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Abstract. Convolution semigroups of probability measures with parameter in a cone in a Euclidean space
generalize usual convolution semigroups with parameter in [0, 00). A characterization of such semigroups is given
and examples are studied. Subordination of cone-parameter convolution semigroups by cone-valued cone-parameter
convolution semigroups is introduced. Its general description is given and inheritance properties are shown. In the
study the distinction between cones with and without strong bases is important.

1. Introduction

The structure of convolution semigroups of probability measures on R? with parameter
in [0, c0) is well-known: (i) {u,: ¢ > 0} is a convolution semigroup if and only if w is
infinitely divisible and wu; = u™* (the convolution power); (i) a probability measure i on
R? is infinitely divisible if and only if the characteristic function (Fourier transform) ji(z) of
W is expressed as

(1.1) a(z) = exp |: — é(z, Az) + /Rd g(z,x)v(dx) +i{z, y)i| , ZE€ Rd,

where g (z, x) = /&%) — 1 —i(z, x)1qx1<13(x), A is a nonnegative-definite symmetric d x d
matrix, v is a measure on R? satisfying v({0}) = 0 and f(l A |x®) v(dx) < 0o, and y € RY.
The expression is unique and called the Lévy—Khintchine representation of u; (A, v, y) is
called the (generating) triplet of u; A is the Gaussian covariance matrix, v is the Lévy mea-
sure, and y is a location parameter. See [3], [4], and [11] for general d and many textbooks in
probability theory for d = 1. A natural generalization of the parameter set [0, 00) is a cone in
the Euclidean space R™. Bochner [4], pp. 106-108, made a heuristic study of this generaliza-
tion but, after that, there have been no works in this direction. Recently, Barndorff-Nielsen,
Pedersen, and Sato [1] studied the case of the parameter set Rf in connection with mul-
tiparameter subordination of multiparameter Lévy processes, where subordinators are Lévy
processes (with usual time parameter) taking values in Rﬁ. Many examples are discussed
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in [1]. As the set Ri’ is a typical cone, it is natural to consider subordinators which take

values in a cone K in RM and subordinands which are Lévy processes with parameter in K .
Thus we have renewed interest in convolution semigroups with parameter in a cone. Another
background fact is that the class Sj of nonnegative-definite symmetric d x d matrices is a

d(d + 1)/2-dimensional cone not isomorphic to Ri(dﬂ)/ 2 and that there is a remarkable con-

volution semigroup {us: s € S;{} defined by us = N4(0, s), Gaussian distribution on R?
with mean 0 and covariance matrix s. It is tempting to study properties and seek applications
of this convolution semigroup, as it is a natural object.

In this paper we give, in Section 2, a characterization of cone-parameter convolution
semigroups, which is connected with the representation (1.1), and some applications of it.
Then, in Section 3, we discuss examples which illustrate the characterization. Given two
cones K and K, in RM! and RM2, respectively, we study in Section 4 the composition of
a Kp-parameter convolution semigroup (subordinand) with a K>-valued Ki-parameter con-
volution semigroup (subordinator). This yields a new K{-parameter convolution semigroup
(subordinated). This is an extension of Bochner’s subordination [4].

A usual convolution semigroup {u;: ¢ > 0} of probability measures on R? induces,
uniquely in law, a Lévy process {X;: t > 0} with £(X;) = u;. Here L£(X;) stands for the
law (distribution) of X;. In a companion paper [7] we discuss whether this fact generalizes to
cone-parameter case under appropriate definition of cone-parameter Lévy processes. It turns
out that neither existence nor uniqueness in law holds for the induced cone-parameter Lévy
process in general. This implies that, in the cone-parameter case, subordination of convolution
semigroups is of importance independently of subordination of Lévy processes.

2. Characterization of cone-parameter convolution semigroups

We consider elements of R? as column vectors. We denote the coordinates of x € R?
by x;, and use either the notation x = (x;)1gjgqa Or X = (x1, - ,xg) . The inner product
on R? is (x, y) and the norm is |x|. For a measure p on RY, Supp(w) denotes the support
of 1, that is, the smallest closed set whose complement has p-measure 0. Let &, denote the
distribution (= probability measure) concentrated at a point c. Such a distribution is called
trivial. Fora, b € R, a A b = min{a, b} and a v b = max{a, b}. For a distribution  on RY,
the characteristic function i(z) of u is

a(z) = /d e udx), zeRY.
R

For distributions , (n = 1,2, ---) and u on R?, u, — p means weak convergence of
to w, thatis, limy,— oo f fX)un(dx) = f f(x)u(dx) for all bounded continuous functions f
on RY.

We call a subset K of RM a cone if it is a non-empty closed convex set closed under
multiplication by nonnegative reals and containing no straight line through 0 and if K # {0}.
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DEFINITION 2.1. Given a cone K, we call {uy: s € K} a K-parameter convolution
semigroup on R? if it is a family of probability measures on R? satisfying

(2.1 Mgt % g2 = [Lo1, 2 for sl s ek,
2.2) Ui,s — 60 for s € K

whenever {z,} is a sequence of reals strictly decreasing to 0.

It is clear that, for the cone S;J" defined in Section 1, the system {us: s € S;} with
s = Ng(0, s) forms an S;{ -parameter convolution semigroup on R?. We call it the canonical
S:Jr-parameter convolution semigroup.

If {e!, -, eV} is a linearly independent system in RM, then the set of s = sje! +--- 4+
syelV with nonnegative sp, - - - , sy is the smallest cone that contains el ., eN. Ttis called
the cone generated by {e!, --- , eV}.

DEFINITION 2.2. Let K be a cone in RM. If {e!, .., ¢V} is a linearly independent
system such that K is the cone generated by it, then {el, o eN } is called a strong basis of
K.If{e!, -, N} is abasis of the linear subspace L generated by K andife!,--- , eV arein
K, then {e!, - -, e} is called a weak basis of K. In this case K is called an N-dimensional

cone. A cone in RM is called nondegenerate if it is M-dimensional.

Any cone has a weak basis. A cone in R is either [0, 0o) or (—oo, 0], and has a strong
basis. Any nondegenerate cone in R? is a closed sector with angle < 7 and has a strong basis.
A nondegenerate cone in R3 has a strong basis if and only if it is a triangular cone. For any
N, the nonnegative orthant Rf is a cone with a strong basis. Conversely, if a cone K has a
strong basis {el, oo eN }, then it is isomorphic to RY . that is, there is a linear transformation
T from the linear subspace L generated by K onto R such that TK = Rﬁ .

Givena cone K in R, write s! <k s2ifs2—s! € K. This defines a partial order in RM,
A sequence {s"} in RM s said to be K-increasing if s" <g s" 1 for each n; K-decreasing if
s"t1 < g s™ for each n.

The following proposition is basic. A proof is given in the appendix. We call H a strictly

supporting hyperplane of a cone K in R™ if H is an (M — 1)-dimensional linear subspace
such that H N K = {0}.

PROPOSITION 2.3. Any cone K in R™ has the following properties.
(i) There exists a strictly supporting hyperplane H of K.

(i) Let H be a strictly supporting hyperplane of K and let s° € K \ {0}. Then the
hyperplane s° + H does not contain 0. Let D be the closed half space containing 0 with
boundary s° + H. Then K N D is a bounded set.

(i)  If {s"}n=1.2.... is a K-decreasing sequence in K, then it is convergent.
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A weak basis of K is not unique. But, a strong basis of K is essentially unique, if it
exists.

PROPOSITION 2.4. If {e!,---,eN} and {f',---, fN} are both strong bases of K,
then these systems are identical up to scaling and permutation.

PROOF. Since the two systems are strong bases, we have
ejze{fl+---+e]{,fN for j=1,---,N,
A= flet v 4 freN fork=1,--- N,

where f;‘ > 0 and elj > Oforall k, j, /. Since fk = Z/’J f]].‘e'ljfl,we get
N .
Zf}‘e'l’ =0 orlaccordingas k#[ or k=1.
j=I

Fix k. Since f* # 0, we can find k' such that f}; > 0. If I # k, then ffelf' = 0 for all j and

thus e;‘/ = 0. That is, ef' = e],i/fk. Hence e],;/ > 0and f¥ = (e,lz/)_lek/. The mapping from k

N

to k' is onto, since f ... f*V are linearly independent. This finishes the proof. O

2

REMARK 2.5. Givens!, s?inacone K, we call u € K the greatest lower bound of 5!

and sZ and write u = s! Ag 52, if

2.3) {veK:ngsl}ﬂ{veK:ngsz}z{veK:ngu}.

Similarly, u is called the least upper bound, written u = stvg s2,if
(2.4) veK:s'<gvnveK:s><gvl={veK:u<gv)}.

2 exist

If K has a strong basis {el, . ,eN}, then for any st s2 e K, s! AK s2 and s! VK S
(in other words, K is a lattice). Indeed, if s/ = s{el + o+ s/{,eN for j = 1,2, then
stAags?= (sl1 /\slz)el +-- '—i—(s]lv /\slzv)eN ands' Vg s = (sll st)e1 + - 'o—i—(s}VVs]zv)eN.
But, in a general cone K, st A K s2and s! v K 52 do not necessarily exist. For example, let K
be a circular cone in R3. Then, for some s! and s2 in K, s! AK 52 does not exist. This is seen
in the following way. Denote x = (x;)1<;j<3 € R? and let K have the x3-axis as the axis of
rotation. We have {v € K: v <k s} = (s — K) N K fors € K. The section of the left-hand
side of (2.3) by some plane x3 = constant is not a connected set, if s' — s2 & KU(—K). Thus,
the relation (2.3) is not always possible. Similarly, the relation (2.4) is not always possible.
Let 1D(R?) be the class of infinitely divisible distributions on R¢. Let By(R?) be
the class of Borel sets B in R? such that infyep |x| > 0. Any w e ID(R?) has the repre-
sentation (1.1) by the triplet (A, v, y). If v satisfies /\x\SI Ix|v(dx) < oo, then let y0 =

¥ = Jixj<1 ¥v(dx) and call y? the drift of . For u € ID(R?) and r € R, we define /i(z)",
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z € RY, as [i(z)" = e"1°24Q) where log i(z) is the distinguished logarithm of /i(z) in [11],
p- 33. In other words,

(z)" = exp [r< - l(z, Az) +ily, z) +/ g(zyx)V(dx))] .
2 Rd

If w € IDRY) and r > 0, then [i(z)" is the characteristic function of a distribution in
ID(R?), denoted by ™™ or u”. However, if r < 0, then /()" is not a characteristic function
for any nontrivial p in 1 D(RY).

PROPOSITION 2.6. Let Ky and Ky be cones in R™ such that K; C Ko. If {us: s €
K>} is a Ky-parameter convolution semigroup then its restriction {us: s € K1} is a Ki-
parameter convolution semigroup.

PROOF. Evident from Definition 2.1. O

PROPOSITION 2.7. Let {us: s € K} be a K -parameter convolution semigroup on R<.
Then, o = 8o and s € ID(R?) for s € K. We have ju;5 = ws' for t > 0. The triplet
(Ag, v, ¥s) of s satisfies

2.5) A=A +Ap, vy =va+vo, Vi =Y1+¥2,
(2.6) Ay =1Ag, Vg =1v5, Vs =1Ys.

If, moreover, f\x\<1 |x|vs(dx) < oo forall s € K, then, for the drift )/50 of us, we have
2.7) Yo e =va+ve, va=1.

PROOF. Since o = o * i by (2.1), we have /i9(z) = fi0(z)? and hence fi0(z) = 1 if
o(z) # 0. This shows that [19(z) = 1 for all z, as ig(0) = 1 and /1 (z) is continuous. Hence
o = 8o. Since {uss: t > 0} is an Ry -parameter convolution semigroup by Proposition 2.6,
we have s € ID(Rd) and 15 = pg'. Equations (2.5)—(2.7) are obvious consequences. O

THEOREM 2.8. Let {us: s € K} be a K -parameter convolution semigroup on R? with

triplets (As, vs, V). Let {el, e ,eN} be a weak basis of K. Then, for all s € K, us is
determined by 1, - - - , un. More precisely, for s = siel + -+ sye € K we have
(2.8) fi5(2) = R ()"~ Ao ()Y, z € RY,
(2.9 Ay =514, + - +SNAN,
(2.10) vs(B) = 51v,1(B) 4 --- + syvn(B) for B € By(RY),
(2.11) Vs =S1Vel + 0 T SNYVeN -
Keep in mind that some of 51, - - - , sy may be negative.

PROOF OF THEOREM. Any s € K is represented uniquely as s = sje! +--- + sye,

with s1,---,sy € R. Lets}|r =5 VOandsj_ = —(s; A 0). Thens; = s;' —sj_. We have
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N ¢ K. Hence

Ws*Ly = . Using Proposition 2.7, we can express fi,,(z) and [1,(z) by f1,1(z), - - -, i (2).
Noting that j1,(z) # 0 by infinite divisibility, we have

s = u — v with u =sf‘el+~-~+s7\;eN e K and v :sl_e1+-~-+s;,e

~ ~ + I~ &
u(2) Ml (2)°1 - N (2)'N
iy (2) fip1 (2)°0 - [y (2)°N

lls(z) =

which is (2.8). Now (2.9)—(2.11) follow from (2.8) by the uniqueness of the expression as
formulated in [11], E 12.2. O

COROLLARY 2.9. Let {is: s € K} be a K -parameter convolution semigroup on RY.
If {s"}y=1.2.... is a sequence in K with |s" — s01 = 0, then g — 0.

PROOF. Let|s"—s% — 0. Decompose s” as s" = s’fel+- . -—|—s]'\’/eN forn=0,1,---.

Then s/ — s? for j =1,---, N and (2.8) shows that fign(z) — fi,0(z) for all z. O

If K = [0, 00), then for any p € 1 D(R?) there exists a convolution semigroup {u;: t >
0} satisfying u; = p. We ask the question whether this fact generalizes to the case of a
general cone K. The answer follows from Theorem 2.8.

DEFINITION 2.10. Let {e!,---, eV} be a weak basis of K and let pi,---, pny €
ID(Rd). We call {p1,---, pn} admissible with respect to {el, cee ,eN}, if there exists
(uniquely, by Theorem 2.8) a K-parameter convolution semigroup {{ts: s € K} such that
Hej =pjforj=1,.-- N.

THEOREM 2.11. Let {e',--- , eV} be a weak basis of K. Let p1,--- , py € IDR?)
and let (A}, vj,y;) be the generating triplet of pj. Then the following three statements are
equivalent.

(@) {p1,---, pn} is admissible with respect to {el, ey

() Ifsi,---,sn € Raresuch that sie' + -+ sye € K, then p1(2)* - - - py(2)*V
is an infinitely divisible characteristic function.

(¢) Ifsy,---,sy € Raresuch that siel +- -+ sye € K, then s|Aj + - - -+ SsNAN €

S and sivi(B) + - - - + syvn(B) = 0 for B € Bo(RY).

PROOF. By Theorem 2.8, (a) implies (b). Conversely, suppose that (b) is true. For each
s € K, define uy € ID(RY) by (2.8) with p,; = p;. Since s1, - - - , sy are determined by s,
this is well-defined by virtue of (b). The property 4,12 = g1 * g2 is obvious. If 7, strictly
decreases to 0, then t,5 — 0 and hence u;,s — Jo. This shows (a). The equivalence of (b)
and (c) is a consequence of E 12.3 of [11]. O

A characterization of strong bases follows from this theorem.

COROLLARY 2.12. Let {el, . ,eN} be a weak basis of K. Then, every choice of
{p1, -+, pNn}in ID(Rd) is admissible with respect to {el, cee ,eN} if and only if{el, cee,
eN) is a strong basis of K .
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PROOF. If {e!,---, eV} is a strong basis, then the condition (b) of the theorem above
is automatically satisfied for any {p1,--- , pny} in ID(Rd), sinces; > Oforj=1,---,N.
Conversely, suppose that {el, eV } is not a strong basis. Then, we can choose jj such that
there exists s = sje! + --- 4+ syeV € K with sj, < 0. Letp € ID(R?) be nontrivial and
pj = pfor j # joand pj, = p¢ with c so large that (1 — ¢)sj, > s1 + --- + sy. By the
theorem above, {p1, - - - , pn} is then not admissible with respect to {el, cee, eN}. O

When we are given a cone K and its weak basis {el, cee ,eN}, we can sometimes

rewrite the condition (c) in Theorem 2.11 as more tractable properties of Ay, ---, Ay and
vi, - -+, vy. This will be shown in Section 3.

Let us give some other applications of Theorem 2.11. For a d x d matrix A, A(R?) =
{Ax: x € R%} denotes the range of A. For linear subspaces L, Ly, --- , Ly of R¢, L is said
to be the direct sum of L1, --- , Ly if L = L1 + --- + Ly and if the expression of x € L in
the formx = x' + .- +xV¥ withx/ € L;, j = 1,---, N, is unique.

PROPOSITION 2.13. Let {e',---, eV} be a weak basis of K and suppose that there is
s € K satisfying s = siel + -+ syeN with Sj, < 0. Let Ly, -+, Ly be linear subspaces
ofRd such that L1 + - - - + Ly is the direct sum of L1, --- , Ly. If {p1,---, pn}in ID(Rd)
is admissible with respect to {e', - -- , e™} and if Supp(pj) € Ljfor j=1,---,N, then pj,
is trivial.

PROOF. Step 1. Letus prove the assertion under the assumption that L, j =1, ---,
N, are orthogonal. Let (A, v;, y;) be the generating triplet of p;. It follows from Supp(p;) <
L; that Aj(Rd) C Lj, Supp(vj) € L; and y; € L; (cf. Proposition 24.17 of [11]). Now
choose s such that s, < 0. Letz € L ;. Then, by (c) of Theorem 2.11, 0 < (z, (s1A1 +-- -+
SNAN)Z) = §j,(2, Aj,z). Hence (z, Aj,z) = 0. It follows that A ;;z = 0. Since A.,'(Rd) =
{Ajz:z € Aj(RY)} and A;(RY) C L, we see that A;j(R?) = {A;z: z € L;}. Therefore,
Aj,(RY) = {0}, thatis, Aj, = 0. Let B be a Borel setin L ). Thenv;(B) < v;(Lj,NL;) =0
for j # jo. Hence sjyvj,(B) = 0. Since s, < 0, this means that v;,(B) = 0. Thatis, v;, = 0.
Thus, pj, is trivial.

Step 2. General case. There exists a linear transformation 7 from R onto R? such that

the images Lg. of LjbyT,j=1,---,N, are orthogonal. Denote p?(B) = pj(T’lB). It
is readily seen that {plﬁ, cee p/tv} is admissible. Since p?.(Lg) = pj(T_ng) =pjL;) =1,
we have Supp(,of.) C LS.. Hence, by Step 1, ,050 is trivial, that is, pj, is trivial. O

Let K and K be cones satisfying K C K. Let {us: s € K} and {fis: s € K} be,
respectively, K- and K -parameter convolution semigroups on R?. We say that {ji,: s € K}
is an extension of {uy: s € K}if iy = us foralls € K.

PROPOSITION 2.14. Let K be an N-dimensional cone with strong basis {el, cee eN}.
Then there exists a K -parameter convolution semigroup {j1s: s € K} on R such that, for any
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N-dimensional cone K satisfying K 2 K and K # K, {us: s € K} is not extendable to a
K -parameter convolution semigroup. In particular if, for the Lévy measures v i Of Wi, there
are Bj € Bo(R), j = 1,---, N, such that v;(B;) > 0 and v(B;) = O for k # j, then
{us: s € K} is not extendable.

PROOF. Let {ius: s € K} be as above and let K be an N-dimensional cone satisfying
K D K and K # K. Suppose that {us: s € K} is extendable to {fis;: s € K}. Since
{el, ..., eMY} is a weak basis of K but not a strong basis, there is s € K such that s = siel +
-+ Fsye with s; < Oforsome j. The Lévy measure v, of [i, satisfies Uy = sjvi+- - -+syvy
by Theorem 2.8. Hence s (B;) = s;v;(B;) < 0, which is absurd. O

3. Examples

In this section, the first example concerns the structure of the cone S:{. Then we seek
admissibility conditions for some cones in R3. We will use the notion of dual cones. The last
example is a polyhedral cone in R¥.

EXAMPLE 3.1. Consider the class S;{ of nonnegative-definite symmetric d x d matri-
ces s = (Sjk)é;,k=1' The lower triangle (sjx)kg; With d(d + 1)/2 entries determines s. We
identify S;J" with a subset of R4@+1D/2, considering (s jx)x<; as a column vector. Then S;J" is
a nondegenerate cone in R?@+1/2,

Let us show that S;‘ is isomorphic to a circular cone in R3. Indeed, let K = S; Then
s = (sl'k)?,k=l € K is identified with (x1, x2, x3) |, where x; = s11, X2 = $22, X3 = s21, and
hence

K ={(x1,x2,x3) s x1 =0, x2 >0, x1x2 — x3 >0}
Consider the linear transformation 7 from R3 to R® defined by T'(x1, x2, X3)T = (y1, y2, y3)T
with
Xp=y1+y;, x2=-y1+y3, X3=)2.

Thenu € K = TK is expressed as

yvi+y320, —y+y3=>0, (y1+y3)(—y1+y3)—y§>0-

This is written as y3 > 0, y32 - yl2 — y% > 0, which describes a circular cone. This expression
of S:{ by a quadratic inequality seems to exist only for d = 2, because the boundary of S;{ is
expressed by det(s) = 0, which is an equation of degree d.

For any d > 2, the cone S;J" does not have a strong basis. The proof is as follows. If S;J"

has a strong basis, then, for any choice of sl s2 € ST, the greatest lower bound st /\Sj 52

exists by Remark 2.5. But, in a circular cone in R?, two elements do not always have a greatest
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lower bound by Remark 2.5. By the isomorphism of S;‘ to a circular cone, S; does not have
a strong basis. For d > 3, consider s” = (sj’k);l’kzl in S;l" for p = 1, 2 such that sfk =0
whenever j > 3 ork > 3. Fors = (sjk)?,k=] € Sj, we have s gsj sPif and only if sjx = 0
for j >3ork >3andu <52+ u? where u = (sjk)?)k:] and u? = (sj')k)%,k=l' That is, finding
the greatest lower bound of s' and s2 in Sj is equivalent to finding the greatest lower bound
of u' and u? in S;r. Since u! and u? do not always have a greatest lower bound in S, s! and

s2 do not always have a greatest lower bound in Sj. Thus, Sj does not have a strong basis.

Let K beaconeinRM . Let K/ = {u € RM: (u,s) > 0foralls € K}. Then K’ is again
acone in RM. Tt is called the dual cone of K. We have (K'Y = K. If K = Ri”,thenK =K'
For two cones K1, K7 in RY | we have K| C K if and only if K| 2 Kj.

EXAMPLE 3.2. Let

T T
31 31
3.1) el = i,—,l , &= —i,—, . @ =0,-1,D7
2 2
in R3. These points are on the circle x12 + x% = 1, x3 = 1, and form an equilateral triangle.

Let I'] and I be the line segments e3e! and e?¢?, respectively. Let C be the arc e'e? of the
circle. Let D be the closed convex set on the plane x3 = 1, surrounded by I, C and 5. Let
K={s=tue R>:ueDandr > 0}. Then {el, e?, e3} is a weak basis of this cone K. For
s and u in R3, denote s = sje! + sre? + S3e3 and u; = (u, ej) for j = 1,2,3. We have

(3.2) (u,s) = ursy + uzsy + u3ss.

Then, u € K’ if and only if

uj =20 for j=1,2,3
(3.3) '

aur+ (1 —a)uy —a(l —a)uz >0 for 0 <a< 1.

An alternative characterization is that u € K’ if and only if

uj >0 for j=1,2,3
(3.4) :

Juz < . Juy + Jus .

The proof is as follows. A few calculations show that s € C if and only if

3.5 s=({1—a(l— a))_l(ae1 + (1 — a)e2 —a(l— a)eS) with 0 <a < 1.

If u € K’, then (3.3) holds, since (u,e/) > 0 and (u,s) > 0 for s of (3.5). If u satisfies
(3.3), then we can show that u € K'. Indeed, for s € C we have (u, s) > 0 by (3.5); for
s in the triangle with vertices el, e?, 3 we have (u,s) = 0,sinceu; > 0forj =1,2,3;
finally for s in D but not in the triangle there is a number 0 < y < 1 and 5 € C such that

s = ye3 + (1 — y)s and hence (u, s) > 0. To see the equivalence of (3.3) and (3.4), notice
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that, if u; > 0 and up > 0, then the infimum of u;/(1 — a) 4+ uz/a for 0 < a < 1 equals
(Vi1 + i)?.

Let us consider admissibility for K and {e!, e2, %) A system {p1, p2, p3} in IDRY) is
admissible with respect to {el, 62, e3} if and only if the triplets (A, vj, yj) of pj, j =1,2,3,
satisfy
aAi+(1—a)Ar —a(l —a)Az3 €S} for O<a <1,

3.6) { J
avi+ (I —a)v, —a(l —a)v3 >0 on By(R?%) for 0 <a < 1

or, equivalently,

(3.7)

{\/<A3Z, 2) < J(A1z, 2) + /{A2z,2) for z € RY,
V3(B) < VVi(B) + V/1(B) for B € By(RY).

Indeed, for uy, us, uz > 0, the condition that u1s1 +uzs2 +u3s3 > 0 forall s = sq el +s7e%+
s3¢> € K is expressed as above. Hence, by Theorem 2.11 we get the result.

For example, if p; = pp = p with triplet (A, v, y), then the admissibility condition for
{p, p. p3}isthat4A — A3 € S} and 4v — v3 > 0 on By(RY).

EXAMPLE 3.3. Let K be the circular cone in R3 defined by xf + x% < x32 and x3 > 0.

Let el, €2, €3 be as in (3.1). These form a weak basis of K. Notice that the points el, e?, &

are located on the circle C defined by xf + x% = 1,x3 = 1 and that the triangle ele?ed is
equilateral. Thus K is the union of three cones, each of which is isomorphic to the cone of
Example 3.2. Hence we conclude the following. Let p; € I D(R?) with triplet (Aj,vj,v)
for j = 1,2, 3. Then, {p1, p2, p3} is admissible with respect to {e', €2, €3} if and only if, for

(k,l,m)=(1,2,3),(2,3,1),and (3, 1, 2),

3.8 {aAk+(1—a)Al—a(l—a)Ames; for 0<a<1,

avi + (1 —a)yvy —a(l —a)v, =0 on By(RY) for 0 <a < 1

or, equivalently,

3.9

VAnz,2) < J{Axz, 2) + (Aiz,z) for z € R?,
Vo (B) < Vv (B) + Vv (B) for B € By(R?).

For example, forany p € ID(Rd), {p, p, p} is admissible with respect to {el, &2, e3} and
the associated semigroup {us: s € K} satisfies uy = p for any s € C, which is proved from
(3.5). As another example, let p; = po = p € ID(Rd) with triplet (A, v, y). Then, like in
Example 3.2, {p, p, p3} is admissible with respect to {e', ¢?, 3} if and only if 44 — A3 € ST
and 4v — v3 > 0 on By(RY).

Suppose that Supp(p;) € L; for j = 1,2, 3, where L1, L3, L3 are linear subspaces of
R? such that L1 + L, + L3 is the direct sum. Then, {p1, p2, p3} is admissible with respect to

2

{e!, €2, €3} only if each pj s trivial, as is seen in Proposition 2.13.
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EXAMPLE 3.4. Let K be the least cone in R® containing el -, e* where
' =0,0D", Z=01.1,D", SJ=@10D", =01D".
That is, K is the set of s such that

(3.10) K =011el +azez+a3e3 +a4e4 with o, ,a4 >0,

but this expression of s is not unique. Note that the section K N {(xy, x2, x3)T: x1,x2 € R}
for x3 > 0 is the square with vertices (0, 0, x3) 7, (x3,0,x3) T, (x3, x3, x3) " and (0, x3, x3) .

L ez, 63} as a weak basis of K. As in Example 3.2, for s and u« in R3, denote

Let us use {e
s = sie! + spe? + s3¢3 and uj = (u, e/ for j = 1,2, 3. Then we have (3.2). It follows from

e* =e! + 2 — ¢3 thatu € K’ if and only if

>0 for j=1,2,3,
3.11) {"’ /

ui +uy—u3z >0.

Indeed, if u € K’, then we get (3.11) by letting s = e, j =1,---,4; conversely, if (3.11)
holds, then (u, s) > O forall s € K by (3.10). In particular, there are vectors ul, .. ut e K’
such that (ul,s) =], (u2, s) = 2, (u3, s) =81+ 53, (u4, s) = s2 + s3. Let us show that any

u € K'is written as
(3.12) u=piu' + pou® + Bau’ + P’ with B1, -+, B4 > 0.
Letu € K'. Then, using (3.11), we can find B, - - - , B4 > 0 such that

(u,s) = (B1+ B3)s1 + (B2 + Ba)s2 + (B3 + Pa)s3 .

For instance, if u1 < uz,let By =0, B2 = uy +ur — u3, B3 = uy, Ps = uz — uj, and
if uy > w3, let B1 = uy —u3, B = ua, B3 = uz, Ba = 0. By rearranging terms we see
(u,s) = (Bru' + -+ + Bau*, s) for s € R3 and hence (3.12) holds.

The admissibility condition for K and {e!, €2, €3} is as follows. Let p €1 D(R?) with

2

triplet (A, v;, ¥;). Then, {p1, p2, p3} is admissible with respect to {el, e’ e3} if and only if

A1+A2—A3€S;

(3.13) { J
vi+wv—v3 >0 on By(RY).

This is an immediate consequence of Theorem 2.11 and the characterization (3.11).

EXAMPLE 3.5. Example 3.4 is partly generalized as follows. Let K be a cone in RM.

Suppose that there are ¢!, - - - , eX with L > M such that {e!, - - - , ¢M} is linearly independent

1

and K is the smallest cone that contains e', - - - , e£. This means that K is the set of s such

that

L

s:oqel+---+(xLe with ap,---,0r > 0.
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Such a cone is called a polyhedral cone (cf. Rockafellar [9]). We use {el,---, eM} as our
weak basis of K. For s and # in RM, we use sj and u; in the meaning that s = siel + -+

speM and (u, e/) = ujforj=1,---, M. Then,
(u,s) =ursy +---+upmsy .
It follows from the linear independence of {e!, - - - , ¢M} that there are unique expressions
el :a]jel+-~-+a,{,,eM for j=M+1,---,L.
Then we can prove the following. The proof is similar to Example 3.4.
(1) u € K’ if and only if

{uj>0 for j=1,---,M,
a{ul—l-"'—i-a[{,luM}O for j=M+1,---,L.

(i) Let {p1,---,pm} C IDR?) and let (Aj,vj, ;) be the triplet of p;. Then,
{p1, -, pm}is admissible with respect to {e], ,eM} if and only if, for j = M+1,--- , L,

{a{Al 4 tal, Ay eS],
ajvi+---+ajpvy =0 on By(RY).

4. Subordination of cone-parameter convolution semigroups

In this section K is an N;-dimensional cone in R?! and K> is an N»-dimensional cone
in RM2, We extend the concept of subordination to the case where subordinators and sub-
ordinands have parameters in K| and K7, respectively. Then we discuss inheritance of self-
decomposability, the L,, property and stability from subordinator to subordinated. As the
subordinators have to be supported on K7, we begin with the following lemma.

LEMMA 4.1. Letp € I D(RM2) with triplet (A, v, y). Then Supp(p) € K> if and only
if

4.1 A=0, v(R™\Ky) =0, / Is|v(ds) < oo, y’eKs.
Kan{ls|<1)

Here we recall that 0 = y — szﬂ{\SI<1} sv(ds), the drift of p. This lemma is found

in Skorohod [25], Chapter 3, Theorem 21. A proof can be given by extending the proof of
Theorem 21.5 of [11]. Here we have to use Proposition 2.3 as in [8], p. 70-72.

THEOREM 4.2. Let {e',--- ,eMN} be a weak basis of Ki. Let {ps: s € K1} be a
K1-parameter convolution semigroup on RM2. Let (A, vy, ys) be the triplet of ps. Then
Supp(ps) € Ky forall s € Ky if and only if the following conditions (a) and (b) are satisfied:

(@ A, = 0, Vei (RM2 \ K2) =0, and /KQO{MSl} |S|ng(ds) <ooforj=1,---,Np;
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(b) ifs1,---,sn, € Rare such that sie* + - +sN]eN‘ € Ky, then slyeol + -4

SNy )/eON1 € Ky, where yeoj is the drift of p,;.

If {el, coo,eMlisa strong basis, then condition (b) is simply written as yeoj € K, for
j=1,--- Ni. If {ps: s € K1} satisfies Supp(ps) € K> for all s € K1, then we say that it is
supported on K».

PROOF OF THEOREM. Suppose that Supp(ps) € K> for all s € K. Then the triplet
(Ay, vs, ys) satisfies (4.1). By Theorem 2.8 we see that )/SO = slyeol + -+ sy ygl for
s=siel +--+ SNy eM e K. Hence (a) and (b) hold. The converse is similarly proved. O

Now we introduce subordination of convolution semigroups. For any measure p and

p-integrable function f, we write u(f) = [ f(x)u(dx).

THEOREM 4.3. Let {p,: u € Ka} be a Ks-parameter convolution semigroup on R?
and {ps: s € K1} a Ky-parameter convolution semigroup supported on K>. Define a proba-
bility measure oz on R? by

“2) oy (f) = / () s (dit)
K>

for bounded continuous functions f on RY. Then {os: s € K1} is a K1-parameter convolution
semigroup on R%.

We call this procedure to get {o,: s € K1} subordination of {iu,: u € Ko} by {ps: s €
K1}. The new convolution semigroup is said to be subordinate to {j,: u € K>} by {ps: s €
K1}. Sometimes {u,: u € Kz}, {ps: s € K1} and {o5: s € K} are respectively called
subordinand, subordinating (or subordinator), and subordinated.

PROOF OF THEOREM. If f is bounded and continuous, then w,(f) is continuous in
u by Corollary 2.9, and hence the integral in (4.2) exists. It is linear in f, nonnegative for
f > 0,and 1 for f = 1. It decreases to 0 whenever f = f,(x) decreases to 0 on R? as
n — oo. Thus there is a unique probability measure o; satisfying (4.2) (Dudley [5], Theorem
4.5.2). Moreover, {os: s € K1} 1is a convolution semigroup. Indeed, we have

43) 60(0) = / fu(@ps(du), 7 e RY.
K>
Since
G51442(2) =/ u(2) pgi g2 (du) = // [t 402 (D) pg1 (du') o (du?)
K> Kyx K>
- / / At @i (31 (du) p (di?) = 6,1 (2)52(2)
K2XK2

we have oy1, 2 = og * 02, As {t,} strictly decreases to 0, py,, tends to 8o, and hence
01,5(z) — 1, thatis, 0,5 — Jo. -
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Let us give the characteristic functions and the triplets of subordinated semigroups. Let
)T

C be the set of complex numbers. Forv = (v, -+, vy,) ' and w = (wy, - -+, wNz)—r inCMz,

we write (v, w) = Z,ivil vrwg. In the case of ordinary subordination (that is, K1 = K> =
R ) the following theorem reduces to Theorem 30.1 of [11]. In the case where K1 = Ry and
K> = R, itis in Theorems 3.3 and 4.7 of [1].

THEOREM 4.4. Let {u,: u € Ka}, {ps: s € K1}, and {o5: s € K} be the sub-
ordinand, subordinating, and subordinated convolution semigroups in Theorem 4.3. Let

(h', -+ ™2} be a weak basis of K». Let (AY, v,’:, ykﬂ) be the triplet of wux for k =
1,--+, Ny. Let v and y;)p be the Lévy measure and the drift of ps for s € K| and decompose
W’ as

(4.4) P = PNk 4+ 2w,

Let R be the orthogonal projection from RM2 to the linear subspace L, generated by K> and
let T be the linear transformation from RM2 onto R™? defined by

Tu= (ug,--- ,uNz)T where Ru = ulh1 +---+uN2hN2.

Then we have the following.
(i) Foranys € Ky,

4.5) 65(z) =exp¥f(w), zeR?,
where
(4.6) wPw)= [ (T — D) (du) + (Ty%, w)
K>
with w = (wy, - - -, 11)1\/2)T given by
1 3 3 o
4.7) wi = —E(Z, A z) + » g(z, x)v, (dx) +i{y, . 2).

Here g(z, x) is the function appearing in (1.1).
(i) Foranys € K the triplet (A7, v, y7) of oy is represented as follows:

N

Ny
(4.8) AY =D (AL
k=1
N>
“9)  wW(B) = /K u (B (du) + Y (v v (B), B € BRY\ {0)),
2 k=1
N>
(.10) yo = / i [ v+ @0
K IxI<1 k=1
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(i) Fixs € Ki. If [y, ngucy /20 (du) < oo and yP = 0, then A% = 0,
f\x\<l |x|vy (dx) < oo, and the drift yso" is zero.
(iv) Let K3 be a cone in R%. If Supp(iy) € K3 for all u € K, then Supp(os) € K3

forall s € K| and

N,
0,
(4.11) v = Py
k=1

PROOF OF THEOREM 4.4 (i). We start from the identity (4.3). Foru = u1h! + -+ +
uNth2 € K> we have

4.12) L (2) = Q1 (2)" - - fiyyn, (2)"N2
N, 1
= exp [l;uk< -5l Allz) + /Rd 9(z, x)v} (dx) +i(y,§‘,z)>}
by Theorem 2.8. Define Tpy as (Tps)(B) = ps(T~'(B)) for B € B(RM). Let K§ be
the set of w = (w1, -+, wy,) | € CV2 such that Re (uywy + - - + uy,wy,) < 0 for all
ui,---,un, € Rsatisfying wht 4+ + uNth2 € K»>. We claim that

(4.13) /N I (T o) (dil) :/ T o (duy = exp WP (w) for w e Kj.
RM K>

By [11], Proposition 11.10, the triplet (ASTp , vST ?, ySTp ) of Tps is given by the triplet
(AL, V!, y) of py as

AP TAT T = T g
I = Typ +/TM(1{|mg1}(TM) e @)V (du)

where T is the transpose of T. Hence, AsTp =0and

/ |zz|ufp(dzz>=/ | Tu|v? (du) <const/ |u|uf(du)+/ VP (du) < oo.
jil<1 ITuI<1 ul<1 jul>1

P

The drift ySOTp of Tps is represented as yso To _ T)/SO'O , since

0T T ~ T~
Vs "’:)/Sp—/~ v, P (dit)
lal<1

= T)/sp + / Tu(l{|;,|<1}(Tu) — 1{|u‘<1}(u))vf(du) —/ < Tuvf(du)
Tul<

=Tyl — / Tuv (du) = Ty .
ul<1
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Hence, by (4.6), [ €/&T" p (du) = exp ¥ (iz) forz e RM. If w € K%, then Re (w, Tu) <
0 for ps-almost every u and hence [ etw-Ti p (du) is finite. Now we can apply Theorem
25.17 of [11]. Thus, if w € Ku, then (4.6) is definable and (4.13) holds.

Now (4.5) follows from (4.3), (4.12), and (4.13), because w of (4.7) belongs to Kg by
Theorem 2.11. This proves (i). O

We prepare lemmas to prove (ii)—(iv). We say that a subclass A of / D(RY) is bounded
if SUp|- i< (z, Apz), fRd,(|x|2 A 1)v,(dx), and |y, | are bounded with respect to i € Al Here
(Ay, vy, yu) is the triplet of p.

LEMMA 4.5. Let A be a bounded subclass ole(Rd). Then there are constants C(¢),
C1, Cy, C3 such that, for allt > 0,

(4.14) sup/ wdx) < C(e)t for e >0,
neA J|x|>¢e
(4.15) sup / x[*u! (dx) < Cit
pneA Jx|<1
(4.16) sup / xpl(dx)| < Cot ,
neA 1V |x|<1
4.17) sup/ Ix|u! (dx) < C3t'/2.
pneA Jx|<1

PROOF. Using Example 25.12 of [11], we can extend the proof of Lemma 30.3 of [11].
Details are omitted. O

LEMMA 4.6. Let {i: s € K} be a K-parameter convolution semigroup on R?. Then
there are constants C(¢), C1, Ca, C3 such that, forall s € K,

(4.18) / 1s(dx) < C(e)ls| fore >0,
[x|>e

(4.19) / Py (dx) < Cilsl

lx[<1
4.20) ‘ / xus(d)| < Calsl,

[xI<1
@21) / (s (dx) < Cals| 2.

[x|<1

PROOF. Fix a strictly supporting hyperplane H of K and s° € K \ {0}. Let Ko =
K N (s°+ H). Then, by Proposition 2.3 (ii), Ko is a compact set. Now {us: s € Ko} is a

I That iis, conditions (1)—=(3)in E 12.5 of [11] are satisfied. The statement in E 12.5 contains an error; the condition that
limy— o0 SUP f\x|>l vy (dx) = 0 should be added. Thus boundedness and precompactness are not equivalent.
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bounded subclass of I D(R?). Indeed, let {e!, - - - , ¢V} be a weak basis of K. Then s € K is
uniquely expressed as s = siel + .-+ sye,and sy, - -+, sy are continuous functions of s.
Hence supgcg, (Isi| + -+ + [sn|) < oo. This shows boundedness of {us: s € Ko}, in view
of (2.9)—(2.11) of Theorem 2.8. Since every s € K is written as s = ¢r with some ¢ > 0 and
r € Ko, Lemma 4.5 shows that there is C(¢) such that

/ ps(dx) = / wr'(dx) < C(e)t.
[x|>e |x|>¢

Let ¢ = inf, ¢k, [r|. We have ¢ > 0, since 0 ¢ K. Hence t < ¢! |s|, and we get (4.18) by
changing a constant. The other assertions are proved similarly. a

PROOF OF THEOREM 4.4 (ii)—(iv). First let us prove (ii). We rewrite (4.5). For w =
(wy, -+, wp,) " of (4.7),

Ny
1
<T]/;)p, U)) =- §<Zv Z(Vsop)k A;:Z>
k=1

Ny N,
+ /R , g(w)(Z(y.?f’)k u;:)wm +i<2(7/50p)k yg‘,z>.
k=1 k=1

This gives the summation terms in (4.8)—(4.10). Further, for w of (4.7),

N>
(T — 1P (du) = / (l_[ e ()" — 1)vf(du)
K3 K2 Nj=1

= | () — vl du) = / v (du) / (e — 1), (dx)
K> R

K>

=f Vf(du)/ g(z,x)uu(dx)+i/ Vf(du)<z,/ xuu(dx)>-
K> R4 K> IxI<1

Here the last equality is valid by Lemma 4.6. Define t; by 73(B) = f/@ wu (B (du) for

B € B(R? \ {0}). Then, using Lemma 4.6, we can prove that fRd(l A |x|2)ts (dx) < 00. Thus
we get (4.8)—(4.10), where t; gives the first term in the expression (4.9).

To show (iii), let [ <1y u| /20 (du) < oo and ¥ = 0. Then A% = 0 by (4.8).
Use (4.9), (4.10) and (4.21) and notice that

/ IXIvg(dx)=/ v/ (du) x| pew (dx)
NES! K> xI<1

<C3/ |u|1/2vf(du)+/ vl (du) < oo
ul<1

Ju|>1
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and that

)/SOU =yl — / xvg(dx) =y — / v (du) xpy(dx) =0.
lxI<1 K> lxI<1
Thus (iii) is true.
Let us show (iv). Assume that Supp(u,) € K3 foru € K». Since Supp(ps) S K> for all
s € K1, we have Supp(o;) € K3 for all s € K. Hence, by Lemma 4.1, f\x\<1 [x[vd (dx) <

00. Thus the drift yso" of o exists and y;)" =yl — f <1 xv{ (dx). The drift y,? " of u, also

exists and has a similar expression. Now using (4.9) and (4.10), we get (4.11). O

A random variable Y on R (or its distribution) is said to be of type G if Y 4 zi2x ,

where < stands for the equality in distribution, X is a standard Gaussian, Z is nonnegative
and infinitely divisible, and X and Z are independent (see [10]). Equivalently, Y is of type
G if L(Y) is the same as the distribution at a fixed time of a Lévy process on R subordinate
to Brownian motion. Barndorff-Nielsen and Pérez-Abreu [2] say that an R?-valued random
variable Y (or its distribution) is of type extG if, for any ¢ € R%, (c, Y) is of type G. They say
that an R?-valued random variable Y (or its distribution) is of type multG if

(4.22) y L z12x,

where X is standard Gaussian on R, Z is an S; -valued infinitely divisible random variable,
Z1/2 is the nonnegative-definite symmetric square root of Z, and X and Z are independent. If
Y is of type multG, then Y is of type extG. Maejima and Rosinski [6] say that a probability
measure u on R? is of type G (we call it type G in the MR sense) if u is symmetric, in-
finitely divisible with arbitrary Gaussian covariance matrix and Lévy measure v represented
as v(B) = E[vo(X~'B)] for B € B(Rd) where vg is a measure on RY and X is standard
Gaussian on R. They show that p is of type multG if it is of type G in the MR sense, and that
type extG distributions are not always of type G in the MR sense. Type multG is related to
subordination of cone-parameter convolution semigroups.

THEOREM 4.7. If{o;: t > 0} is an R-parameter convolution semigroup on R¢ sub-
ordinate to the canonical S;,“-parameter convolution semigroup {{L,: u € S;,“} by an R;-
parameter convolution semigroup {p;: t > 0} supported on Sj[, then, for any t > 0, o; is of
type multG. Conversely, any distribution on R? of type multG is expressible as o1 of such an

R -parameter convolution semigroup {o;: t > 0}.

PROOF. Let {o;: t > 0} be as stated above. Then, by (4.3) and by the definition of the
canonical Sj-parameter convolution semigroup,

4.23) 61(2) = / ey, e R
S

d
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Let Z,; be a random variable on S}' with distribution p;, X a standard Gaussian on RY, where
X and Z; are independent. Then

. 172
Eet(z,Z, X) — Ee—(z,Z,z)/Z — /S+ e—(z,uz)/Zpt(du) ]
d

Therefore o, = £(Z;'/2X), that is, o, is of type multG.

The converse is obvious, since we can construct, from a given Sj{—valued infinitely
divisible random variable Z, a convolution semigroup {p;: ¢t > 0} supported on S}' with
o1 = L(Z). O

REMARK 4.8. Let o = L(Y) be a distribution on R? of type multG which satisfies
(4.22) using Z and X and let v” and ¥% be the Lévy measure and the drift of p = L(Z).

Note that v” is a measure on S;I" and yOp IS S;,". Then, by Theorem 4.7, o is infinitely divisible
and we can apply Theorem 4.4 to find the triplet (A%, v?, y?) of o. Thus, we obtain that

6(2) = exp [/ (e7 /2 1)vP (du) — l(z, yof’z)],
ST 2

and A° = % y? = 0and v’ (B) = fsj Wy (B)vP (du) with u,, = Ng4(0, u). These results
are noticed in [2] without using subordination.

Inheritance of selfdecomposability and the L,,-property from subordinator to subordi-
nated in subordination of an sz -parameter Lévy process was studied in [1]. In the rest of
this section we extend their results to the cone-parameter case. Our method of proof is simpler
than that of [1]. However, since we do not consider operator selfdecomposability and operator
stability, the results here do not cover those in [1].

A distribution 1 on R? is said to be selfdecomposable if, for every b > 1, there is a
distribution 1’ on R¥ such that

(4.24) fi(z) = b ') (), zeR?.

The class of selfdecomposable distributions on R? is denoted by Lo = Lo(R?). Thus we also
call them of class Lo. If © € Ly, then u is infinitely divisible, 1’ is uniquely determined by
w and b, and ' is also infinitely divisible.

Form =1,2,---, L,y = L, (R?) is inductively defined as follows: u € L,,(R) if and
only if u € Lo(R?Y) and, for every b > 1, u' € Lin—1(R?). The class Loo = Loo(R?) is
defined to be the intersection of L,, (Rd) form =0,1,2,--- . We have

(4.25) IDDLyDL DD LxD G,

where G = G(R?) is the class of stable distributions on R?.

DEFINITION 4.9. Let K be a cone in RM. Let {i;: s € K} be a K-parameter con-
volution semigroup on RY. 1t is called of class Ly, if us € Ly, (Rd ) for every s € K. Here
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m e {0,1,---,00}. Let 0 < o < 2. Wecall {us: s € K} strictly a-stable if, for every
seK,
(4.26) tas(B) = us(@~"*B) forall @ >0 and B € B(RY).

If as = 8o for all a > 0, then it satisfies (4.26) for every «. Our terminology is different
from [11] in this respect. In [11] this case is excluded from the definition of strict «-stability.
If {us} is supported on a cone and ug # §o for some s, then it cannot be strictly a-stable for
a € (1,2]. If {us} is supported on a cone and strictly 1-stable, then pu; is trivial for all s.
These follow from Lemma 4.1.

THEOREM 4.10. Let {05: s € K1} be a Ki-parameter convolution semigroup on R?
subordinate to a Ky-parameter convolution semigroup {j,: u € K>} by a Ki-parameter
convolution semigroup {ps: s € K1} supported on Kr. Let 0 < o < 2. Suppose that
{y : u € Ko} is strictly a-stable. Then the following are true.

(i) Letm € {0,1,---,00}. If {ps: s € K1} is of class Ly, then {os: s € K1} is of
class L,,.

(i) Let0 <o’ < 1. If {ps: s € Ky} is strictly o -stable, then {og: s € K1} is strictly
aa’-stable.

We need two lemmas.

LEMMA 4.11. Let K be a cone in RM. Let W bein Lo(RM)Y and satisfy Supp(u) € K.
Then, for any b > 1, the probability measure ' defined by (4.24) satisfies Supp(n’) C K.

PROOF. We fix b > 1 and denote by n” the probability measure defined by j1”(z) =
(b~ 7). Thus (4.24) means that o = p/ % u”. Let (A, v, y), (A, V', y’), and (A", V", y") be
the triplets of , u’, and u”, respectively. Then, A = A’+ A", v =v' +v",and y =y’ +y".
Applying Lemma 4.1, we have

A=0, vRM\K)=0, / Islv(ds) <oo, ek,
IsI<1
where ¥ is the drift of . Therefore, we have A’ = 0, v/ (RM\ K) =0, f|s\<1 ls|v/'(ds) < oo,
and similarly for A” and v”. Thus u" and " have drifts )/0/ and yo//, and Y0 = yO/ + yo//.
Since yo// = b~1y%, we have yo/ = (1 — b~ Hy" € K. Now we can conclude that ' is
supported on K, using Lemma 4.1 again. a

LEMMA 4.12. Let K beaconeinRM. Let {j1s: s € K} be a K -parameter convolution
semigroup of class Lo on R?. Fix b > 1 and define we by

(4.27) fs(2) = s (b D (2)
Then {i,: s € K} is a K -parameter convolution semigroup.

PROOF. We have i1, 2(2) = f,1(2)i2(2) = fiyp2(b ')/ 1 (2)W 2(z). On the
other hand, [,1,2(2) = fi;14 (b~ D)/ 14 2(2). Since fis(z) # 0, we have 11/;1,2(2) =
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ﬁ’sl (z);z/sz (2). As t,, strictly decreases to 0, fi;,s(z) — 1 and hence, by (4.27), ﬂ/tns () > 1.
Therefore, {11}, : s € K} is a K-parameter convolution semigroup. a

PROOF OF THEOREM 4.10. (i) Suppose that {ps: s € K} is of class Lg. Fix b > 1.
There are p; and p! such that p; = p} * p/ and /;’/S (z) = ps(b~'z). Since Supp(ps) S K3,

we have Supp(p,) € K> by Lemma 4.11. It is evident that Supp(p]) € K». Therefore, by
4.3),

6y(2) = f (@) s (du) = f / it (D2 (2 (du) (i)
K> Kyx K>

= / [ (2)py(du') f fp-1,2(2) ps (du®)
K> K>
Now we utilize the assumption that {14, (z) = fi,(a'/%z) for a > 0. Then
(4.28) 65(2) = 6, (b™"/*2) f A (2)py(du') .
K>

By Lemma 4.12, f K> A, (P8 (du') is the characteristic function of a subordinated convolu-
tion semigroup. Since »!/% can be an arbitrary real larger than 1, (4.28) shows that oy € Lo,
thatis, {oy: s € K1} is of class L.

If {ps: s € K1} is of class Ly, then {p;: s € K1} is of class Lo by the definition of the
class L and f K> A, (2)p; (du') is the characteristic function of a convolution semigroup of
class Lo, which, combined with (4.28), shows that {o5: s € K1} is of class L. Repeating this
argument, we see that, if {p;: s € K1} is of class L,, for some m < oo, then {o5: s € K1} is
of class L,,. Finally, if {ps: s € K1} is of class L, then {o: s € K1} is of class L,, for all
m < 00, that is, it is of class L.

(ii) Assume that {p;: s € K} is strictly a’-stable. Then

aas(Z)Z/ ﬁu(Z)pas(du)=/ [grsar, (2)ps (du)
K> K>

- / [ (@@ ) po(du) = 6,(a"/ @ z) .
K>

This shows that {oy: s € K1} is strictly aa’-stable. O

REMARK 4.13. Let Y be a random variable of type multG on R¢. Then £(Y) can
be embedded into an R -parameter convolution semigroup subordinate to the canonical S;-
parameter convolution semigroup, which is strictly 2-stable. Hence we can apply Theorem
4.10. Thus, if the S:{—valued random variable Z in (4.22) is of class L,,, then Y is of class
L.

REMARK 4.14. The problem how much we can weaken the assumption of strict o-
stability of {{t,: u € K>} in Theorem 4.10 is open even in the case of the ordinary subordi-
nation. In the subordination of Brownian motion with drift on R? (2-stable but not strictly
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2-stable), the selfdecomposability is inherited from subordinator to subordinated if d = 1
(Sato [12]), but it is not always inherited if d > 2 (Takano [14]).

Appendix
Proposition 2.3 is obvious in two or three dimensions. Here we present a general proof.

PROOF OF PROPOSITION 2.3. (i) Suppose that L is a linear subspace of RM such that
LNK = {0}. We will prove that there is an (M — 1)-dimensional linear subspace H containing
L such that H N K = {0}. This will entail the assertion (i) by taking L = {0}. Letdim L = {.
If I = M — 1, then there is nothing to prove. Suppose that 0 </ < M — 2. Itis enough to
show that, under this assumption, there is an (/ + 1)-dimensional linear subspace L of RM
suchthat L D Land LN K = {0}. There is a 2-dimensional linear subspace D such that
DNL ={0}. Denote K = K —L = {s—y:s € K, y € L} and K¥ = DN K. Then
we see that both K and K* are convex and closed under multiplication by nonnegative reals.
Moreover K is a closed set. Indeed, suppose that x” € K, n = 1,2, ---, and x” — x. Then
x" =s"—y" withs" € K and y" € L. If there is a subsequence {s"/};=1 2,... of {s”} such that
|s" | — oo, then |s" |~ !s" tends to some s € K with |s| = 1 via a further subsequence while
|s"|~1x" — 0, and hence |s"/|~!y" — s e L via this subsequence, which contradicts
L N K = {0}. Therefore {s"},=12.... is bounded. It also follows that {y"},=; 2.... is bounded.
Choosing a convergent subsequence, we see thatx € K — L = K. Thus K is closed. It
follows that K? is closed. If x and —x are in K%, then x = 0. Indeed, let x = 5 — y and
—x =5 —y withs,s’ € Kandy,y € L. Thens +s' =y +y € K N L = {0}, and hence
s = s =0, showing x € D N L = {0}. It follows that K is a cone or a singleton {0}. If K*
is a cone, then it is a half line with endpoint O or a closed sector in D with angle < . In any
case there is a straight line L7 in D through 0 such that L* N K% = {0}. Now let L = L + L*.
IfxeLNK,thenx —y e L N (K — L) = L* N K* = {0} for some y € L, and hence
xeKNL={0}.Hence LNK = {0} anddimL = [ + 1.

(i) If0 € s°+ H, then —s € H and hence s° € H, contradicting H N K = {0}.
Therefore 0 & s® 4+ H. The set H has a representation H = {x: (x, y) = 0} with y # 0 such
that (s, ) > O forall s € K \ {0}. Thus we have D = {x: (x — s°, ¥) < 0}. Let us show
that K N D is bounded. Suppose, on the contrary, that there is {x"},=12,... in K N D with
[x"| = oo. Then (|x"|~'(x" — 59), ¥) < 0 and the limit s of a convergent subsequence of
{|x"|~'x"} satisfies |s| = 1, s € K, and (s, ) < 0, which is absurd.

(ili) Let {s"} be a K-decreasing sequence in K. Then s' —s* = (s' —s%) + .-+ +
(s""!'— ") e K. If s' = 0, then we have —s" € K and hence s” = 0 for all n. Assume
that s! # 0. Let K N D be the bounded set in the assertion (i) with s' in place of s°. Using
the representation of H in the proof of (ii), we have (s1 —s",y)>0.Hences” € KND. It
follows that {s"},=12.... is bounded. Let {s"/} and {s”"/} be subsequences of {s"} convergent
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to x and y, respectively. If n; > mj, then s/ — s" € K and thus s™/ —x € K. Hence
y —x € K. Similarly, x — y € K. Hence x — y = 0. Thus {s"} is convergent. O
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