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1. Presentation of Theorem.

Let (T, 7, P) be 1-dimensional Lebesgue probability space, i.e., T = 1-dimensional
torus = [0, 1), F = B(T), P(dx) = 1-dimensional Lebesgue measure on T.

Let T be binary transformation on 2-dimensional torus T, ie., T (x1,x2) = 2x1, 2x2)
(mod 1). T preserves P2 = P x P, and moreover is strong-mixing (cf. (1)).

DEFINITION 1. For a measurable function f : T2 — {—1, 1}, we define a transfor-
mation 7y on T2 x {—1, 1) by
Ty(x, &) = (Tx, f(x)e), (x,8) € T x {=1,1}.
This Ty preserves u(dxde) := Pz(dx) X %(871 + 81)(de), and is called a skew product of T
by f.
We are concerned with the strong-mixing property of 7y where f is defined by means of
irrational rotation. More precisely, we definer : T — {—1, 1} byr(x) = 1[0 1)(x)—1[% 1)()c),
i) s
and fork e Nandny,--- ,ng € Nyny < --- < ng, we consider f : T — {—1, 1} as
fx1,x2) = r(xp)r(x; +npx2) -+ r(xg + ngx2) .

(We identify the function of T with the 1-periodic function of R in an obvious way. Thus r
is regarded as a 1-periodic function, so that the f above is well-defined !) Then we have the
following:

THEOREM. Let f be as above. Then Ty is strong-mixing, i.e., for YA, B € B(T? x
lim pu(AN Tf_'"B) = n(A)u(B). (1)
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2. Reduction of the problem and its motivation.

By the general theory (e.g. [6, Theorem 1.23]), the strong-mixing property of 7y (where
f:T? - {—1,1}is general) is equivalent to the following convergence: Let {¢,}7” | be a
CONS of L%(T? x {—1, 1} — C, p), then

lim // on(TF (x, €)gn(x, e)pu(dxde)
T2x{-1,1}

m—00

2
= ‘// on(x, e)u(dxde)| , “neN.
T2x{—1,1}

In the present case, we can take, as a CONS of L*(T? x {—1,1} —» C, p)

{eﬂ2ﬂ(P1x1+p2x2)’ eﬂ2ﬂ(Q1X1+q2X2)8; (p1, p2), (g1, q2) € ZZ}'

For eV~ 127(P1x1+12%2)  the convergence above holds obviously. Therefore we obtain the fol-
lowing criterion for Ty to be strong-mixing:

PROPOSITION 1. Ty is strong-mixing if and only if, for ¥ (p1, p2) € 7*

lim [ eV 127 Q@ =Dt fxy v £(2x1, 2x2) - - FR™ xy, 2" xa)dxidx, = 0.

m—0Q0 T2
Now let us go to our problem. Our f : T2 — {—1, 1} was
fxa,x2) =r(x)r(xn +nixg) -+ r(xr +ngx2) .

For this we introduce X : T — {—1, 1} by X" (x) := [T}, 7(2/~'x). Then

fx1,x2) f(2x1,2x2) - - - f(szlxl’ 21 x)
= X(m)()C])X(m) (x1 +n1x2) -+ X(m) (x1 + mpxa) .
Thus, by Proposition 1 we reduce Theorem to the following:

THEOREM 1. Thereexists0 < p = p(ny,---,ng) < 1 such thatforvp ez
1

/ do

0

In the next section Theorem 1 will be proved. Before proceeding, we here mention the
motivation for the study carried out in this paper. In [1], Sugita presented a pseudo-random
number generator by means of irrational rotation, and as its theoretical justification showed
the following:

/ VI =DPx (M () X0 (x 4 pyar) - X (x 4 mpa)dx| = O(p™)
T

as m — OQ.

FACT 1. Foralmost every a € T, the stationary process {X"™ (. + na)}>2 on (T, P)
converges in law to the fair coin tossing process (i.e., mean zero {—1, 1}-valuedi.i.d. process),
asm — oQ.

After that, in [3] he tried to simplify the proof and stated the following (, though its
statement is weaker than that of Fact 1):
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FACT 2. The stationary process {X ™ (x1 + nx2)}o2, on (T2, P2) converges in law to
the fair coin tossing process, as m — oQ.

In the process of showing this fact, he found the strong-mixing property of 7r, and
utilizing this property, he clarified the reasons behind the validity of Fact 2. Actually he
confirmed its ergodicity and weak-mixing property, and showed an equivalent statement to
this fact:

FACT 2. Fork eNand"ny, - ,ngy € N;ynj < -+ < ng

lim XM DX (x1 4+ nix2) - X" (x) + ngx2)dxidxy = 0.
m— o0 TZ

Fact 2’ follows obviously from Theorem 1 with p = 0; however, his proof is purely of
ergodic theory in comparison with ours, and it itself is of independent interest. Our method
for proving the theorem is based on a method of cancellation, which is the same as in [1].
But, compared with that in [1], our cancellation is more transparent, so that our proof might
be more readily acceptable. In this paper we solve his conjecture by proving the theorem, and
at the same time succeed in his scheme of simplifying the proof of Fact 1!

The author would like to thank the referee for his / her careful reading of the manuscript
and for several comments.

3. Proof of Theorem 1.

We begin with the following proposition:

PROPOSITION 2 (cf. [5]). Foreachm € N

om— 1 m

XM = =1y (1‘[ sin 2% — 1ﬂ>eﬁ2§—rﬁlﬂeﬁ2n(2k—1)[22’::f] .
k=1 “i=l1

2i
LEMMA 1 (cf.[2]). Let X™ (n) be the nth Fourier coefficient of X", i.e., X™ (n) =
Jp X (x)e~V=1217X g x Then
0 if ne2Z

/(-\) —_— 1 n
XM (n) = (\/__1)1412( sin 2_7;)/ g_“/__lznz_m(x_%)dx if ne 27, — 1.
0

m
j=1

PROOF. We defined : T — {0,1} by d(x) = 1[%)1)(x), and setr; : T — {—1, 1},
dj : T — {0, 1} by

ri(x) = r@'x), djx) = d@"'x).
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Thenr; = (—=D% (Yj e N, {dj}?‘;l is an i.i.d. random sequence on (T, P), and

e di)

YxeT.

Using these facts, we actually compute X ™ (n):

m djx)

X () = fT (l_[ rj(x))eﬁ 2 X0 dx

j=1

m m d;(x) d; (x)
_ J _ /7 2nm 00 Jj+m
/] |(—1)df(x)| |e 120757 Pom 2= 5 dx
T e

/(”) _ 2nw oo d_/'+m (x)
R R
T

j=l1

m
1_[%(1 _e—\/—il2nn21j))/e—\/—7122”,,7fxdx
T

From this the conclusion follows at once. O

PROOF OF PROPOSITION 2. For simplicity we denote the RHS of the identity in
Proposition 2 by ¥ ™ (x). Since X (x) and ¥ " (x) are right continuous in x, it is enough
to show that X = Yy in L2(T, P).

By Lemma 1

X(’")(x)z Z (/_1)m—2( sm—)/ \/_2n2m(x 2)dx eFZnnx

ne2Z—1 j=1
m
D e 2(Hsmw )
q€7Z, j=1 2/
re{l,--,2mhy

1 m _
x/ o /{27 42 2+mzr l("‘zl)dx e«/—lZ(q2’77+2r7])nx

om— 1

=Y YW Z(Hm

r=1 geZ

)Fzgmﬂ
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1
% / eV —lanxef»./fl 2 2;,—,_,]{x}dx e»,/—l 2q712'"x€»,/—1 2r (2r—1)x
0

[where {x} = the fractional part of x]

om=1 m

2r —1 2r—1
_ —1ym—2 . —1 55 m /—12Qr—1D)mx
=H-1) E < | | sin ¥ n)e e

r=1 j=l1

1
% Z/ e—«/—lanxef»,/fl%[z;,—;l{x}dx oV —12q72"x
0

qe
L m 2r —1 2r—1 2r—1
= (/=12 Z <l_[ sin = n)e“/_l St o/ —T122r =D , =/ =127 25 (27 x)
r=1 j=l1
om=1 m
m—2 . 2r — 1 ﬁZr—] - \/TIZIT 2r—1 (zmx_{zmx})
=(-1) Z l_[ sin ——— Je e 2m
r=1 \j=l1 '
o 2r —1 2r—1 2]
= (/—=1)"? Z <l_[ sin 57 n)e“/_l S 7 V=127 2r=1)
r=1 j=l1
= Y™ (x). O

DEFINITION 2. Letk,m € Nand p € Z. We define Sl(,m) : Z¥ — R by

m

L 2h =14+ 42k —1—-p
SI(,'")(ll,--- ) = (Hsm 5 F14

i=1

m

20 — 1 o 2 —1
x<l_[sin 12[. n)x x(l_[sin kzi 7t>, (I, eZk.
i=1 i=1
Clearly S is symmetric and S3"(--- , 1;+2m71, .. ) = SYV (. [ 1;,--). Also S =0
if p =k (mod 2).
LEMMA 2. Letk,m e Nand p € Z. Thenforv(otl, <. ,Qf) € RK
/ oV TT2T Q=D px () () ¥ ) (5 4y X0 (x4 ) dx
T
1
— ( /_1)(m72)(k+1)(_1)m Z S(m)(ll . lk)e«/f_lzimne«/f_lzﬂp(lszm)y
p 9 9

O j<ty s <am—1

[y+2"a;]

k
x l_[e»,/71271(21,-71) 7

i=1

dy.
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PROOF. Firstlet p = k (mod 2). In this case, since X (x 4+ 1/2) = =X (x),

LHS = / e«/—_12n(2'71_1)l’(x+§')x(m) <x + l)X(m) (x + l + 011) Looxm <x + l + ak)dx
T 2 2 2

[by the shift invariance of dx]

— (_ 1)p+l+kLHS
= —LHS,
so that LHS = 0. On the other hand, since S,(,m) = 0, RHS = 0. Hence we have the conclusion

in the case of p = k (mod 2).
Nextlet p # k (mod 2). Since, by Proposition 2

XMoo)X (x +ap) - X (x + o)

A | o 2 —1
= (v/=1)m=2k+D Z (l_[sin 02[. 7t> X - X (l_[sin kzi 71)
i=1

1<lply,- y<2m—1 “i=1

X e

2lp—1 20 —1 2MM x40
El( (UL R ) /=127 (2o — ])Izm l_[ V=T2m(l—1)EEr2e] x+ ;]
)
i=1

it turns out that

m

LHS = (v/—1)m=2k+D 3 <1—[ 210—1 )

1<lp,ly, r=<2m=1 “i=l

m
X (l_[sin ZZkZ[_ 171) eF( o Lt +21k 1)

/ VT2 1) px o/~ T2 2l 1) 25 l—[efzn(zz—l)z Sl

i=1

Here we further compute the integral fol -+« dx in the last line as

om ', k - -
_ Z M N T2mp @ —x) V127 2lp—1) B l—[eﬂzn(zl,fl)”x;#dx
zm i=1
2’77 k
1 -1 [y+2"a;]1+j—1 dy
_ Z eV 127p(1— 2171 Yy+j=1) V=127 2o~ = o l_[ eV 127 Q2= ) ———— 2
" o 21/)1
.] i=

[by the change of variables 2" x — (j — 1) = y]

Z =127 (= p+2lg—14-420— 1) / «/_271p(172m)y l—[e«/_zn(zl,q)[wzzmm dy

i=1

2111
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/ VT2mp(1- zmnl—[ VT @) P

i=1

=1_ppoly—14-+2—1e2m7

om

1 VoT2mv it 0if vg2"z,
[because, forveZ > Zle = 1yeomy = Lif veomz |-
j:

Substituting the last expression into the above, we have

LHS Z(\/__l)(m—Z)(k+l) Z (ﬁ 210 —1 >

1<lo Iy, g =<2""1;
—p+2lo—1+-+2l—1€2™7

m

<l_[s1n l _1 >e\/_(2]gml+ + 2m )7‘[

/ V=T2mp(1= o)y Hefzn(zl R
i=1
Here, since p + 1 = k (mod 2), we see that for Y(I1, --- ,l;) € {1,---, 2" 1}k
1 <3y <2m ! suchthat — p+2lg—1+2 —1+---+2t —1 € 2"Z.
For this g

m
200 — 1 2lp—1 2 —1
(Hsin = n)em it ot )

m

2 =1+ 21— gl
:(—1)'"(1_[sm ! 5 k pn)eﬁzﬁf”.
i=1
Therefore substituting this into the above, we have the conclusion in the case of p # k
(mod 2). O
In the following, letk € Nand ny, --- ,nx € N;ny < - -+ < ng be fixed.

DEFINITION 3. For p € Zandm € N, we define AV : Zk =Z x .- x Z — C and
—_—

pp(m) € [0, 00) by k
k X
Aﬁ,’”)(lﬁ, oo Kg) = Z S,(,'")(ll, ,lk)l_[eﬁz”(”f*‘)ﬁ,
1<ly, - r<2m—1 i=1
(K1,---, Kp) e ZF,
ppm) = max oo ZIA(’")(m(J — D+, m G = D+ 1)l
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LEMMA 3. For"peZand"m e N

1
/da
0

PrROOF. By Lemma 2
1
/doz

/da/ dy

1 1
= [ av [ dag @y £ mzmal. 1y 4 m2ma
0 0

/ e“/__u”(zm_l)’”‘X(m)(x)X('")(x +ma)--- X" (x + npa)dx| < pp(m).
T

/ ¥/ TT2R@ DXy ) () X0 (¢ 4y - X (x 4 mgar)dx

k

[y+2"n; a]

SOV, o 1) [ [ VT R
i=1

1<ly,- l/‘<2’" 1

2
:/o dyZﬁ-. dalAJ Ly +m2"al, - . Iy + m2"a))|

1
=/0 dyZ/o z,f Ay +mBl+n1(G =1, [y + mBl+ni(G — 1)

j=1
[by the change of variables 2"'a — (j — 1) = B]

1
=f0/ dydﬂ—ZIA(m)(m(J—1)+[y+n1ﬂ] —onk( =D A+ [y + B

2m
- ¥ /] dydp
ne by g)el0,1)x[0,1);
t€{0,-,n}  [y+niBl=ty, - [y+nefl=tx
-
Z|A<’“>(m(] — DAt (= D+ 1)
j=1

[because [y+n-,3] e{0,---,niYi=1,---,k)]

< | _max Z|A<'">(n1(1—1)+n, oG = D+l

= pp(m).

DEFINITION 4. We define 5o, s1 : Z — Z by

— if riseven
r+lyez-1 ]2
S e— r

s1(r) = 2

+1
2

if risodd,
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o % if riseven
so(r) = re2Z.—1 _ o
2 r . .
5 if risodd.
LEMMA 4. Letm >2and (Ky, -, Ki) € ZF. Then
(vV—=Dk!
Ag,m)(KI’ o, Ky) = Z —

8€{0,1}

k
x ([J=DX) (=) k= DA=mV=Tr g @0=D AUn=D (55K 1), -+, 55(Ka))

i=1

PROOF. Letm >2and (K, ---,Ky) € 7K. First, noting that
{1,.'. ,2m7]}k
={(h+e2" 2 e+ a2 D (e ) e {1 2" (e, L) € {0,119

and

T b .~

_ (2L =1+ +2L—=1—-p &1+ -+ ek
— ¢(m=1)
=S5, ,lk)SHl( 7 T+ 5 T

(2l —1 +81 . 2lk_17t+8k7'[
X sin T —7T X -+ X SIn —_— .
2m 2 2m 2

we see that
APUKL - K= ) Yoo S+ a2" e e+ 82"

1<ly,-- x<2m=2 ey, e, €{0,1}
k .
X l_[ eﬁh (2(li+si2’"‘2)—1) o
i=1

k
K;
_ Z S[()m—l)(ll’ A HerZn(Zli—l)z,T

1<ly, o lg=<2m=2 i=1

k
. 21,’ —1 &
X Z l_[ sin < o T+ En)

e, ,6¢€{0,1} i=1

k
(2 =14 42 —1—p &1+ -+ &k & K;
xsm< T+ ) T l_{(_l) '
i=

2111
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Next, using the identity
> sin <X + %n)e —I5m (1)K = T (— DK VIEDEX Yy R YK €7,
e€f{0,1}

we compute the summation > -+ in the last line as
er, ek €f0, 1}

gy ) el )l ) gi 1% i Ki
:S(é‘ﬁn > Z l_[( < 2m +Eln,>€\/712ﬂ(_1)8;1(z)>
€1,

-,er€{0,1}i=1

T a2 2l — 1 ) Ny K;
\s(e 2! l_[( Z 2—m7T+E7T e (=D

i=1 e€{0,1}

s(eﬁﬂi”l‘”éff”f" F (VDR (= DRt R T i (D 1)

=(_1)K1+...+Kk3<e¢—_ 7 (§450 (- (-nf) 2 ZL))

:(—1)K1+“'+Kk2\/17]{ VT (542 0= DK) 2t — )

N E 1 (S S IR IO = iﬂ)}

Substituting the last expression into the above, we have

AU(KY, - K

20;—1

= Y srha e TR K

1<y, y=<2m=2

¢ 1—(=DKi 21,1
X (= 1)Kt +Kk {( /_)k Jq;:%mea/f]znzﬁzl% -
T FRVAST N A Yy 1=¢fi 21
_ (_ _1) e 2me i=1 2 om

—1)k-1 —
— (x/_é) (_1)K1+ +Ki Z S;m l)(ll, o o)

1<l r=<2m=2

— _nKiya, -1
{ -V nzm 2”21 I(K —"_%)2’T

k 1-(=nKiy2;-1
b (k=TT o/ T2r (Ki—‘z“)z’T}
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— (\/j;)]“l (_1)K1+---+Kk
s1(Kp)

k
X {e‘ﬁ”% Z S;,m*l)(ll,'“ ,lk)neﬁzn(21i71)2'"“

1<l g <22 i=1

k
1 SInd - V=127 211
1 (—Dk 1V =1m 3 Z S;m Dy, - ,lk)ne 7( )

1<l [r=<2m=2 i=1

= S T A (K siK)

+ (=D eV T A (s (K, - ,so(Kk»}

_ k
> 1(l_[<—1)'(’)<—1)<’<”““e‘“‘_“’zlm(z‘s‘”
2
i=1

8e{0,1}
x AUV (ss(K1), - 55 (Ki)) s
which is just the desired expression.
LEMMA 5. There exists an mq € N such that for " p € 7 and "m > mq

1 . Tp
pp(m) < 1—W(1—|SIHW|) pp(m —mo) .

so(K;)
om—1

!

11

PROOF. Choose 19, to € N such that 210 < ngno < 240! and ng_ino < 210, and set

ho, mo € be

logny

ho = Q[W]Hno +1,

logn
m0:=|: £ ki|+uo+3.
log?2

Then, for¥4; € {0, -+ ,n;} (1 <i <k)
nitho— D) +1; <2™% (1 <%i<k—1),
27072 < mp(ho — 1) + 1 < 207
ie., for3eig, -, &imy—3 €10, 1} (1 <i <k)
nitho— 1)+t =gio+en12+ -+ 8im-32™3, 1<i<k-1,
ne(ho — 1)+t = &0 + 6112 4 - - + Spmg—32"0 7> 42072,

In the following, let #; € {0, --- , n;} (1 < i < k) be fixed arbitrarily.

@)
3
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1° Noting that form > mg > 1

{0117”'sznl_l}z{h_1+2n10(g_1);h€{17”'12n10}ig6{17"'12”17”10}}1

we See
1 &
o DA @G = D (= 1) + 1)
Jj=1
1 2mo pm—mq
=20 2o D 1A= 1+ 2"(g = 1)+ 0k = 142"0(g = 1) + 1)
h=1 g=I
2 2D
= e Y s 2 AL (g = D= ) oy, 2" (g — 1)
h=1 g=1

+ni(h — 1) + 1)l

2° By Lemma 4

A @™ni(g =D +ni(h— D411, 2"m(g — D) 4 ngh — 1) + 1)

k—1\ mo k .
- ((V‘4) > r104)2£1%4~n4mm—n+m
81,0+ ,8mg €00,1) 2 i=1

25 -1, 28,1 26m—1
2m +2mfl ot

2m—m0+l

1)w—ixl—%m+~+4—&)ef¢i7np( )

X (—
« A;mfmo)(nl(g ) +58m0"’551(n1(h -1 4+1),- - 7I’lk(g -1
+ 55 ---55](nk(h—1)+tk)),

m 0
where

id if a=1,
88a-17" 758 = $5, o ---o8s if a>1.

3° Note that for 0 < r < n2"0,0 < s5
this implies that foreachh =1, ... , 20

55, (r) = n (81, -+, 0my € {0, 1}). By 2°,

mo.

21717’710
1
oTE= > 1A @™ni(g — 1) 4 ni(h = 1) + 1)
g=1
1 2)7‘1—)710 1
e — > %mg’**mwni(g—1>+s5m0~~sal<n,»(h—1>+r,-)>|
g=1 81, ,8my€{0,1}
1 1Ay
=g 2 g 2o AT = D sy, sy (ih = 1) +160)]

5],---,5,,106{0,1} g:l



SKEW PRODUCT OF BINARY TRANSFORMATION ON 2-DIMENSIONAL TORUS 13

2m—m0
1
< ma Am=mo) p.(g _ 1 T;
S T Zl AZT" (ni(g = 1) + )
(0. i) 9=
= pp(m — mo) .

Here and in the sequel, for simplicity we write AE,’")(KI, .-, Ky) as A;,m)(Ki).
4° Let 8V =(0,---,0,0,1),8?® =(0,---,0,1,0) € {0, 1}, Then, by (2) and (3)

sy s itho =D +1) =0, 1<V <k,

moy—

Sy Sy (itho =) +1) =0, 1= <k,
1<Vi<k-—1,

sy ceesso(nitho — 1) + 1) = {
1

my—1

s - Sso(nitho =D +16) =0, 1= Vi <k,
m 1

and hence
k mo . _ .
l—[(_l)zazlSag‘jl"'ssi”(n’(ho 1)+t’)(_1)(k71)(175,(,}3+~~+175i1))
i=1
k mp—1 —1
— H(_1)20=1 50 ("i(hO*lH“ti)(_1)(](*])(”10*])’
i=1
k mo (ho— )
l—[(_l)zazlsaﬁ)l @ (ilho ])+t')(_1)(k71)(175,(33+~~+175§2))
i=1
k mo—1 41
=(=1D H(_I)Zgzl 50 ("i(ho—l)'Hi)(_1)(k—1)(m0—1).
i=1
By 2°, this implies

AU (@™0ni(g — 1)+ ni(ho — 1) + 1)

k—1ymo k o —
_ ((V_l) ) [~ DEeer s~ mutho=b gy k=Dimo—1
2
i=1

—1 —1 1
X <€ v 71ﬂp(z'T+"'+2m—m0+2+2m—mo+l )

—VIrpGr+ s+ o)
T - 3 = 2 = I m—m
e Hm—mg+ Hm—mg+ Hm—mg+ A; 0) (”i (g _ 1))

k

(V=D F\" MO s (s (ho— D)t

N ) ( [ (= 1)Z e st sGho=D)
i=l1

2
8€{0,1)m0\{5D,82)
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T 2511 25»10 1
—v=lxp( 2m +ot om— mo+l)

x (= 1)&=DU=8myt+1-81)

X AG0 (i (g = 1) + 85, -+ 53y (ni(ho — 1) + 1)),
and by taking the absolute value

|AU @"0n; (g = 1)+ ni(ho — 1) + 1)

1
< g 280 S lIAY (g — D)
1 —
+270 Z IAE’m mO)(”i(g_1)+55m0"‘581(ni(h0—1)+t,-))|,
5€{0,1)m0\ 5D, 52}
Therefore
1 2’77 1770
om—mq Z |A(m)(2m0nl (g —1D +nitho— 1) +1)|
g=1
1 p 1 m—mq
n ———— (m—mq) .
= 2m02 Sin om—mo+2 2m mo Z IA (ni(g 1)
Yo >
5€{0,1)0\ (5D 52} g=1
+ S5y 88, (ni(ho — 1) + 1))
1 . T
< 1——2'11071 1- smW pp(m —mo) .

5° Collecting 1°, 3° and 4°, we have

2m
1 .
o DA (i = 1) + 1)

j=1

1
< Y. pplm—mo)

- 2mo
hefl, -, 20N\ {ho}

1 1
+2mo 1_2m0—l 1-
1
=\~ sz (1~

from which the conclusion follows at once.

sin

))Pp(m — mo)
>)pp(m—mo),

b
2m—nig+2

sin

np
2m—no+2




SKEW PRODUCT OF BINARY TRANSFORMATION ON 2-DIMENSIONAL TORUS 15

PROOF OF THEOREM 1. Let p € Z be fixed. Since |sin2mf%| < 1/2 form >
[10g\p|vl

Tog2 ] + 2 4+ mo (where mg is an integer in Lemma 5), Lemma 5 tells us that

1
pp(m) < (1 - M);op(m —myp) .

This yields that for Vq >0,0<"r < mo

log|p| Vv 1 1\? log|p| Vv 1
—= 142 <(1- — L +2]).
pp([ log2 tetgmotr) = qmo ) Pr log2 +

If we expressm > 0asm =gmo+r (g > 0,0 <r < myg),theng > m/my — 1 and so

1\? 1 \mo !
1—— ) <(1-— .
4mo 4mo

Combining this observation with the above, we have

log |p| v 1 1\ ! log |p| Vv 1
AL AR P} < (1= 221 42), Ym=o.
[P | r2m) < (-3m) " o[ ] +2) e

Consequently, by Lemma 3, we conclude that the assertion of Theorem 1 is valid with p =
o
(1 — 1/4m0)ymo |
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