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Introduction

The Jacobi-Perron type algorithms are some kinds of multi-dimensional continued frac-
tion algorithms, which have been studied by many authors in the case of real numbers. The
following map S is associated to the Jacobi-Perron algorithm:

X2 X2 Xd Xd 1 1
St s = (2 [2], 2 [2] L))
X1 X1 X1 X1 X1 X1

for (x1,x2, ..., x4) € [0, 119, Then the ergodic properties of S give some metric results
of the Jacobi-Perron algorithm. We refer to [12] for the real number case. In this paper, we
consider a modified version of this algorithm, which is called Brun’s algorithm, over formal
power series.

Let F, be a finite fields with g elements and we consider the following:

F Xl ={ay X"+ a1 X" '+ +a1 X +ap.,a; €Fy, 0<i <n)
: the set of polynomials of F-coefficients,

F (X)={g: P, Q e FylX], 0 #0)
: the set of rational functions,

Fo(X™N) =f{an X"+ a1 X" '+, a; €Fy, i <n,a, #0, n € Z)
: the set of formal Laurent power series of F,-coefficients.

We regard F,[X], F,(X), and F,((X ~1)) as the set of integers, of rational numbers, and
of real numbers, respectively. Then we consider the set of formal Laurent power series of
negative degree as the unit interval and can define the map “S” in the same way. We call
the algorithm together with S the Jacobi-Perron algorithm over F, (X )¢. This algorithm has
been studied by Paysant-Leroux and Dubois [9], [10], Feng and Wang [2] and Inoue [4].
Indeed, they showed the convergence of the expansion ([2], [9] and [10]), some simple metric
properties ([9] and [10]) and the exponential convergence ([4]). In this paper, we modify this
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algorithm in the following way. For (f1, f2,..., fa), first we choose j so that deg f; >
deg f; for i # j, then transform the vectors to

(ﬁ_[ﬁ] &j_{itq_L_{L]&ﬂ_[ﬁi% ;Q_PQD
fio LAl fi Vi LT f L Ll

(n) (n)
. . . . . B
By iterations of this map, we obtain the n-th simultaneous convergence (—,... ,—%5),
By By
B € Fy[X],0 <i <d,n > 10of (f1,..., fa). Because we choose f; as one of the

maximum degree among (f1, ..., f4), we may choose the same j all the time. This may
. B ., .
destroy the exponential convergence of W, i # jforsucha (f1,..., fs). However, we

will see that this never occur for “most” of (f1,..., fg). In §1, we give some definitions
. L . B B .

and basic properties including the convergence of (ﬁ, ey ﬁ). In §2, we give an upper

estimate of the convergent rate. First we estimate the convergent rate under an assumption

on the choice of “;” in the above and show that the convergent rate is exponentially fast a.e.

where a.e. means a.e. with respect to the d fold product of the Haar measure. Next we prove

that there exists an absolute constant ¢; > 0 and a constant C = C(fi,..., fqa) > 0 such
that
(v)
B: C
fi-—® e, L Si=d
BO | BO |l+Cd
for a.e. (f1,..., fq4). In Theorem 5, we also give an upper estimate of c¢;. To get this

result, we prove that this algorithm preserves the d fold product of the Haar measure and the
induced expansion coefficients provide an independent and identically distributed sequence
of random variables. Such an estimate of convergent rate was studied by [5] (and [3]) for a
modified version of two-dimensional Jacobi-Perron algorithm introduced by Podsypanin [11]
in the case of real numbers. Then [12] gives an estimate for the Jacobi-Perron algorithm. We
also refer [7], [8] and [1] for related topics. In §3, we count the number of d-dimensional
vectors (g—é, e, B—‘é) such that By, By, ..., Bz have no non-trivial common factor by using

this algorithm (see [6] for the one-dimensional case).

1. Definitions and basic properties

In this section, we define a map 7 which is arisen from the modified Jacobi-Perron
algorithm (MJPA).

We denote by 0 and 1 the additive unity and the multiplicative unity of Fy, respectively.
Note that we identify apX® e F,[X] with agp € Fy. For f = a, X" + ap X"y .. e
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F,((X~1)), we put

deg f = n if a, #0,
—oo if f=0.
We define the absolute value of f by
fI =g

Also we put
[f] = anX" +an 1 X" '+ +a1X +ap for feF, (X)),
We define
L={f=a X "4+a X2+, aeF, fori=<-—l},

which is a compact Abelian group with the addition and the metricd( f, g ) = |f — g|. Now,
forl < j <d, we put

1d — (ft, ..., fa): degf; >degfi for 1<i <},
Jj deg f; > deg f; for j<i<d|”’

then
d d d
L*“ =L U.--ULy.
Note that (0,...,0) € L‘f. We denote by m, the normalized Haar measure on L¢. For
(fi, ..., fa) € L?,Wedeﬁne

ai=a; (ft, ..., fa) =

1
— fori=d+1.
[f.;}

if (f1,..., fa) #(0,...,0)and
a; =0 for 1<i<d
if (f1,..., f4) = (0,...,0). From the above, we see
0 for1<i<j-—1,
ai = ya; €Fy for j <i<d, (1)

a; € F4[X], dega; > 1 for i=d+1.

Now we define the map 7 : L¢ — L4 by
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T(fl,_._,fd)z(ﬂ @L_[L}@_[@} Ja _

0 LAT f i
(B IR g T )
i i fi i i
for(fl,...,fd)EL?’,(fl,...,fd);é(0,0,...,O)and
TO,...,0=@©,..,0).
We put
S Y =T (fiy e fa) forv>1
and
a” = a (VY)Y for 1<i<d+1,
that is,

T (fi, ..., fy= TGO D)

7))

w=1) (v=1) (v—=1) (v—=1) y—1) (v—1)
_ (flv Jj-1 1 |: 1 ] il [ 1 ] L |:de i|>
=\ S oD o [ 20D o= [0 TomD Ty
1 fim 7 1 I 1 1 I

70 o 550w )

-1y
J1 j—1
= e —da a . e —da
o= oD 7o-D %t Somn — Ggt e Semn 4 >
<fj fj Jj Jj Jj

for (fl(v_l), - f;v_l)) € L‘;. Also we put « (v) := j such that

deg fj(ufl) > degfi(vfl) for 1 <i<j,

deg fj(v_l) > deg fi(v_l) for j<i<d.
We define a (d+1) x (d+1) matrix M = (m;, i,), mi, i, € Fq[X], associated to ( f1,
L;{, (f1,---, fa) #(0,...,0) in the following way;
(i) 1<ix=<d, #]
mij i, = 84, for1<ij<d+1,
i) i2=j
1 forij=d+1
mij = .
0 for 1<i;<d,

.oy fa) €

2

3)
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(i) in=d+1,1<ij<d+1
mi i, = aj,,

that is,

M=M(,..., fa)

1 0
0 1
0O -~ --- 0 1
= ) . “)
O : 1 0 aj+1
0 1 ag
1 0 ad+1

For (f1,..., fa) = (0,...,0), we define M the (d + 1) x (d + 1) unit matrix /541. We put
MO =144,
MY = M(fl(“_l), e, f;v_l)) for v>1,

where (fl(o), .. ,fago)) = (fi,..., fq). Since we consider the columns of the matrix
MD .. M® we denote

) ) (v)
131 | e e ﬁl d Bl
) ) W)
Oy — | Bt o Bewa B
iv) &V) iV)
Py R
v vV Vv
e B B
and
B1(_d) o Bl(—l) Bl(())
MO — : : :
B‘(I—d) B((l_l) B(EJO)
B(()fd) o B(()fl) B(()O)

By the definition of B(()v), it is easy to see that deg B(gv) = Y ;_ deg aff}rl which we use

often. B(()U) will be the denominator of the v-th convergent and Bl.(u), 1 <i <d, will be the
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numerator. Evidently,

MO
1 0
(v—=1) =1 p=1) .
11 Bia By - 0
: : : 0 1
(v—1) (1) ,v—1) 0 . .. 0 1
_ 'BK(U)] 'BK(v)d B/c(v)
= . . . . W) ®)
: : : O : 1 0 Ay ()41
(v=1) v=1) p=1) : .. .
ﬂ”(” n o ﬂ‘fd D B”<l D : ' '
v— v— v—
Bor "+ Boa  Bo 0 1 a(gu)
v)
10 Agt1
d
A A e S A el

(v—1) (v—1) (v—1) (v—1) W) ,(v=1) (v) B(v—l)

d
-1 L0-1)
Beni 7 Pekm—1 Bewy Bemra+t 7 Bamad  Beowm T 2 % Bk eaiBe)
_ k=k ()+1
(u;l) (w=1) (V'_]) w=1) (v=1) (v=1) d (u; (v=1) ) pv=1)
Ba1 " Paeay—1 Ba Bavwi+t  Paa Paor * D @ Pak B
k=K (v)+1
d
w=1) v-1) w-1) w-1) (v=1) (v-1) W) gv=1) |0 p=1)
Por " Pokw—1 - Bo Bokwy+1 " Poa Pocwy ¥ 2 @ P FaaiiBo

k=Kk(v)+1

Since det(MW ... M™) = +1, which follows from (4), we see that Bév), e Bz(l'i)l and
B(E,V) have no non-trivial common factor. By a simple calculation, for ( fl(v_l), e, f;v_l)) €

L we see that

d
Kk(v)?

(1) #kW),d+1

131_(1”32 = ,31.(1”1.;1) for 1 <i; <d, (6)
(i) i =k (v)
,31.(1”32 = Bl.(l"*l) for 0 <i; <d, 0
(i) in=d+1
d
B =BV =p D+ S oY +al) BTV for0<iy<d. ®)

k=K (v)+1
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IB(U/) Bl(]:'/)
The above (i) and (ii) mean . is one of : ,
ﬂ / dl/
,B(V ) B(()‘j )

V) .
we find that Bi( ) increases as v increases and

degB( v) deg,B

1K

ifip #k(),d+ 1for0 <i; <d. We put

f](v)

[T :

f(V)
1

and see the following theorem.

IBI(V) f(U)

'Bé(lvl) fl(V) +
Ao+

)
W) > deg By,

+,3(U)f(v) + BEU)

I ()
+’3(V)f(v) + B(()U)

THEOREM 1. Forany (f1,... ,fd)eLd,we have
) (V) W) £(v) (v)
+ B.
fi='3 L/, *+hidfa L for 1 <i<d,
(v) (V) W) £(v) (v)
Boi /) ~+Boats + By
wheneverT“/(ﬁ,...,fd);é(O,...,O)foranyOSv/<v.
PROOF. From the definition, for (fi, ..., fd)eL;’,
1 1
T(fiooon f =" D)
_(fn i b o fie o Ja _
=\7 T ’f‘_ad+l’ 7, _aj+1""’f,_ad .
J J J J J
Then
1

fi=

453

,—d <V <v—1. From (5),

©)
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On the other hand, for (fi, ..., fa1) eL‘j,
(D
1-f
ﬁ f0r1§i<j,
D A0 D (1 1 Lfi +agy,
YA+ + 8 1+ B —(1)1 q fori=j, (10)
D (1 D (1 n — .
ﬁé1)f1()+ +,8()f() Bé) 1 fj +ad+1
(L (eY]
L-fi' +aq ..
— for j <i<d.
L fi7 +ag,,

From (9) and (10), the assertion of the theorem holds for v = 1. Now we assume that the
assertion of the theorem holds by v, and we will show that the assertion holds for v 4 1. Note

that k(v + 1) is chosen by (£, ... f§”) e LY ., .
BUAD (D gD (04D | gD
B (OFD 0D 04D D
KR i K e 1 LD d win( R e w+1)
Y B o co— —wn )t X B o —a + B
— k=1 k(v+1) K(v+1) k=k(v+1)+1 f/((v+1)
A R v+1) 1 LD d (41 fk (v+1) (w+1)
2 ok o hoewrn| T b )+ 2. Pk o % )+Bo
k=1 (1) f/((v+1) k=i (v+1)+1 Jewan
R e wm(_1 LD d Y +1) v+1)
Z Bik ) +B5; ) g1 ) + Z Bik ( o % )+Bi
_ K(v+l) <(v+1) k= (v+1)+1 Tt
R o AT (L (e, e
Z Bok o T8 ) a1 )T Z o W) A + By
PICES)) PYCER)) k=k (v+1)+1 PYCER))
From (8),
+1) (v+1) v+ (v+l) (v+1)
Bi1 /i +-+ By fa B
(V+1) (v+1) (v+1) (v+1) (v+1)
Bor i +o By T Ja + By
k(v+1)—1 (v) d v)
o _Jx w_ 1 v Sk )
Z Bik O + B; ) + Z Bik ) 'Bilc(v—i-l)
. k=1 K(v+1) fK(v+1) k=k(v+1)+1 K(v+1)
T kD1 ) d )
w S ) o )
Z Pox —) (e e— Z Bok —ay— T Bocw+)
Kk (v+1) f/((v+1) k=x(v+1)+1 k(v+1)
,B(U)f(V) 4 ,B(U)f(V) + B(V)
_ i _ r
- ,B(U)f(V) ,B(U)f(V) B(gv) - J

Thus the assertion holds for v + 1 and the proof is complete .
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0)
Now we call % the v-th convergent of the MJPA and MV, ... M) the expansion
0
by this algorithm when TV (f1,..., fa) # (0,...,0) for v > 0. Moreover the expan-
sion by the MJPA is said to be finite or infinite if 7V (fi, ..., fg) = 0 for some v > 0 or
TV (f1,..., fa) # 0forany v > 0, respectively. In the sequel, we show some lemmas about
the expansion.

LEMMA 1. For(fi, ..., fa) € L4 with fi € Fy(X),1 <i <d, the expansion by the
MJPA is finite.
PROOF. As f; € Fy(X) (1 <i <d), wecanwrite (f1, ..., f4) = (%,... , L4y where
Py, ..., Pgand Q are in Fy[X] and have no non-trivial common factor. Then it is clear that
P P
T(f1,.. e, = 11
(f1 Jd) = < P R,-) (11
for some P{,..., Py € Fy[X1if (fi...., fa) € L4 If we put TV(fi...., fa) =
) 0)
(%, .. 200) P(v) P;v) and Q(”) have no non-trivial common factor, then (11) im-
plies
deg 0 < deg Q¥ for v=>1.
Consequently, for some vy > 1, P(VO) cee = Pa(,UO) = 0 since deg Pi(u) < deg Q) and Q)
is a polynomial for any v > 1. O
LEMMA 2. For (fi, ..., fs) € L4, if f; & Fy(X) for some i (1 < i < d), the

expansion by the MJPA is infinite.

PROOF. If the expansion of f; is finite, which means TV (f1, ..., fg) = (0, ..., 0) for
some v > 0, then from Theorem 1, we see

(v=1) (v) (v— 1) o b
B S R s

fio B" k= K(U)+1
l B(()v) .
(v— 1) V) p(v=1) ) p=1)
Po Z a By~ +a,By
k=Kk(v)+1

But this shows that f; is a rational function, which contradicts with the assertion

fi € Fq(X). O
LEMMA 3. Forany sequence MV, ..., MYtV of the form (5),
+1
o | B B 1
1By 1\ —omn ~ o | S5
B"| 4

holds for any v > 1.
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PROOF. Note that x(v) = 1<rin<i‘111+]{i : m§2)+1 # 0} where m§]:1)+] is the (i,d + 1)

component of M™ . Thenif 1 < k(1) < «(2),

ib_ﬁ:ia’@ for 1 <i<d
87 0| laag R
Since dega[(;j:l > 1 and degagﬁl > degal_(v), 1 <i <d, forv>1,wehave
@ g0
185" Blg” - B:g” = (12)
We also see if k(1) = k(2),
a” for 1 <i <x(l)
(I +agafl Dag, - ’

B,-(Z) Bf“
@ M
B 0 B 0

I 2 (1
g4 —4;
(2 (€))
(I +ay a0,

for k(1) <i <d

andif k(2) < «(1) <d,

a?
4 for 1 <i <x(l)
) (D 2 an @ - - ’
B~ B a1y tagi1941

= 2 1 (@2
Agp19;  — 4 Gy
(2) I (2 ()
(a'qy t a9, )4,

(2 (1)
B B
0 0 for k(1) <i <d.

Then similarly, we have

B® BY

1

@ O
BO BO

1

.

1
1B

Now we suppose the assertion of Lemma 3 holds by v — 1. Forv > 2,

d
v) (v+1) p(v) +1) p(v)
(v+1) ) ’BiK(V+1) + Z a Bk tagy B )
B; B; _ k=k (v+1)+1 B;
0+ T | d D)
B, B, B,

v) (w+1) 5 (v) v+ p(v)
Bowcwsn T Z ay " Box Tag By
k=K (v+1)+1
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d
v) v) v) v) (V-‘rl) ) pv) ) pv)
Biw+nBo = Boxw+nBi "+ Z Bik' By~ — Box B; )
_ k=k(v+1)+1
- d
v) (v+1) p(v) +1) p(v) v)
</30K(v+1)+ Z a Box T ag By )Bo
k=k(v+1)+1
d
Z (v+l)(ﬂ(U)B(U) ﬂ(U)B(U))
. k=K (v+1)
N +1) (2
o Bg|
(U) )
_ b Z ﬂ(w( B )
(w+1) p((v) ORO)
lag1 By | |kmicost Box  Bo

here we use the facts that deg akv+l) ,B(v) < dega it IB(V) for the third equality. By (6) and

(7), we can replace ,3,.(2) by B,.( ® for some Ik, —d <l <v—1,but Bl.(l") =0fori # 0and

I <0,
d W p»
_ 1! 3 B B~ _ B
WD), 0\ B

v)
| d-‘rl k=1 0 BO

v+ )

W+~ p)
BO BO

B 0 B(1+1>)

— 3] i
- e S (U -
0

lagir | =1

B B,-(Hl)

: 1B
(l) PN{EY)
BO

= — ax max
la (”+1)| 1<k<v lk<l<v—1

Then, from the assumption of the induction,

B(V+l) B(V)

; 1 1
v) i
By | —| < =<-. O
(V+l) (v) 2
B, q q
THEOREM 2. (i) IfT' (f1,..., fa) Z0foranyv > 1,
B

lim ——=f for 1<i<d,

on the other hand, ifT“’1 (f1,-- s fa) £0and TV (f1, ..., fa) =0, then

L_=f; for1<i<d.
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(ii) For a given sequence of arrays {al.(v) cl<i<d+1,v>1}

al), e Fg[X], degal) =1,

Ag41 d+1
(13)
ai(v) =0 for 1 <i<j), al.(v) eF, for jvy)<i=<d
with a sequence j(1), j(2),... (1 < j(v) < dfor v > 1), there exists (f1,..., fa) € L4

such that k (v) = j(v).

PROOF. (i) We see

P B:'(U) B ,B(U)f(v) o+ IB(V)f(U) Bi(U) ~ Bi(v)
! B(()U) ,B(U)f(v) o+ IB(V)f(U) B(()U) B(()v)
d (V) )

Z (/3 B; )ﬁ(wf(v)
,B(U) B(U)

For each k, 1 < k < d, there exists some I, —d <l < v, such that
B = B

Then, we have

gY B

ﬁ(w( B ) ‘
RO
Ok BO

d () v)
_ ZB(lk)<Bi B )
- 0 (k) (v)
=1 By* B,
(k) (k+1) (v=1) ()
—ZIBU")I (Bk B >+ ..+<Bi__i)‘
- (k) (k+1) (v=1) )
k=1 B By By By
O] (+1)
< max |B l)| Bi Bi since B =0 for i *l, —d <l <0
T <l<v—1 0 B(l) B(l+1) ’ ! ’ -
- 0
1
S —

q
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v
Since deg B(()”) = Z deg %(112 | = v for any ¢ > 0, there exists vp > 1 such that
k=1

; BVl _1 1 ; .
; — <———<¢ forany v>yyp.
"B | T a4 B
This implies
B
lim Y- =f forl<i<d.
V—>00 B(U)
0

(ii) Now we suppose that such a sequence of arrays {al.(v)} satisfying (13) is given. Since

B,'(U) Bi(u+l) Bi(k) Bi(k+ 1)

=

- ma
B BV | T vskmiriot

’

(k) — pk+D)
BO BO
. BY .
it is easy to see, from Lemma 3, that (W) is a Cauchy sequence for 1 < i < d. Then we

0
. - B .
have the existence of the limit of (ﬁ), because L is complete.
0

a

2. The rate of convergence

In this section, we shall give a stronger estimate of the convergence than that of Lemma
3 under an assumption on {«x (v), v > 1}.
THEOREM 3. Suppose {al.(v) 1 < k() <i <d,v > 1} is the expansion of
(fi, ... fo) e LL If#{v : k(v) =i} = o0,
lim |B"” — fiB\"|=0 foranyi, 1<i<d.
V— 00
Here the condition #{v : x(v) = i} = oo holds for a.e. We prove it later. Before we
prove Theorem 3, we give a definition and some lemmas which are necessary for the proof.
DEFINITION 1. For any (fl(ufl), e, (}“*‘)) € Lf(v), we put
i . () _ plo :
u(v) = 1r_<r}(1151d{lk (B =B, forany 0<i<d}.

Also we put, for s > 2,

ng i :={v: min x(v) =i}
Ts—1 =V
fors >2,1<i<dand
Tg = max ng ; + 1

1<i<d
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with 11 = 0.

LEMMA 4. Suppose #{v :k(v) =i} =ooforanyi, 1 <i <d. Then

T <u) <ty for Ty <V < Tgqg.

PROOF. From the definition of g,

O0=1 <u(w) for v>r1.

Note that u(v) is non-increasing. If v = t3 — 1, then u(v) < 1 also by the definition of .

So

1 <u) <1

holds for 7 < v < 13. In general, the assumption of the lemma implies t; < oo for any
s > 2 and we have 7y < u(v) forv > 7441. Also we have u(v) = 75 if v = 7541 — 1.

of the form (1) we have

LEMMA 5. For any sequence MWV, ... MV*D
(v+1) )
B: 1
(v) i i
|By | —— | <— forv=>r,
(v+1) (v) s
By q
PROOF. From (12), it is clear that
50, " B |B"| 1
1)~ RO [N
By B, B, q
Forv > 1,
(v+1) ) (v)
1B B B Z ﬂ(w
B(V—H) B(V) la (v-‘rl)l (V)
0 0 Ag+1 k=K (v) Ok

We can replace ,Bi(z) to Bl.(lk) forsome ly, —d < <v —

i <0, then
(v+1) ) d (k)
B P = 2| = | 2 (2
(v+1) (v) (v+1) y)
B, B, lagi1 | |k=ew) By"

d ()
1 B!

_ (lk)
= o | 2o B < o~
=l B

lagir | k=ew)

- Iaa(ll-):l])l u(v)<i<v-—1

B )
o
BO

B[(H—l)

T+
BO

B(l+1)

1, but B =0 fori # I, —d

)

O

(14)
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By (14) and Lemma 3, for v > 17,

(v+1) v)
|B(()v)| B _ B; < L
(v+1) W | = g2°
By B, q
By the induction, for v > t,, we have
(v+1) v)
|By”| /A -
B(()U+]) B(()U) - qs

PROOF OF THEOREM 3. Forsomel;, 1 <k <d, we have

) V) ) B
v v v 1
B~ B =181 S =
0
d o)  pO)
w, 1 Bix B W) 4(v)
= |B() | ( - )f B
) > W~ 2w JJk Pok
IBy | izt \Box By

() (v)
B; B;
i _ W) (V)
1524 <B(§lk) Bgv>)f" ok

(1) (t+1)

i B

(1) (t+1)
By By

IA

< max max |B(()t)|
1<k<dlx<t<v-—1

By Lemma 5, for t > 1,

(1) (t+1)
1B | P - T <
() (t+1) s
B, B, q
Then,
tim B~ /B = 0. -
We show that S is Haar measure preserving.
Forafixedv > 1, we denote by (a", ... , a(") the cylinder set induced from (a, ... , a™),
that is, we put
a%l) afv)
@V, . a =LA, ., f) : =al, .., : =a

(D v)
Agi1 Agt1
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THEOREM 4. (i) Forany Borel set B C L,
ma(T~'B) = ma(B),
that is, my, the normalized Haar measure on L4, is an invariant probability measure for S.
o
(ii) : v > 1¢ is an independent and identically distributed sequence of ran-

v)
At

dom variables with respect to mg.

PROOF. (i) Itis enough to show that

ma(T~ @D, ... a¥) =ma(@?, ... a"))
for every cylinder set (a(l), e, a(")). Let
aj
a=
ad+1

with

0 for 1 <i<j,

1 for i =7,

a; = (15)
a; €Fy for j <i<d,

a; € F4[X], dega; > 1 for i =d+1.

Then we see that
T @b, ... a) = U(a, al) ... aMy,
a

where a takes all such vectors with 1 < j < d. If we fix a, then S|( . .a®) is 1-1 and onto

a,a(l).
@D, ..., aM). Forany f € L of deg f = —n, we consider

Sf(g)z%— [ﬂ for g € L.

The composition m1 o Sy of the normalized Haar measure on L and S is defined by
(myoSy)(A) =my (S A)
for a Borel subset A of L. Then it is easy to see that

dm1 oS
d—f(g) =q" ae.
mj
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holds. Also we consider
V(f)= : [ 1 }
b f

dmioV
dm

and have

L (H= a.e.

This means that the Radon-Nikodym derivatives of Sy and V are constants (a.e.) if deg f =
—n. This shows

dmd oS
(fis--- fd)_q "(d b a.e.
on (a,a®V ... a®). Hence we have
g*q" "V mg((a,a®. . a)) =my(@®, ... aV))

when degay+1 = n > 1. Moreover, the number of a with (7) is qd_-jq"(q — 1). Therefore,

ma(T~ @V, a") = md<U<a, al), .. ,a<”>>>

a

= Zmd((a, al) .. aWy)

d
—Zi _ pygrgd-imatal....a)
- 749 g2ngnd=1n
d oo
= ————mg((a®, ... aV))
q(n 1)d+1
= md((a“), co,aMy).
(i1) A similar calculation shows that
ma((@®, ... aM)) = ma(@™)) - my(@™)).

This means that the coefficients of the MJPA induce an independent and identically distributed
sequence of (d + 1)-dimensional F[X]-valued random variables. O

From Theorem 4, we have the following.
PROPOSITION 1. Fora.e.(fi,..., fa) € L4,
@

o #Hnil<n<v, e =jb (¢g—Dg?/
lim = =
P—00 ) q% — 1

for 1 <j<d,
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(i)
) #{n:lfnfv,dega((;z:]:n} g% —1
lim = In
V—00 v q n
(iii)
. ()
. #n:l<n=<v k(=] degay,, = n} q— ,
Jim, v = Jomnar; Jorl=i=d.
PROOF. Itis easy to see that
qg—1
m((f s deg f == ===
1
mi({f :deg f < —n}) = pra
and
1
mi({f:degf <—n}= —1-
q
So,

ma({(fi, ..., fa) s (fi,..., fa) €LY, deg fj = —n})

g—1/1\ 7"/ 1\
" \¢r) \g!

__9-1
~ q=hd+j (16)

Then the strong law of large numbers shows (iii). Also (i) and (ii) are easily shown by

X g-1  g-1& 1\
_ (g=Dq"J
q¢—1
and
Xd: g-1  q-1 &0
L gD T gl g
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41

qdn

PROPOSITION 2. Fora.e.(fi,..., f1) € LY,

N—o0

1 & q¢
: o _
lim NEldegadH_qd_l.
V=

PROOF. We consider the sequence of random variables {X,} on the probability space

(L4, my) by Xy (f1,..., fa) = dega‘(l'ﬁl. From (8), we have

d oo 1 g—1

EX) =3 ) g/ q@=Dd

j=1n=1

g9 —1
By the strong law of large numbers, we have the conclusion. a
Now we put

V= 7
e

LEMMA 6. Let

w(v) := maxs,
Ty <V

then there exists o > 0 such that

. ow()
lim =a ae.
V—>00 P

PROOF. Forafixs > 1, we put
Ar={(fi,.... foeld: g —1, =1}, forl>d,
and {Y;} is the sequence of random variables on (L4, my) defined by Ys(f1, ..., f4) = Ts41—

7. Then, we have

E(Y) =) 1-ma(A)

I=d

o
— d+2md(YS >1).
I=d
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Here we have

d

_ 1\, d—k\!
md(Y,,>l)<Z(1—(qqdl—iql) ,

k=1

and have

E(Y)<d+22( %) =d+oy < 00.

I=d k=1

It is easy to see that {¥;}s<; is an independent and identically distributed sequence. The law
of large numbers implies

S
1
lim — Y, =d .e. 17
R S "
S=
Since
S S
TS+1 = Z(Ts—i-l —T5) = Z Y
s=1 s=1
and
Tw) <V < Tww)+l1
we have

S <w(v)<
D -

N
-1
R Z Y,

s=1 s=1

when w(v) = §. From (17), we have the assertion of the Lemma with

1
= . O
d + o
PROPOSITION 3. Fora.e.(f1,..., fa) € LY, there exists a positive constant C1 =
C1(¢) such that
(v)
B: Cq .
|B(()v)| fi — l(v) < —aiso foranye >0, 1<i<d.
B, q
PROOF. We fix e > 0. Fora.e. (f1,..., f4) € L4, from Lemma 6,
w(v
a—¢e< ) <a-+¢

Vv
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for sufficiently large v, equivalently,

va —ve < w(v) < va + ve.

Then,
)
B: 1 1
v) i
[By | | fi — < <
v) w(v) v(a—¢)
B, q q
for sufficiently large v. O
THEOREM 5. Fora.e.(f1,..., fa) € LY, there exists a positive constant Cr = Ca(¢)
such that
(v)
B; C
fi———1| < - for any >0, 1<i<d.
(v) 14+ (1—¢)
B() |B(()V)| Y

PROOF. We fix ¢ > 0. From Proposition 3,

B
. ]
ﬁ B(V)

0

Cq

va(l-5) °

q

1BY”|

Since
v .
dea By = Y dexafl.
i=1

from Proposition 2, we have

va(l—5) vy S (1=%)

q =9
> (1B 077 (17D

a £32
|B(§V)|;(1_§)

for sufficiently large v. Then there exists a positive constant C» such that

®

B C
18”1 |i = ) ), 5152
By 1B
(&)
E g(]*&) 9
IB(§V)| Y
which means
v)
fi — Bi < L
! (v) 1+%(1—e¢) ° a
BO |B(()U)| Y
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3. Rational functions

In this section, we study the number of (g—(]), R B—‘é) with B; € Fy[X], degB; <
degBp=n>1,1<i<d.
DEFINITION 2. For (Bo, By, ... , By) € Fy[X]4*! with
(Bo, B1,...,Bg) =1 and degB; <degBy for 1 <i <d,

we denote by
L =L (By, By,...,By)
the length of the expansion by the MJPA.

DEFINITION 3. We put

(Bo, Bi, ..., Ba) € Fg[X]1"! © (Bo,Bi,...,Bs) =1,L=v,
Ev(n) = # lmax deg B; < deg By =n
<i<d

and

E(n) = # max deg B; < deg By =n

1<i<d

{(190,131,...,Bd)qu[X]d+1 : (Bo,Bi,...,By) =1 }

THEOREM 6. We have

n—1 B
E\(n) = (v _ l)q"(qd — 1" and E®) = (¢ — 1)gldthn—d .

PROOF. For (B, B, ..., Bg) € Fy[X]9F!, if L = v, then Bo is determined by v
polynomials %(114)- e aé(xg |- Recall that deg B, W _ = Yoy deg a d + |- Then, the number
of choices of degad+1, 1 <i <v,isequal to( l) Putn; = degaa(l'}rl forl <i <,

then the number of possible choices of {ad+1} is (g — 1)q™. So when we fix positive integers

ni,...,n, with Z._l n; = n, the number of possible choices of {a‘(l’jrl 1 <i <d}is
(g — 1)"q". Consequently the number of all choices of polynomials aa(l 4)_ 1o ¢(1 _ﬁ | is equal
to

n—1 v on
<v_1>(q—1)q

@) .

Since the number of possible choices of {a c 1< j <d}is g9, the one of {a(’) 1<

Jj=<d,1=<«k()=<d}is

Xd: d-etiy _ 47—
l_ .

q—1
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Therefore

_ ("1 v n - d—x@)
Ev(n>—(v_1)(q—1>q<K(;:]q )

1
= (n )q”(qd - DY
v—1

From the definition, it is clear that

E(mn) =Y Eyn)
v=1

“ —1
=3 (” )q”(qd — 1y’
=\ -1

= (¢* = Dg"q*" Y
= (g4 — 1)gU+hn—d

DEFINITION 4. We put

. (Bo, Bi, ..., Bq) e Fg[X1%t! © (Bo,Bi,...,Bg) =1,
E(m) = # 1m'axddegB,-sdegBozn :
<i=<

THEOREM 7. We have
E(m) = (q! = Dg"“*M".
PROOF. For (B, Bi, ..., By) € F [X]?*! satisfying
degB; <degByp=n for 1 <i<d and (Bo,Bi,...,Bg)=1,
we consider g polynomials B; of the form
Bi=cBy+ B with ceF,.
It is clear that

(Bo, Bi)=1 and degB; =n

unless ¢ = 0. Hence foreach (Bg, By, ..., By) € Fq[X]d+1, we getqd vectors (él, .

which satisfies

(Bo,Bi,...,Bs)=1 and degB;<n for0<i<d.

469

, Ba)
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Then
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E(m) = q? E(n)
= ¢9(g? — 1)gl@thn—d
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