.10)
Hpo™! 9 ocH_po! n 9
o = _ = —Vm — .
m v m 2)’m %
REMARK 4.10. If we put apu==2(H_p + Hp), @n==2(H_p + Hy) for m =
1,3,5, ..., then we have the following equality:
U(Olml . 'amr&nl . &nsqb(l)(l_s(jﬂ())) =Xmy " XmpyYny " .Vn:qi‘}j . (4.11)

4.3. Verification of Theorem 4.8. The proof is completely parallel to that of Theo-
rem 2.1 in [18]. We count the degree of each variables as degx, = n and degy, = —n.
Fix non-negative integers M and N. Let CM-V[x, y] be a linear span of the following set of
polynomials belonging to C[x, y]:

ZmiSM,Zn[SN,Zm,'—Zn,':M—N} .

The dimension of CM-¥[x, y] can be readily calculated by means of (strict) partition numbers:

{xm] o Xme Yny o Yng

dim C""[x, y] = ) PP =Y P(M—kP(N k).
0<di<M, 0<d,<N k>0
dy—dy=M—N

We note that
Clx, y =lim ) C"Vx, y].

finite

Define the subspace }"ZA/;N of the fermionic Fock space as follows:

M,N __ (d1,d2)
Fij = S Fij

i,
0<di<M, 0<dr<N
di—dy=M—-N

Then by Lemma 4.6, we have

A DL U USSP
k=0 finite

To prove the theorem, it suffices to verify that the map o gives a bijection between

def i =i . . . .
.7-'%1\/ and B%’N = CMNx, ylg'q/ c B;. ;. Since the dimension of B%’N is equal to that
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of }"ZA/;N we have to check that ¢ is surjective from .7-'%1\] to BiMj’N. Take any basis element

P =i M.N .
Xmy - -Xmy Yy - - - Ynyq'q? from Bi’j ,ie.,

ZmiEM Z”iSN Zmi—ZnizM—N.

By (4.11), we have o (o, - - - oy, 0ty ~~o7,,5¢6¢_30]|0)) = Xmy - Xm, Yn ...ynsq’ﬁj. We
here notice that H,, (resp. H,,) is a linear map of degree (—m,0) (resp. (0, —m)),
i.e., maps .7-',.(,0;.1"12) into .7-',.(!0;.17"“12) (resp. .Y:i("j."drm)). From this fact, we see that

Qpgy =+ * Oy, Oy * - '&nsqﬁéq_ﬁol |0) belongs to .7-'%1\] This means that o is surjective from .7-'1”51\]
to BiMj’N . The proof is done.
4.4. Realization of the neutral fermions. Having established the boson-fermion cor-

respondence, we now describe the action of A on the bosonic Fock space. For our purpose,
let us introduce the generating sums of neutral fermions

PR=) ¢ =) 2"
neZ neZ

THEOREM 4.11. Let |v) € F. We have the following correspondence of operators:
o) =gX@a(v) o @@) =gX(@)o(v). (4.12)

PROOF. We put x(2) = ezg(gy’z)aq)(z)a_l. With the help of Lemma 4.9, we can show
that

2 d 0
[xn, x(@]1==2""x() [— X(Z)i| =7"x@ [ x@]= [— X(Z)i| =0.
n 8x,, ayn

By virtue of a calculus on the vertex operators (see [9], Lemma 14.5), x (z) can be uniquely
represented as the form x (z) = ¢ eE®.0=2%0.27") for some constant ¢. To determine c, we
have to notice that 7Y ¢ (z) = ef(x_zgy’zw(z)emx*y) which follows from (4.7). Since
o~ 1(1) = 10), e *9)10) = |0) and (¢ ¢ (z)) = 1/2, we have

x(@) 1= e*0(9(2)]0)) = 2ge* DD (goe TV (2)) - 1
— 2% (g EE 2009 () HEDY ] = 2465®D (0 p(2)) = geb*?)

which together with x(z) - 1 = cef™®? yields ¢ = ¢. This means o¢p(z)o~! =

%00 x(2) = qX(2), as required. We can derive the second equality of (4.12) by the
similar calculation. 0

REMARK 4.12. The above theorem implies the following equalities:
X (2)(01¢5 65 ™= 1v) = (016" 5 e =V (D)v)

X(2)(01¢) ¢l ey = (01} B e FDG(2)[v)
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fori, j € Z and |v) € F.

As an application of this theorem, we can describe the image of o by means of the
generalized Q-functions. Let [v) = ¢;, - - ¢A,¢-5m .- -qSMSlO) where Ay > --- > A, > 0O and
u1 > -+ > us > 0. By virtue of Theorem 4.11, the image of |v) can be written as

() =q"¢"Xn, - Xo, Xy, Xy, - 1
here notice that ¢ (|0)) = 1. By Proposition 2.4, we have the following corollary.
COROLLARY 4.13. We have forr; > ---> A >0and pu1 > --- > ug >0

o(Iv) =4"4" Ottt ()1 (X, ). (4.13)

Notice that (¢, -+~ i, By -+ B [0) | A1 > -+ > doe = 0,111 > -+ > o > O} isa
linear basis of Fo,g, and Fo,o is isomorphic to Byp,o = C[x, y] by Theorem 4.8. The formula
(4.13) further leads to the following result.

COROLLARY 4.14. A whole set of the generalized Q-functions forms a linear basis of
the polynomial algebra C[x, y].

5. The BUC hierarchy from representation theory

In this section, we define the Lie algebra go,., and discuss the relation to the BUC
hierarchy.

5.1. The Lie algebras go,, and go,,. We first recall an infinite rank matrix Lie al-
gebra go,, [2, 13]. Consider the set of infinite complex matrices a = (a;;) satisfying the
condition:

ajj =0 for [i—jl>0 5.1
i.e., all non-zero entries of the matrix are within a finite distance from the main diagonal. The

set of infinite matrices satisfying this condition forms a Lie algebra, which we denote by gl

The Lie algebra gl has a one dimensional central extension gl,,=gl,, @ Cca with the
following bracket relation:

[a ®aca, b® Bcal=(ab —ba) ® u(a,b)ca
fora, b € gl,, and a, B € C. Here i denotes a 2-cocycle on gl defined by
ulei,j, ex,1)=0i,18jk(0(j) —6(i)) (5.2)

where ¢; ; denotes an infinite matrix unit with a 1 on (7, j)-th entry and zeros elsewhere, and
60 is defined by 8(i) = 1 fori > 0 and 6(i) = O fori < O.
Define

Wooo=la = (aij) € gloo laij = (=) Ha_; ;) (5.3)
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which forms a Lie subalgebra of gl... The 2-cocycle 1 defined above is also defined on go,,
so that a central extension go.,=go., @ Ccp can be defined by setting the bracket relation:

1
[a ® acp, b ® Bcpl=(ab — ba) ® 5 wu(a, b)cg

fora,b € go,, anda, B € C.
LEMMA 5.1 ([13,19]). We have a representation mg of g0, on the fermionic Fock
space F defined by
mo( fi,j) = ¢id—j :  molcp) =1

where fi j=(—1)eij — (=Die_j i = (=D"Tfi; and : g © =bmbn — (Smn)
is a normal product. Note that any matrix belonging to go, can be expressed as a linear
combination of fi j (i < j).

5.2. The Lie algebra go,.,. In order to discuss the BUC hierarchy from the Lie al-
gebraic viewpoint, we consider a direct sum of go,,, which forms a Lie algebra with a canon-
ically defined bracket. Let us define the one dimensional central extension go,,,=go0., @
80, @ Ccp by introducing the following bracket relation:

_ o 1 _
la®a®acg, bdb® Bcpl=(ab—ba) ® (ab — ba) & 3 ((a, b) + u(a, b)) cp

fora,b,a,b e 90, and a, B € C. Then we have the following lemma.
LEMMA 5.2. We can define a representation m of §0,4, on the fermionic Fock space
F by
w(Fp) = ¢i¢-j: w(Fij)) = ¢ip_j: 7wlcp) =1

where F; j=f; ; @0, F,-,jzﬂ@ﬁ,j € g0, BP0, and : : denotes the normal product notation
defined as before.
In terms of the generating series f(z,w)= Zi,jez F;jz’w™/  and

fz,w)= Zi,jeZ Ij"i,jz"w’j, the above lemma reads

T(f(z,w) = ¢@p(w) : 7(f(z,w)) = ¢@)p(w): .

Notice that the representation 7 is invariant with respect to the decomposition 7 = ®F; ;.
In particular, Fp o is an invariant subspace mapped to By o = C[x, y] via the isomorphism o.
‘We note

11—w/z
214 w/z

(@ @pw)) = (B@)w)) =1+2) (~w/a)t.

k>1

Combining this, (3.10) and (4.12), we obtain the following proposition.
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PROPOSITION 5.3. The Lie algebra go,, acts on Clx, y] by the following formulae:

o p@pw) Dot = L1V (pr
21+w/z (5.4)
o o ll—w/z '
o p@Pw) )o 1=51+w/§ (I~ (. w) — 1)

where I'*(z, w) are the vertex operators defined in (3.9) and we assume |z| > |w).

5.3. Bilinear identities and r-function. We now give a Lie algebraic description of
the BUC hierarchy. We regard the Lie algebra go,., as

90000 = {X: Z (aij : pid—j : +aij : id—j :) + c | (aij), (@;j) satisfy (5.1) and ¢ € C} )
i,jeZ
We define the (formal) Lie group G corresponding to go,,.:
G ={X1... X X; € g0, : locally nilpotent} . (5.5)
Of particular importance is a G-orbit space of the vacuum vector
G10) = {gl0)1g € G} C Fo0-

The following proposition can be verified in the same way as in the case of the BKP hierarchy
(cf. [11, 19]).

PROPOSITION 5.4. A non-zero |L) € Fo lies in G|0) if and only if |L) satisfies the
Sfollowing quadratic relations on Fo0 ® Fo.0:

D (=1)"¢ulL) ® ¢_nlL) = O|L) ® Q|L)

neZz

D (=1)"alL) ® p-nlL) = OIL) ® OIL).

neZ

(5.6)

Here Q and Q are linear operators on F defined via 0Qo ! = q and O’Qo’_l = ¢q, respec-
tively.

REMARK 5.5. The above operators Q and Q satisfy the following basic properties:
010) = ¢0l0) 010) = ¢ol0)  [Q, 01 =0;
[Q.dm] =1Q.9m] =1Q.¢n]=1[Q.dul=0 forallmeZ.

We are now in a position to state the following theorem.

THEOREM 5.6. Let t € Clx, y]. Then t satisfies the bilinear identities (3.4) if and
only if there exists a g|0) € G|0) such that

T =0(gl0)) = (#Fg) . 1. (5.7)
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PROOF. The bilinear identities (3.4) are equivalent to (5.6) by the correspondence
(4.12). Therefore this theorem is a consequence of Lemma 5.4. a

We have thus shown that a G-orbit space G|0) can be identified with a space of poly-
nomial solutions of the BUC hierarchy. In particular, (5.7) gives a general formula for the
polynomial solutions. The solution expressed in this form should be traditionally referred to
as a t-function in soliton theory. For example, let X = ap1¢9 + bp3ps (a,b € C), then
eX =14 agipo + bpspr + abp1¢op3¢2, and hence the corresponding -function is

x a b ab
oe”0) =1+ 5 Qa,0(x) + 3 032y + T 01(1,0,3.21(x, ¥)

which solves the BUC hierarchy. It should be remarked that the expectation value (- ) in (5.7)
becomes in general a differential operator; this is a crucial difference to usual t-functions for
well-known KP-type hierarchies.

5.4. Relation to r-function for the BKP hierarchy. Since our setting of the neutral
fermion system (considered in Section 4) includes a single component neutral fermion system,
we can consider the 7-function of the BKP hierarchy in our framework.

To introduce the T-function for the BKP hierarchy, consider the Lie algebra go, defined
in Section 5.1:

g0 = {Y = Z ajj : ¢ip—j : +c | (a;;) satisfies (5.1) and ¢ € C} (5.8)
i,jeZL
and define the corresponding Lie group H = {1 ---e¥* | ¥; € my(go,,) : locally nilpotent}.

DEFINITION 5.7. Forany h € H, we define the t-function of the BKP hierarchy as a
special case of our t-function:

ok p(x: h) & o (h]0)) . (5.9)

By noting that [H,, h] = 0 and H,|0) = 0 for n > 0, we can rewrite it as follows:

tpkp(x; h) = (5 Vh) 1

2
— <ez<xn7;3>~n)th> X 1 — <€HBKP(x)h> (510)

where Hpg p(x) def lel Xx21—1Hp—1. Since the right hand side does not depend on y, the
7-function (5.10) gives a solution of the BKP hierarchy.

Before entering the following theorem, let us note that any element ¢ € G can be de-
composed as a product g = hjv(hy) for some iy, ho € H, where v denotes an automorphism
of the algebra A defined by

V(gm) = Pm  V(Pm) =¢m (meZ). (5.11)
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This decomposition of ¢ is unique up to arbitrariness (1, h2) — (chy, ¢~ Lhy) for c € C*.
Given such a decomposition,

(9) = (hv(h2)) = (h1)(v(h2)) = (h1)(h2)

where the second equality follows by applying the Wick’s theorem (see Example 4.5).
We are now in a position to prove the following theorem.

THEOREM 5.8. t(x,y) € Clx, y] is a solution of the BUC hierarchy if and only if
there exist solutions t1(x), T72(x) € C[x] of the BKP hierarchy such that

T(x,y) = 11(x — 20,)T2(y — 20y) - 1. (5.12)
This theorem can be easily deduced from the following lemma.

LEMMA 5.9. Let g € G and decompose it as g = h1v(ha) for hy, hy € H. Then the
corresponding t-function T = o (g|0)) can be represented as

T =tk p(x — 20y h1) TeKk p(y — 206: h2) - 1. (5.13)
PROOF. The Hamiltonian operator H (x, y) breaks into
H(x,y) = Hpx p(x — 29,) + v(Hpx p(y — 20x))
Notice that two terms on the right hand side commute with each other. Hence we have
T(x, y: g) = (eMBKP&=200) W (Hek P G=20D (1)) - 1
— (eHBKrx=20) p v (HBKP (=200 ), () . ]

— (eHBKP(xfﬁy)hl)(eU(HBKP(y*ﬁx)) v(hy)) - 1

= 1k p(x — 20y; h1) Tar p(y — 20x; h2) - 1
as required. O

REMARK 5.10. Arbitrariness of the decomposition of ¢ € G induces the ar-
bitrariness of the BKP t-functions in (5.13) such as (tpgxp(x;hi1), 1gxp(x; h2)) —
(ctpxp(x; hy), ¢! tpx p(x; hp)) for ¢ € C*. Therefore we have a one-to-one correspon-
dence:

(rx. y; ) | g € G} <5 ((zpkp(x; hy). Tok p (e h2)) | by, ho € H} JCX.

6. Concluding remarks

We have defined the generalized Q-functions and introduced the system of differential
equations, called the BUC hierarchy. There are some interesting problems concerning to the
present work.

Firstly, for most of the integrable hierarchies of soliton equations, the equations are ex-
pressed as a system of compatible evolution equations of Lax type. For the BUC hierarchy (as
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well as the UC hierarchy), the author does not know how to express the hierarchy as a system
of Lax type evolution equations.

Secondly it is known that the BKP hierarchy is a reduction of the KP hierarchy [2] (see
also [7, 19]). This is simply viewed from that the solutions of the BKP hierarchy are Pfaffians,
and their squares are determinants which give determinant solutions of the KP hierarchy.
Since the solutions of the BUC hierarchy are Pfaffians as well, we might expect that the BUC
hierarchy is understood as a reduction of the UC hierarchy.

Finally as mentioned in Introduction, the Schur Q-functions arise from the theory of the
projective representations of the symmetric groups. It might be an intriguing issue on whether
the generalized Q-functions have such a representation—theoretical meaning. We hope to
discuss these subjects elsewhere.
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A. Verification of Theorem 3.9. We first prove an elementary lemma below, which
we have used in the text in several times.

LEMMA A.1. The following “operator identity” holds:

o 2@ ey _ L2 W/Z ey 26

where |z| > |w]. A.l
1T w/ lz| > w] (A.1)

PROOF. We use the well-known formula [8] e4eBe=4 = el4:BleB that holds for arbi-
trary operators A and B such that [A, B](= AB — BA) is a scalar. By direct calculation,

22

[—2£(0x, 27 1), E(x, w)]

1€Nodd
1<w)l 1/ w) 1 —w/z
) ()
lzll < 1311 < I+uw/z
which leads to the lemma. o

Let : : denote a normal product notation for differential operators defined by

9 9 9
=L /Xy = Xyp— .
" 9x, dx, " ax,

Namely, : : is the operation that rearranges the order of operators inside the colons such that
all the differentials are right to multiplications. By Lemma A.1, one easily prove the following
lemma.
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LEMMA A.2. The following formulae hold:
I*(ai, b)) *(aj, by) = Ajj : T (a;, b)) (aj, b)) :
I T T 1t (A2)
r (ai ’bi )F (aj,bj) = A,’j : r (ai ’bi )F (aj,bj):
where

_(ai—aj)ai —bj)(bi —a;)(bi — b))
Y (ai +aj)ai +bj)bi +aj)(bi +bj)

In particular, I'*(a;, b))% = 0, so that expcl"i(a,', b)) =1+ cI*(q;, b;) for c € C*.
We further prepare two lemmas below.

LEMMA A.3. Ift isa solution of the BUC hierarchy, then I'*(a, b)t (a, b € C*) are
also solutions.

PROOF. Notice that 25 = 3, ,(—=1)"X, ® X_, and 25 = Y,z (- 1)"X, ® X_,
commute with X (z) and X(z) (cf. the proof of Lemma 3.6). Therefore this lemma follows
from (3.10). O

LEMMA A.4. It holds that
(25, 1@ T (a,b) + M (a,b) ® 11 =[25, 1 @ ' (a,b) + T (a,b) @11 =0 (A3)

where 25 = ¢ X(2) ® X(—2) 2ifz and 2p = ¢ X2 ® X(—2) 2%1
PROOF. We have the equality (cf. the formula displayed in the proof of Lemma 3.2)
[X (@)X (D), X(2)]=2X(a)é(—=b/a) —2X (b)5(—a/z)
and similarly for X, from which the lemma follows by direct calculation. a

Suppose T being a solution of the bilinear identities (3.4). We put T def (14cI*(a, b))z.
Then by using (3.4), Lemma A.3 and A .4,

28E®7) =28 Q1) +cR23(x @ ', b)t+ I't(a,h)T 1)
+ 22 (M (a, b)t ® I'*(a, b)7)
=t®@t+c(r® I, byt + I a, byt ® 1)+ 2, b)r @ I't(a, byt
=TQ®7T
and similarly for £25. Hence T solves (3.4). Noticing that T = 1 solves (3.4), we see that the

(M, N)-soliton solution defined in (3.11) is indeed a solution of the bilinear identities. The
theorem is proved.

B. Verification of Proposition 3.11. In order to see the equivalence between (3.11)
and (3.15), we recall the following lemma (“Fredholm Pfaffian), due to E. M. Rains.
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LEMMA B.1 ([15]). Let X = (X, j)1<i, j<p be a skew-symmetric matrix of size 2p x
2p, where every X; j is a2 x 2-block. Let J be the 2p x 2 p-matrix defined as in Proposition
3.11. Then

PILJ+X1= ) PE[X( ] (B.1)

0<r=<p
1<iy <i2<»»»<[,§p

*

where X(il,iz,...,i

) denotes the skew-symmetric submatrix (X; ;)i j=iy iy,....i, of X.

Applying Lemma B.1 to the case where X = S yields the expansion

PI[J +S1= ) Pf[Si]
Kcl_Uly

where K runs over all the subsets of /_ U [, and S?‘K) denotes the skew-symmetric submatrix

7%
i<j zi+z;

of S corresponding to K. By noting the formula || = Pf [Z’ i ]l. j» we can directly

zi+zj
verify
ai — bj (ai —aj)(ai —bj)(bi —aj)(bi — b)) % ()45 (b)
Pf[Sz‘K)]:l_[ 4+ b l_[ . Na: +b:)(b; Na: + b l_[e ¢
ieKal+ i (al+aj)(al+ j)(l+a])(al+ ])ieK
i,jekK

for every subset K of /_ U I. Plugging this expression into the above expansion and noting
the relation (3.14), we obtain the proposition.
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