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1. Introduction

Let p be a prime number. For an algebraic number field K of finite degree, consider an
(arbitrary) subset T of P(K), where P(K) is the set of all primes above p of K:

T C P(K).

Let K be the cyclotomic Z-extension of K and Too C P(Ko) the set of primes above T
of K. Then, by M1, (K« ), we denote the maximal abelian p-extension of K, unramified
outside T,. We call such an extension “the extension with restricted p-ramification”.

Since I' := Gal(K~/K) acts on the Galois group

yToo(Koo) = Gal(MToo(Koo)/Koo)

by conjugation, it is regarded as a module over the power series ring A := Z,[[T]] in the
usual manner. This is finitely generated over A.

In this article, we investigate the following question: What are the A-rank of V7, (Ko)
and the p-invariant of its A-torsion part w(Vr., (Koo) A—ror)?

When T = & (empty set), it is well known that Vg (K ) has A-rank zero by a result of
Iwasawa and that it is conjectured that its p-invariant vanishes. This is verified when K is an
abelian field by Ferrero and Washington [FeWa]. It is also known that rank 4 (V7 (Ko)) = 12
if T = P(K), where r; is the number of complex primes of K. The p-invariant of the A-
torsion part of V7, (Ko) is also conjectured to be zero and proved if K is abelian.

In case of C M-fields, the answer to the above question is known completely (cf. [JaMa].
See also Theorem 4.5 below).

On the other hand, for a general base field K and T C P(K), we have a trivial lower
bound of the A-rank (Proposition 2.3):

ranka(Vr, (Koo)) =12 — Y [Ky:Qpl.
veP(K)-T

However, we do not know how the A-rank should be in general. We give the following partial
result by applying the methods of Ax and Brumer.
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THEOREM 1.1 (Theorem 6.2). Assume there exists a subfield k C K such that K / k is
Galois and K Nkeo = k. Let G := Gal(K /k). Assume that there exists a prime u € P (k)
such that

T :={ve P(K)| vu}

is contained in T. Then we have

rank s (Vr,, (Koo)) < (Z[Kv : Qp]) - < Z deg X> —34.

veT XEAK/k

Here, Ak is the set of the distinct irreducible characters of G over Q which appear in the
Q[G1-module Ex Q7 Q where Ex is the group of global units of K. We put

5= 0 if Ak, contains the trivial character,
|1 otherwise.

Note that the right hand side in the Theorem is larger than or equal to the above trivial
lower bound.

Next, we consider the special case where K = Q(/a) (a € Z, cube free), as a first
example of the case of non abelian base fields.

THEOREM 1.2 (Theorem 7.3, Proposition 7.8). (i) Let K = Q({/a). Let p be an odd
prime such that (p) = p1p2 in K where Ky, = Q) and [Ky, : Qp] = 2. Let T = {p2}. Then
V1. (Koo) is A-torsion.

(ii)  Further, there is a sufficient condition for the vanishing of n(V1,, (Koo))-

The another reason why we consider this special example is that V7, (K ) in the above
theorem for p = 3 is related with the Selmer group Sel , (E/Qqo) of a certain elliptic curve
E /Q concerning with the p-invariant ([Hal], [Ha2]).

There is another application of the theory of Vr, (Kwo). Let A, (K), pp(K) and v (K)
be the classical Iwasawa invariants of K. (See §8 for the definition.) We give a criterion for
the vanishing of these invariants for special non abelian fields. This is a generalization of a
result of Fukuda-Komatsu([FuKo]).

THEOREM 1.3 (Theorem 8.1). Let K be a number field. Assume that there are exactly
two primes p1 and p; of K above p such that Ky, = Q) and that they are totally ramified in
Koo. Then the following are equivalent.

1) Ap(K) =up(K) =v,(K)=0

(i) CHK)[p>®]l=0and (1 + pZ,) =Ex N (1 + pZ)).

Here, CI(K)[p™°] is the p-part of the ideal class group of K and Ek is the group of
global units of K which we embed in Ky, = Q.

The outline of this article is as follows. From §2 to §4 we give general facts on V7, (Koo)
in the context of the classical Iwasawa theory. After seeing an application of the methods of
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Ax and Brumer in §5, we give an upper bound of the A-rank of V7, (K~) (Theorem 6.2) in
§6. Then, in §7 we consider a special case where K = Q(/a) and apply the above results to
this case. In §8, we give a proof of Theorem 1.3.
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and Takae Tsuji for valuable discussions. Finally, I would like to express my sincere gratitude
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2. [Extensions with restricted p-ramification

In this section, we define some notions related to extensions with restricted p-ramification.
Then we recall known results and easy consequences.

Let p be a prime. For an algebraic number field K, let P(K) be the set of all primes of
K above p. For an arbitrary subset

T C P(K),

we denote by M7 (K) the maximal abelian p-extension of K which is unramified outside 7.
Let

Yr(K) := Gal(M7(K)/K) .
We also denote by M/.(K) the maximal subfield of M7 (K) all of whose primes above
P(K) — T are completely decomposed and put

Vi (K) := Gal(M’(K)/K) .

Let K be a number field of finite degree and K the cyclotomic Z,-extension of K. For
T C P(K),let Too C P(Ko) be the set of primes above 7. Then
I' = Gal(K/K)

acts on Vr., (K~) and y/Too(K ~0) by conjugation in the usual way. Therefore Vr. (K~ ) and
)/TOO (K ) are endowed with the action of

A:=1Z,[[I]].
By fixing a topological generator of I", we identify A with the power series ring Z,[[T]] in

the usual manner.
For T = @ (empty set), we put

H(K) := Mg(K), H'(K):= My(K)
and

AK) = Yo (K), A'(K):=YVy(K).
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For T = P(K), we put M(K) := Mpk)(K) and
X(K) :=Vpk)(K) .
We define similarly A(Kso), A'(Kxo) and X(K) for Koo. These modules are well
studied in Iwasawa theory.

THEOREM 2.1 (Iwasawa [Iw], see also [Wa]). (i) X(K) is a finitely generated A-
module and rank A (X (K o)) = 12, Where 1y is the number of complex infinite primes of K.
(ii) Both A(Koo) and A’ (Kso) are A-torsion. Further, t(A(Kxo)) = (A’ (Kso)) .

Note that
H(Ks) C Mr(Kso) C M(Kso) and H'(Ks) C M7 (Koo) C M(Ko) -

Thus V75 (K) and y; (K o) are finitely generated over A.
Let v be a prime of K dividing p and w a prime of K, above v. Denote K, by the
completion of K at v and by Koo 1, the composite field K, K in K, where we identify Koo

with its image of the embedding K, < K, corresponding to w. Let

b,
X (Koo,uw) := Gal(K5a'h/ Koo, w)

X' (Koow) := Gal(KX'D /K30

where K;‘Ejf;, is the maximal abelian p-extension of K, and Kgé’)ﬁ, is the maximal un-
ramified p-extension of Koo . Then I'y 1= Gal(Koo,w/Ky) (= Zp) acts on X (Keo,) and
X'(Ko,w) by conjugation and thus these are Ay, := Z,[[I'w]]-modules. Further,

P X (Keo) ZA®a, X(Koow) and P X (Koow) = A®4, X' (Koo,w)
wlv wlv
as A-modules and it is known that
THEOREM 2.2 ([Iw] Theorem 25).
rankA(EB X(Koo,w>) = rank, ( %) X’(Koo,w)> =Ky : Qpl.
wlv wlv

Further, u((@wlv X (Koo.w))Ator) = 0. Here, (@w‘v X (Koow)) A-tor is the maximal A-
torsion submodule of@w‘v X (Koo, w)-

In particular, if p is odd and K does not contain the group of p-th roots of unity i, then
Do X (Koo,w) = ADKQ],

Since we have the exact sequences

() @ (@X/(Koo,w)> — X(Koo) = V1o (Ko) - 0 and

veP(K)-T * wlv
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) &b <@X(Koo,u,)> — X(Koo) = Vi, (Koo) = 0,

veP(K)-T " wlv
we have

PROPOSITION 2.3.

ranka(Vr, (Koo) =12 — Y [Ky:Qpl.

veP(K)—T
We also have
3) b (EBX(KOO,W)/X/(KOO,m) — Vi, (Koo) = Vi (Kog) = 0.
veP(K)-T " wlv
Because X (Koo,w)/ X' (Koo,w) is isomorphic to Z,, we have:

PROPOSITION 2.4.
rank s Vr,, (Koo) = 1anka Yy _(Koo) and (V1 (Keo) a—1or) = (V7 (Koo) A—t0r) -

REMARK 2.5. When K is abelian over an imaginary quadratic field k in which p splits
and when T is the set of all the primes above one of the primes of k dividing p, Vr,, (IZ ) has

been considered in relation with the Iwasawa theory of C M-elliptic curves. Here K /K is a
certain Zp-extension which is not cyclotomic (cf. [Co]).

3. The extensions over finite number fields

Let p, Kand T C P(K) be asin §2. Let
Z7(K) == Gal(Mr(K)/H(K)) .
Then, we have the exact sequence
“) 0— Zr(K) = Yr(K) - A(K) - 0.

Assume [K : Q] < oo. Let g be the group of global units of K. For a prime v of K,
let U, be the group of principal units in K. Put

U[(,T = 1_[ UU.
veT

Then we have the following:

PROPOSITION 3.1. Z7(K) = Uk 1/(Ek NUK.T). Here, Eg N UK T is the topological
closure of Ek NUKk T inUxk T.

PROOF. The proof goes exactly on similar line to the proof of [Wa] Theorem 13.4. Let

H be the maximal unramified abelian extension of K and MT the maximal abelian extension
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of K unramified outside 7. By the class field theory,

Gal(My /) = (KX I UU)/(KX—I_[UU> .

v:all ve¢T

Here (K [],.,;; Uv) and (K * ]—[Uﬂ U,) are considered as subgroups of the idele group of
K, where U, denotes the group of whole local units of K. The right hand side is isomorphic

to [[,er Un/(K* ]_[vﬁ Uy N [[er Uv). By the same argument as in [Wa] Lemma 13.5,
(K> ]—[vﬂ Uy N[]yer Uv) = Ex. By taking the p-part, we have the proposition. |

For V'7(K), we see the following: let Hy(K) be the maximal unramified abelian p-
extension of K whose primes above P(K)—T are all completely decomposed. Let A7 (K) :=
Gal(H7(K)/K). Then A7 (K) is a quotient of A(K) and A’(K) is a quotient of A7 (K). Let
Z7.(K) := Gal(M.(K)/Hr(K)). Then we have

5) 1> Zp(K)—> Y'7(K)—> Ar(K) > 1.

PROPOSITION 3.2. Let Ek (p(k)—T) be the group of (P(K) — T)-units of K. Then we
have Z,(K) = Uk 1/(Ek (pk)—1) NUK,T).

For the proof, let Hr be the maximal unramified abelian extension of K whose primes
above P(K) — T are all completely decomposed and M 7 the maximal abelian extension of

K which is unramified outside T and all of whose primes above P(K) — T are completely
decomposed. Then

Gal(M;/ﬁT);<KX [T v [] KUX)/(KX [1 o [I Kvx)

v¢P(K)-T veP(K)-T v¢P(K) veP(K)-T
znuv/((m ]_[ U, ]_[ KUX)m]_[Uv).
veT v¢P(K) veP(K)-T veT

Thus we have the above fact in a similar manner as the proof of Proposition 3.1.

4. Relation between Vr. (K~) and V7, (K,)

First we prepare a Lemma on A = Z,[[T]]-modules. Let

©) {a),, =1+T) —1

Vmon = 0p/w, form>n.

LEMMA 4.1. Let {X,}, be a projective system of A-modules. Let X := l(iLan and

assume pry : X — X, are surjective for any n > nqo. Suppose that there exist A-modules D,,
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and that there exist commutative diagrams

Dn > X/a)n Xn 1
l lvn-f—],n l
Dpy1 —— X/op41 Xn+1 1

for any n > no, whose rows are exact. Further, assume that the left vertical maps D, —
Dy 41 are surjective. Then, X,, = X /vy nI where I = Ker(pry,).

PrROOF. Let I, := Ker(pry). Then the map v,q1, : Li/onX — Liy1/wp41X 18
surjective. Thus, we have vy11 n Iy +wp+1X = Int1. Since vy 1 0Ly +0pt1 X = Va1 o (In +
n X) = Vnt1,nln, we have vy nly = Iy |

Let K, be the n-th layer of K /K. Let T,, be the set of primes of K, above T'. Then we
have

yToo (Koo) = 1<ir_nyTn (Ky)

n

where the inverse limit is taken w.r.t. the natural restrictions. Let ng be the minimal number
such that all of the primes in P(Kp,) — Ty, are totally ramified in Koo/ Kj,. Let

(N Wr := Gal(M1, (Keo)/ Koo M, (Kny)) -

This is a A-submodule of V7, (K~o). We see that V1, (Koo)/ Wr is isomorphic to a submod-
ule of yTno (Ky,) which is a finitely generated Z,-module. Let w, and v, , be the elements

of A defined by (6).
PROPOSITION 4.2. Assume T # P(K). Then, for any n > ng, we have
Vr, (Kn) = V1, (Koo) [ Vi,ng W -
Ifng =0and 4(P(K) — T) = 1, then
Vr, (Kn) = Vi, (Koo) /0n V7o (Koo)

for all n.

REMARK 4.3. When T = @, this is a well known result of Iwasawa ([Iw],
[Wa] Lemma 13.18). On the other hand, when T = P(K), it is also well known that
Gal(MTn (Kp)/Kso) = yToo (Koo)/wn.

PROOF. Let M, be the subfield of M7, (Kx)/Koo corresponding to the subgroup
on V1., (Koo). This is the maximal subfield which is abelian over K,,. Then the following is
exact:

1> @ Thn) — Gal(M,/Ky) = Vi, (Ky) — 1.
Pr€P(Kn)—Th
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Here, T'(p,,) is the inertia group of p, in Gal(M,/K,). For n > no, the restriction map
T (pn) — Gal(Keo/Ky)(= Zp) is an isomorphism. Thus, for p,41 € P(Kyq1) — Tht1 the
image of T (p,+1) by the restriction map

én : Gal(Myi1/Knt1) — Gal(M,,/K,)
is pT (pn) where p, = pn+1|k,. Consider the transfer map
¥ 1 Gal(My/Kn) = Gal(My1/ K1) -

Then we see that the image of T (p,) by ¥, is contained in T (p,+1). Further, ¥ |7(p,) is an

isomorphism. In fact, since ¢, o ¥, = p, ¢n (Vi (T (92)) = pT Pn+1) = Gn(T (Pn+1)). Thus,
since ¢, is injective on T (p,+1), ¥n (T (pn)) = T (pn+1). Therefore we have the diagram for
n = ng

®anP(Kn)*T;1 T(pn) - Gal('/\;ln/Kn) E— yTn (Kn) — 1

l l l

Bp,.1crkyir)-Tpey T Pnr1) ——> Gal(My1 /K1) —— Vr,., (K1) —— 1.

The vertical maps are transfers. The left vertical map is an isomorphism by the above. From

this and the facts that Gal(/\;l,,/l(oo) = V1, (Kso)/w, and M7, (K,) N Koo = K, (since
T # P(K)), we have the diagram

D, —— yToo(Koo)/wn I yTn(Kn) — 1
Dpyy —— Vr (Keo)/ony1 ——> YV, (Kpy1) —— 1.

where D,, := Ker(@p,,eP(K,,)—T,, T (pn) — Gal(Kwo/Kp)). The left vertical map is an iso-
morphism. Thus we have Proposition 4.2 by Lemma 4.1. When §(P(K) — T) = 1, then
D, = 0. Thus Vr, (Koo)/wn = V71, (Kp). O

A result of the same type can be verified for y’Tm (Ko). In fact, in the above proof, if we

replace M7, (K) by M/Too (K~o) and T (p,,) by the decomposition group Z(p,,), we have:
PROPOSITION 4.4. Foranyn > ng, we have
Vi, (Kn) = V1, (Koo) /Vnng Wr
where W;. := Gal(/\/l/Too(I(oo)/l(oo/\/l/Tn0 (Kny)). If no =0 and 4(P(K) — T) = 1, then
Vi (Kn) = Yy (Koo) /o
for all n.

In concluding this section, we note the following explicit formula when K is a CM field.
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THEOREM 4.5 (cf. [JaMal]). Assume p is odd and K is a CM-field. Let
To:={veTloveT}

where o is the complex conjugation. Then,

rankA())Too (Kxo)) = Z[Kv : Qp]/z-

veTy
Further, we have u(V7,, (Koo) po—tor) = 0 if w(Vz(Leo)) = 0 where L = K(up). Here,
V1o (Koo) A—tor 1S the maximal A-torsion submodule of Y, (Koso)-

When K is abelian, we have u()Vz(Loo)) = 0 since K (jp) is abelian. This gives a
complete answer to our problem in this case.

5. A bound for the Z,-rank of global units: an application of Ax and Brumer’s
method

In this section, we consider the Z ,-rank of Ex NUk 1 in Uk r after the methods of Ax
and Brumer ([Ax] and [Br]). We also use the formulation of [EKW].

Let K be an algebraic number field of finite degree. Let p be a prime and T C P(K) a
non-empty subset. Assume there exists a subfield k C K such that K /k is Galois. Assume
that there exists a prime u € P (k) such that

®) T :={ve P(K)| vlu}

is contained in T. Let G be the Galois group of K over k. We prove the following:
THEOREM 5.1. Let K/kand T C P(K) be as above. Let Ex N Uk T be the topologi-

cal closure of Ex NUk. T inUk . Then,

rankz Ex NUk T > Z deg(x) -
XEAK/k

Here, Ak is the set of the distinct irreducible characters of G over Q which appears in the
Q[G1-module Ex ®7 Q. That is,

&k®2Q= P V'

XE€AK/k
where V, is the irreducible Q[G1-module corresponding to x with ny > 0andif x # x' in
AK/k then VX 7’\5 VX/'

REMARK 5.2. The same result is obtained by C. Maire in [Ma] by the same method.
But we prove this here for the completeness.

To prove Theorem 5.1, we need the following:
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LEMMA 5.3 ([EKW] Lemme 1). Let X be a finite dimensional C,[G]-module. Let
A C X be a Q[G]-submodule. Let A% be the topological closure of A in X. Then dimc, A >
ZXEAA deg(x). Here, Ay is the set of the distinct irreducible characters of G over Q which
appears in A.

PROOF. Let Vy be an irreducible component of A corresponding to x. Then Vy ®G C)

is irreducible over C,. Thus, the induced map V,, ® C,, — X should be injective. If x # x/,
then we see the intersection of the images of V, ® Cp, and V,» ® C), is 0. Thus we have the
conclusion. O

Let T’ C T be as (8). For v € T’, we denote the corresponding embedding by ¢, : K <
K. Let G, := Gal(K,/k,) C G where v|u. Let

log, : K, — Ky

be the p-adic logarithm map. This is a G,-homomorphism. Then we have the following
theorem due to Brumer:

THEOREM 5.4 (Brumer[Br]). Let Ex — Cp, be the composition of the map ty|g,, log,,
and the inclusion K, — C,. Then the induced map

Exk ® Q — Cp
is injective.
PROOF OF THEOREM 5.1. We note that Ex N Uk 7 is of finite index in Ex. We see

that the Z,-rank of £¢ N Uk 1 in Uk 1 is not less than that of Ex N Uk 77 in Uk 7/. Thus, we
only need to prove Theorem for T’. For v € T’, let U, be the principal local units of K. Let

£y Uy — Ky Rk, Cp

be the map defined by u +— logp (u)®1. We have K, ®, Cp, = C,[Gy] as a Cp[Gy]-module
and £, is a Z,[G]-module homomorphism. Here we consider C, as a trivial G,-module. Let

X := P&, &, Cp)
veT’

and
6 = @ev Uk — X

veT’

Then we have X = C,[G] and 0 is a Z,[G]-homomorphism. By Theorem 5.4, we see that
the induced map

Oliegrtty ) ®Q: (Ex NUk ) ®Q — X.
is injective. Since the above map is a G-homomorphism, we have

dimc, (0(Ex NUk 1)@ QT = Y deg(x)
XEAK/k
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by Lemma 5.3. Therefore we get the inequality

rankz, & NUg, = ) deg(x)
XEAK/k

since 0 is a Z,-homomorphism.

Next, we recall the well-known structure of £Ex ® Q as a Q[G]-module.

189

DEFINITION 5.5. Let K/k be a Galois extension and G := Gal(K/k). Let Vi be the
set of all real primes of k which remain real in K, V the set of real primes of k which become
complex in K and V3 the set of all complex primes. For a prime u in V3, choose v, a prime of

K above u. Let Gal(Ky/ k) = {(0y) C G. We define a Q[G]-module Mk /i as
Mk = ( &b Q[G]> ® (EB Q[G/<Gv)]> :
ueViuvs uev,
DEFINITION 5.6. Let K/k, G, Vi, V,, V3 and oy be as above. Let
r1:QIG] — Q  (resp. r2: Q[G/(ow)] = Q)
be the map defined by } ., ar7 > D ar (tep. D G /(6,) drT P> DrcG/(oy) dr)- Let
vk 2=< > r1)+(zr2)2M1</k—>Q~
ueViuvs uevy
PROPOSITION 5.7 (see also [EKW]). As Q[G]-modules,
Exk ® Q = Ker(yx).
PROOF. Let us consider the regulator map
rg ik — Mg ® R
defined by

€ ( D >« loge“”’m) ® (EB > loge“”’m)

ueViuvs ueV, 7

where v|u and €™ € R or C is the image of € under the embedding corresponding to Tv.

This is a G-homomorphism. Dirichlet’s unit theorem states that 7 ® R is injective and

Exk Q R=Ker(yvx) R.

For Q[G]-modules A and B, if A @ R = B ® R as R[G]-modules, then A = B as Q[G]-
modules (cf. [ANT] Chapter IV p.110 Lemma for the proof of Proposition 12). Thus we have

the Proposition.

O
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6. A bound for the A-rank of Vr_(K~)

Let M be a finitely generated A-module. As for the A-rank of M, we see the following:
Letw, := (1 + T)pn — 1l and vy, » 1= @m/wy be the elements of A as (6).

LEMMA 6.1. Let M be a finitely generated A-module. Then we have
1
rankg (M) = lim — (rankz, (M /vy .n))
m—>00 pM r ’

foranyn > 0.

PROOF. By the structure theorem of A-modules, there exists
M- A @ (@A/p’”) ® <@A/(f,~)‘~’f>
i J

with finite kernel and cokernel, where f;’s are irreducible distinguished polynomials. Thus
we have

ranky,, (M /Vp.n) = r(rankz,, (A/vm.n)) + Y _ rankz, (A/(p", Vm.n))

1

+ Zrankzp(/\/(fej , Vm,n)) .
J

We see rankz, (A/vu,) = p™ — p", ¥ rankg, (A/(f;" . vmn)) < X ; rankg, (A/(f)%)
and that (A/(p™, v n)) is finite. Thus we have the lemma since r = rank 4 (M). O

We now consider K /k and T C P(K) satisfying the conditions stated at the beginning
of §5. Let K, (resp. ko) be the cyclotomic Z ,-extension of K (resp. k). We further assume
here that

KNkoo =k.
Then,
Gal(Koo/k) =G x I
Let Too C P(K) be the set of primes above T. Then we see that

THEOREM 6.2. Assume K/k and T C P(K) satisfy the above conditions. Then we
have

rank A (Vr,, (Koo)) = (Z[Kv : Qp]) - < Y deg X> —34.

veT XEAK/k

Here, Ak is the set of the distinct irreducible characters of G over Q which appear in the
Q[G]-module Ex Q7 Q We put

5 — 0 if Ak contains the trivial character,
" |1 otherwise.
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PROOF. First, we consider the case where T # P(K). Let Wy C Vr, (Koo) be the A-
submodule defined by (7). We know that Vr (K~)/ Wr is a finitely generated Z,-module.
Thus, rank 4 (V7,, (Koo)) = rank 4 (Wr) and

rankZp(WT/Vn,no) = rankzp (yToo(Koo)/Vn,no Wr) — rankzp (yToo (Koo)/Wr) .

By Proposition 4.2, we have rankZp V1 (Koo) [V ngWr) = rankzp V1, (Ky)), where T,, C
P(K,) is the set of primes above T'. On the other hand,

rankz,, (Vr, (Ky)) = rankz, Uk, 1, /(Ek, NUk,,T,))
by (4) and Proposition 3.1. We claim here that
rankz, U, 1,/ (Ex, Uk, 1,)) < p”((Z[KU : Qp]) - ( Y deg x) - 8) +34.
veT XEAK/k
By this claim, we have

rankz,, (W7 /Vn.ng) < p”(Z[KU 1Qpl— Y degx — a) +5

veT XEAK/k
—rankz, V1, (Koo)/ Wr) .

Thus by Lemma 6.1, we have

rank 4 (Vr, (Koo)) = ranka (Wr) < ) [Ky:Qpl— D degx —3.
vel XEAK /K

So it remains to prove the claim above.
Since rankzp Uk, T,) = P" ZUET[KU : Qpl, we see from Theorem 5.1 that

rankz, U,.1,/(Ex, Uk, 1,)) < p"(Z[KU:Qp]>— Y. degx.

veT XEAK, /k
We calculate erAK”/k deg x. Since Gal(K,,/k) = G x I'/T""", we have
M,k = ( P QiG x F/F""]) @ (EB QI(G x F/F"")/«rv)]) :
veViuVs veVy

and £k, ® Q = Ker(yg,) by Proposition 5.7. Let (I'/ I'P?")" be the set of characters of
r/ P, Since I' / rr'is abelian, we see that if Ak contains the trivial character, then

Ak, k=X ® x'Ix € Akjio x| € (T/TP Y.

If Ak /i does not contain the trivial character, then

Ak =1x @ x'lx € Ak x' € (T/TP YNV U1 x/Ix € (I/TP")  and x' # 1}
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where 1 and 1’ are the trivial characters of G and I'/I""". Since each x’ is of degree one, we
have deg(x ® x’) = deg x. Thus, Ak, /x = (p"8Ak/k) +8(p" — 1) and

> degx=<p" > degx>+5(p”—1).

XEAKy [k XEAK/k

This proves the claim.
In the case where T = P(K), we have

rankz, (Vr, (Koo) /@) = rankz, (Vr, (Kn)) — 1

by Remark 4.3. We calculate rankg, » (Y1, (Kp)) similarly as above, and get the same con-
clusion. Note, however, that our estimate for the A-rank is weaker than Iwasawa’s equality
(Theorem 2.1), in this case. O

7. A-torsionness and p-invariant of V7, (K«o) for K = Q(J/a)

In this section, we consider a special base field
K = Q(Ja)
where a € Z and cube free. Let k = Q(¢3) and
L=QWa, &),
the Galois closure of K. Let o be a generator of Gal(L/K) and t that of Gal(L/k). Then
G :=Gal(L/Q) = &3

and G is generated by o and 7, satisfying o> = 1,73 = landot = 77 !0,

Let p be an odd prime satisfying the following: p inerts in k and 7 splits in L where 7
is the unique prime of k above p. This is equivalent to the assumption that K has two primes
p1 and py above p.

Denote the primes above p in L by v1, v and v3. We see that L,, = Q,(¢3). We may
assume that G, := Gal(Ly,/Q)) is (ri’lar’("’l)) in G. Then, we denote the primes of K
above p by py and p>, where p; is below vy while p; is below v2 and v3. We have Ky, = Q)
and Kp, = Q,(23). [Kp, : Qp] = 2.

Let Lo (resp. koo, Koo and Qo) be the cyclotomic Zj-extension of L (resp. k, K
and Q). Let I' = Gal(Lx/L) and we identify this with Gal(K~/K), Gal(ks/k) and
Gal(Qx/Q). We see that L is Galois over Q and Gal(L./Q) = G x I'. We identify
Gal(L/Qo) with G. We easily see the following:

LEMMA 7.1. The prime v; (resp. p;, ) is totally ramified in Lo /L (resp. Koo/K,
koo/ k).

We write v; (resp. p;, ) again for the unique prime of Lo, (resp. Koo, koo) above v;
(resp. p;, ).
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REMARK 7.2. The reason why we consider this special case is that this situation ap-
pears in [Hal],[Ha2] for p = 3. There, V1., (K ) plays an important role in relation with the
w-invariants of Selmer groups of certain elliptic curves.

7.1. The A-torsionness We will prove the following:

THEOREM 7.3. Let K, L and p be as above. Put T}, = {vi} C P(Lx) and Too =
{p2} C P(Koo). Then Yr; (Loo) and Vr,,(Koo) are A-torsion.

For the proof, we need the following:
LEMMA 7.4. V1. (Keo) is A-torsion if and only if the kernel of the restriction map

resy, : X(Loow,) = X(Loo)

is A-torsion.

PROOF. The above map is a homomorphism of Gal(L/K) = {(o)-modules. For a (c)-
module M, let M@=%D be the maximum (o )-submodule of M on which ¢ acts as multipli-
cation by 1. Then

M=MC=Dgpme="",
We also see that the kernel of res,, is A-torsion if and only if so are the kernels of resfff:il).
We have the commutative diagram

=1
res(v‘]r )

X (Looy) =" X(Lo)@=D

l l

res; _
X (koo,n)™ E— X(koo)™ .

Here X (koo 7)™ and X(koo)™ are the minus parts of X (koo r) and X(ko), respectively, i.e.,
the maximum submodules on which the complex conjugation in Gal(k/Q) acts by (—1)-
multiplication. Here, 7 is the unique prime of ko, above p. The cokernel of the bottom row is
A'(koo. )~ which is A-torsion. We see that rank 4 X (koo )~ = | and rank s X (koo) ™ = 1 by
Theorems 2.2 and 2.1, since X (koo,) " = X (kI ;) and X(koo) ™ = X(kL) where kT = Q.
Thus the kernel of res_ is A-torsion. Since the left column is an isomorphism, the kernel of

=—1) . .
resfff ) is A-torsion.

On the other hand, we have another commutative diagram

(o=1)
vl

Ie:!
X (Loop) =" —— X(Loo)©@=D

l l

resp
X(KOO>P1) ? X(Kwo) -
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The vertical maps are isomorphisms. By Theorem 2.1, rank 4 (X(K)) = 1. Since Kp, = Q,,
X(Koo,p,;) = A by Theorem 2.2. Thus, resf,“zl) is injective if and only if resp, is injective.
We also see resy, is injective if and only if the cokernel of resy, is A-torsion. The cokernel of
resp, is y’Too (K~). By Proposition 2.4, y;w (Koo) 1s A-torsion if and only if so is V1, (Ko).
This proves the claim. a

PROOF OF THEOREM 7.3. For the first assertion, we apply Theorem 6.2 to the exten-
sion L/K and T’ = {v1} C P(L). Note here that T’ is clearly Gal(L/K) = {o)-stable.

We see that

Mpk = Q@ Ql(o)]

since there exist two infinite primes of K one of which is the real prime becoming complex in
L and the another of which is the complex prime. Thus we see

Ker(yL) = Q[{o)].

By Proposition 5.7, we have )
by Theorem 6.2,

XEALK deg x = 2. On the other hand, [Ly, : Q] = 2. Thus

rankaVr; (Loo) < [Ly, 1 Qpl— Y degx =0.
XEAL/K

Here, § = 0 because Ay /g contains the trivial character. This proves the first assertion.
For the second, we consider the map

> resy, t @D X (Loow) = X(Loo)

which is a G = Gal(L/Q)-module homomorphism. G acts on the set {X (Lo,y;)}; transi-
tively. Thus, the kernel of resy; : X (Loo,y;) = X(Loo) is A-torsion for i = 1 if and only if so
is for any i. Assume V7, (Koo) is not A-torsion. Then the kernel of the map

resy, : X (Loow,) = X(Loo)
is not A-torsion by Lemma 7.4. Thus the same happens for any i. Therefore we have
rank 4 (resy; (X (Loo,y;)) < 1
since rank 4 X (Lso,y;) = 2 by Theorem 2.2. Thus
rank 4 (resy, (X (Loo,v,)) + resy; (X (Loo,v3))) <2
in X(Leo). Since rank 4 (X (L)) = 3 by Theorem 2.1, the cokernel of the map
X (Loo,vy) ® X (Loo,vy) = X(Loo)

is not A-torsion. The cokernel is )7, (Loo). By Proposition 2.4, V7., (Lwo) is A-torsion if

and only if so is Y77 (Loo). This contradicts the first assertion. O
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7.2. A criterion for the vanishing of ()7, (K~)) We give a sufficient condition
for the vanishing of the p-invariant of Vr, (Koo) for p and K as in §7.1.
We first quote elementary lemmas on A-modules.

LEMMA 7.5 ([Gr] p. 123, Lemma for Proposition 10). Let
0-A—-B—->C—0
be an exact sequence of finitely generated A-modules. If A is a free A-module and B has no
non-trivial finite A-submodule, then C also has no non-trivial finite A-submodule.

LEMMA 7.6 ([Gol). Let M be a finitely generated A-torsion A-module. Assume M has
no non-trivial finite A-submodule. Let

e = Ordp(ﬁ(M/wn)) .

Here, we set e, = o0 if §(M/wy,) = oo. Then, (M) = 0 if there exists an n > 0 such
that e,1 < oo (which implies e, < o0) and (epq1 — ep) < @(p"T1). Here ¢ is the Euler
@-function.

Let us return to the situation in the previous subsection. Let K = Q(/a). Let p be an
odd prime such that (p) = pp2 in K where K, = Qp and [Ky, : Q] = 2. Let T, = {p2} C
P(Kx).

PROPOSITION 7.7. y’Too (K~o) has no non-trivial finite A-submodule.
PROOF. By (2), the sequence

X(Koo,pl) — X(Koo) = y/T(Koo) — 1

is exact. By Theorem 2.2, X (Kx,p,) = A and by Theorem 2.1, rank 4 X(K~) = 1. Since
V5 (Kw) is A-torsion by Theorem 7.3, the left map should be an injection. Thus we have the
Proposition by Lemma 7.5. |

Thus, we have the following:
PROPOSITION 7.8. Let K and p be as above. Let Clyyy ,[p™] be the p-part of the
pi-ideal class group of K, and &, (p,) the group of global yp1-units of K,,. Put
en := 0ord, (U p, /Un.p, N En ipyy) + 0rd,( Clipyn[p™]) .

Then, if there exists an n > 0 such that e,41 < 00 and (ep+1 — en) < go(p”“), then
w(Yry, (Kso)) = 0.

PROOF. We note that u(Vr, (Ks)) = 0 if and only if ,u(y/Too(Koo)) = 0 by Propo-
sition 2.4. By the class field theory, Clip,y »[p™] is isomorphic to Ap,}(K;) defined before
Proposition 3.2. By (5) and Proposition 3.2, e, = ord, (jj))'Tn (Kp)). By Proposition 4.4, we
have y’Tn (K) = y'Too (Koo)/wy. Then, we have the Proposition by Lemma 7.6. a
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REMARK 7.9. The reason why we consider y}w (Kso) instead of V7, (Ko) is as fol-
lows: We have rankzpé',,,{p]} = 2p". Since rankZpZ/l,,,p2 = 2p", we can expect that

U py [Un p, N En fpy) is finite. (See the examples of the next subsection.)

7.3. Example Let p = 3. Let K = Q(¥a) with (3) = p1po. This occurs if and

2

only if 5> = ¢ mod 9 where b and ¢ are square free integers which are relatively prime to

each other satisfying a = bc?. Thus, a = 10,17,19,26,28. .., for example. We have the
following:

PROPOSITION 7.10. If p =3, then A(V;_(Koo)) = 1.

PROOF. By Proposition 3.2, Yy (Koo) contains im Uy p, /Un,p, N En,ip,). We see that

l(igll/{n_p2 contains 1(ir_nu3n since Kp, = Q3(¢3). But &, (p,) does not contain p-th roots of

unity and hence we see that lim 4y p, /Uy p, N Ep,(p,) contains lim pezn. O

Thus if it happens that eg = 1, then )‘O}/Too (Kxo)) = 1 and ;L())’Too (Kxo)) = 0.
Let us see some examples. Let @ = 10. Then A9 = 0 and Uy p, /Uo p, N Eo,(p;) =

Z/3® Z/3. Thus, L > 2 or u > 0 in this case. We see that (U p,/Uo.p, N E0,{p;}) = 9
fora = 17,19, 26, 28, 44, 45. (For the computation, we used Kash[Kash] and Pari[Pari].)
Therefore we have to compute for n > 1 to determine whether M(y;w (Kso)) = 0 or not.

8. An application to the vanishing of Iwasawa invariants

In this section, we give an application to the original Iwasawa invariants.
Let K be a number field of finite degree. Let A ,(K), 11, (K) and v, (K) be the classical
Iwasawa invariants of K. That is, for all sufficiently large n, we have

8CI(K ) [p®] = phrEntupK)p"+vp(K)
where C1(K,)[p>°] is the p-Sylow subgroup of the ideal class group of K, the n-th layer of

Kx/K.
The following is a generalization of a criterion of Fukuda-Komatsu ([FuKo]).

THEOREM 8.1. Let K be a number field. Assume that there are exactly two primes p1
and py of K above p such that Ky, = Q, and that they are totally ramified in Koo. Then,

Ap(K) = pup(K) = vp(K) = 0ifand only if A(K) = 0 and Ug 77 /(Exk NUK 77) = 0.
Here, T" = {p1}.

To prove this, we need the following:
LEMMA 8.2. A(Kw) = Vry (Koo) where TS, = {p1} C P(K).
PROOF. By (4) and Proposition 3.1, the kernel of

Yy (Koo) = A(Koo)
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is isomorphic to

LiLnZ/lK,,,T,;//ch,, muK,,,T,,” .
Since Ky, = Qp,

lim Uk, 1 /Ek, N Uk, T}
is a quotient of

limUq, =,/EQ, NUQ, .x,
where 7, is the unique prime of Q, above p. Since A(Qqo) = 0 as is well known, we have

l(iLann,ﬂn/an NUQ, ., = X(Qwx)

by (4) and Proposition 3.1 for K = Qx and 7' = P(Qoo) = {7oo}. It is also well known that
X(Qx) = 0. O

PROOF OF THEOREM 8.1. We note that A,(K) = u,(K) = vp(K) = 0is equivalent
to A(K«) = 0. By the above Lemma and Nakayama’s lemma, this is equivalent to

Vi (Koo) Jwn = 0.
By Proposition 4.2,
Yy (Koo)/wo = Y (K) .
Thus, again by (4) and Proposition 3.1, we get our conclusion. o
EXAMPLE 8.3. Let
K = Q(a)

with a € Z, a > 0 and cube free. Let ¢ be the fundamental unit of K. Let p be an odd prime
satisfying the condition of Theorem 8.1. Then, we see that

Ug.r/Ek NUk 77) =0 e~ £ 1 mod (p?)

and the validity of the latter condition is easily computable. An odd prime p satisfies the
condition of Theorem 8.1 if and only if either (A) p = 3 when b* = ¢? mod 9 where b
and ¢ are square free integers which are relatively prime to each other satisfying a = bc?
or (B) pt3aand p = 2 mod 3. In the case (B), we calculated eP~1 mod (p%) fora =
2,3,5,6, 10 and for 3 < p < 1000 by using Pari-GP[Pari] and Kash[Kash]. Then, we found
that A(K«) # 0 only when a = 3 and p = 23.
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