TOKYO J. MATH.
VoL. 27, No. 2,2004
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Abstract. For sphere bundles of the induced bundles of isometric immersions, harmonic sections which are
normal to submanifolds and their index are studied. The lower bounds of the index of these sections are given in
terms of intrinsic quantities of submanifolds.

1. Introduction

Let M be a Riemannian manifold and 7'M its tangent bundle with Sasaki metric. The
unit tangent sphere bundle is denoted by U (T M). A smooth unit vector field on M is a
smooth map from M into U (T M). Therefore, the energy of a unit vector field can be defined.
A smooth unit vector field is said to be a harmonic vector field if it is a stationary point of
the energy of vector fields with unit length. Note that the volume of a unit vector field and
a minimal vector field can be considered. We refer to [3], [5], [11], [12], [13], [15], for
example. For a harmonic vector field, its stability or instability is also studied. See [4], [5]
and [15], for example. These formulations can be generalized to the case of the sphere bundle
of a Riemannian vector bundle with metric connection. A section with unit length is called a
harmonic section if it is a stationary point of the energy of sections with unit length relative to
the canonical metric. We refer to [8] and [15].

Let E be a Riemannian vector bundle over a Riemannian manifold (M, g) with fiber
metric 4. The space of smooth sections of a vector bundle E is denoted by I'(E). Set U E(=
U(E)) :={n € E|h(n, n) = 1}. The set of all sections & € I"(E) satisfying h(é(x), E(x)) =
1 forall x € M is denoted by I'(UE). Let f : (M, g) — (M, g) be an isometric immersion.
Setn := dimM and n + p := dim M. We have f¥(TM) = TM & T+ M, where *(T M)
is the induced bundle of 7M by f and T-M is the normal bundle. The inclusion map from
T+M to f#(T]\7I ) is denoted by 1. Let S and V1 be the shape operator and the normal
connection of f, respectively.
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Let £ be the energy functional for maps from M to U (f #(T M)) with canonical metric.
For a section & € T'(U(T+M)), we have

1
Elok) = §V01(M) +3 fM (ISl + IVEE D dvyg .

The Hessian at a harmonic section 7 is denoted by H,,. Clearly, if p = 1 and f is totally

geodesic, then ¢ o £ attains a minimum, hence, it is a harmonic section of F(U(f#(TM)))
and Index(H,.¢) = 0, where § € I'(U (T+M)). On the other hand, if the square of the norm
of shape operator S is “large”, we deduced from the second variation formula that ¢ o £ is
unstable (Index(H,o¢) > 0) for the harmonic section ¢ o &. For example, as we will prove in
Section 5 (Theorem 5.1), if M = §nt! (1) (the unit sphere with standard metric) and M is a
constant mean curvature hypersurface with || Sg I> > n/(n—2)andn > 3, then (o is unstable.
Hence, the relations between the square of the norm of shape operator and Index(H,.¢) are
of interest. If € € I'(U (T M)), then variation vector fields of ¢ o & in I'(U (f#(TM))) can
be identified with sections of f #(TM ) normal to ¢ o £&. Therefore it seems that the index
of the harmonic section ¢ o £ also depends on intrinsic quantities of a submanifold. The
purpose of this paper is to study harmonic sections of I" (U (f #(T M))) which are normal to
submanifolds.

In Section 2, we will prepare the preliminaries. The harmonic sections normal to sub-
manifolds are studied and their examples are given in Section 3. The lower bounds of the
index for harmonic sections which are normal to submanifolds are given in terms of intrinsic
quantities of submanifolds in Section 4. Finally, in the last section, we study the stability of
harmonic sections for constant mean curvature hypersurfaces in the unit spheres.

The author would like to thank the referee for the comments and carefully readings of
this paper.

2. The energy functionals for sections and splitting of vector bundle with connec-
tion

Let E be a Riemannian vector bundle over an n-dimensional Riemannian manifold
(M, g) with a fiber metric ¢ and a metric connection VZ. The Levi-Civita connection of
g is denoted by V. Let K : TE — E be the connection map with respect to VZ. The space
of cross sections of E is denoted by I"(E). The canonical metric G on E is defined by

G(£,&) = g(p«(£), p« (&) + g5 (K (£), K(8)),

where £ € T(TE) and p : E — M is the bundle projection. Set UE(= U(E)) :={n € E |
g% (n, n) = 1}. The set of all sections £ € I'(E) satisfying gF (£(x), £(x)) = 1 forall x € M
is denoted by I' (U E). The restriction of G to U E is also denoted by G. Hereafter we assume
that M is compact. Let £ be the energy functional defined on the space of smooth maps from
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M to UE. For a smooth section & € I"'(UE), the energy £(§) is given by

1
£E) = %Vol(M) +3 / IVEE| v, ,
M

where dvy denotes the volume element of (M, g). The second term of £(§) is called the
vertical energy of £. Note that the vertical energy is defined in more general setting (cf. [14]).
In the case where E = T M, this term is also called the total bending of the vector field up to
constant (cf. [13]). The variation vector field of & € I"(UE) can be identified with a smooth
section of E orthogonal to &. Set

Ve = {nel'(E)]|g"@E =0
for &£ € I'(UE). The rough Laplacian AV® of VE is defined by
- oE n
AV €)== ) (Ve = Vi 6.
k=1 !

for & € I'(E), where ey, - - -, ey is an orthonormal frame of (M, g). We say that§ € I'(UE)
is a harmonic section of U E if £ is a stationary point of £|rg). The following Lemma is
proved in [8].

LEMMA 2.1. Asection& € I'(UE) is a harmonic section if and only if the equation
- E
AY'(§) = 1IVFe1%s
holds.

For a harmonic section £ € I'(UE), the Hessian at &, which is defined by the second
variation formula, is denoted by Hg. The following Lemma is given in [15].

LEMMA 2.2. Let§ € I'(UE) be a harmonic section. Then, for o, 8 € Vg, the equation

He (e, B) = /M gE (A" (o) — |VEE|Pa, B)dv,

holds.

Next, we consider splitting of vector bundles with connection following the idea of Abe
used in [1]. Let E1 and E; be subbundles of E with orthogonal direct sum E = E| @ E».
For the rest of this section, we assume that i, j € {1,2} and i # j and often omit the symbol
of the composition of maps, “o”. Let(; : E; — E and wr; : E — E; be the inclusions and
projections, respectively. The following equations hold:

Tl = idE,. , Tjl = 0 and LjTT —+ T = idE.
For the connection VE, we set

i . E i . E
Vi :=m;Vyt, and By :=m;Vyy,
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where X € I'(T M). We define (V&Bi)y by
(ViB)y& = Vi (By§) — B, & — By(Vxé).
X

foré e I'(E;)and X,Y € I'(T M). For the subbundle E;, the induced fiber metric is denoted
by gl.E . Note that V'’ is a metric connection with respect to gl.E . We have
LEMMA 2.3. Foré&; € I'(E;), the equation
AV () =il & — Z B (B &) — Z{(v BY)o & + 2B (V) E))
k=1
holds, where ey, - - -, e, is an orthonormal frame of (M, g).

PROOF. We have

Vg = - Z(VEVEL& Vg e liki)

= ZVEL, o6+ Vet (Bo &) —uVyg & =By &)

n

=AY (&)—ZL,B Bl& — Y {1j(Vi B +1j2B) (Vi E)) .

k=1

By this lemma, we have

LEMMA 2.4. Let& € I'(U(E;)). Then ;& € I'(UE) is a harmonic section if and
only if the equations

=Y Blo(B'yE) = (IV'EN* + |1 B'& 1)

k=1
and
n
D (Ve B)ey&i + 2B o (V] £} =0
k=1
hold, where ey, - - -, e, is an orthonormal frame of (M, g).

From Lemmas 2.2 and 2.3, we obtain

LEMMA 2.5. Let& € I'(U(E)) be a harmonic section. For a; € I' (E;) N Vg, we have

He (i, o) = / (gAY (). a,)—Zg, (B, BY o, o) — |VE P gf (i, )}dvg
k=1
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and
n . .
He (o, o)) = —/ > {9F (Ve By ) + 2gF (Bl (Vi i), a)}dv,,
My

where ey, - - -, ey is an orthonormal frame of (M, g).

3. Harmonic sections normal to submanifolds

Let f : (M, g) — (M, §) be an isometric immersion. Set n := dimM and n + p =
dim M. We have f¥(TM) = TM & T+M, where f*(T' M) is the induced bundle of T M by
f and T+ M is the normal bundle. The inclusion map from 7-M to f#(T M) is denoted by ..
Let V and V be the Levi-Civita connections of g and §, respectively. The induced connection

of V by f is denoted by f#V. Let &, S and V. be the second fundamental form, the shape
operator and the normal connection of f, respectively. The mean curvature vector is denoted
by H. We obtain

(f*V)xY = fu(VxY) + h(X,Y)
and
(f*V)xto& = — fu(Se(Y)) + V¥,

where X, Y € I'(TM)and & € I'(T+M). In this section, we study harmonic sections relative
to the canonical metric on U (f #(T]\7I )), which are normal to submanifolds. From Lemma 2.3,
we have

LEMMA 3.1. For& € I'(T+M), the equation

A (o) = AV (&) + Y hler, Seen) + Y (Vo S)eler) + 28y, ¢ (en)]
k=1 k=1

holds, where we omit the inclusion maps from T M and T+M 10 f#(TA;I) and ey, -+, e, is
an orthonormal frame of M.

The following proposition can be obtained immediately.

PROPOSITION 3.2. For & € I'(U(T*M)), 1o & € I'(U(fH(TM))) is a harmonic
section if and only if the equations

AV €) + Y hex. Se(en) = (IS¢ 12 + 1V4€01%)8
k=1

and

> (Ve S)eler) +2Sys (e} =0
k=1
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hold, where e1, - - -, e, is an orthonormal frame of M.

Note that the inclusion map ¢ and its restriction map to U (T+M) are called the normal
map and the spherical Gauss map, respectively. The harmonicity of the spherical Gauss map
is studied in [7].

To the end of this section, we give some examples. Let R be the curvature tensor of M.

COROLLARY 3.3. Let M be a orientable immersed hypersurface in the space form of
a constant curvature, and € € I'(U(T+M)). Then 10 & € F(U(f#(TM))) is a harmonic

section if and only if M has a constant mean curvature.

PROOF. Since p = 1 and V& = 0, it it sufficient to prove that

Y (Ve S)eler) =0

k=1
if and only if V1 H = 0. It is clear from the Codazzi equation. o
The following notion is defined in [9]. A section X € F(f#(TM)) is called of AU*V)_
type k if X admits a finite spectral decomposition

k
X=Y"Xi, AUVX =X (=10
i=1

We also refer to [2].

COROLLARY 3.4. Let M be a submanifold in M with nonzero parallel mean curvature
H immersed by f. Then 1o H is afA(f#%)-type lifand only ifvo (1/||H||)H is a harmonic
section and || Sy || is constant. Especially, if M is an extrinsic sphere, then 1o (1/||H||)H is a
harmonic section.

PROOF. Set H := (1/||H|)H. At first, we assume that H is of A(f#%)-type 1. Then
we have AU*™Y)H — A . Hence 1 o H is a harmonic section and 157117 equals to a constant
Al H ||*>. Conversely, Since A = IS5 I>H, it follows that H is of A(f#ﬁ)—type 1. O

We recall the definition of Sasakian manifolds. Let M be a (2n + 1)-dimensional man-
ifold and ¢, V, n be a (1, 1)-tensor field, a vector field, 1-form on M , respectively, such
that

P(X) ==X +nX)V, ¢(V)=0, n@X) =0 and nV)=1

for any vector field X on M. Then M is said to have an almost contact structure (o, V,n)
and is called an almost contact manifold. If a Riemannian metric tensor field g is given on an

almost contact manifold M and satisfies

9(@(X), oY) = g(X,Y) —n(X)n(¥) and n(X)=g(V,X)
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for any vector fields X and ¥ on M, then (¢, V,n, §) is called an almost contact metric
structure and M is called an almost contact metric manifold. If d n(X,Y) = g(X, p(Y)) for
any vector fields X and ¥ on M , then an almost contact metric structure is called a contact
metric structure. If moreover the structure is normal, thatis, N'+dn ® V = 0, then a contact
metric structure is called Sasakian structure and M is called a Sasakian manifold, where A
is the Nijenhuis torsion for ¢. An n-dimensional Riemannian submanifold M in a Sasakian
manifold M is called Legendrian if f*n = 0.

COROLLARY 3.5. Let M be a Legendrian submanifold in a (2n + 1)-dimensional
Sasakian manifold (M, 0.V, @, §) immersed by f. Then f*(V) is a harmonic section if
and only if M is minimal, where (V) is the pull back section of V by f.

PROOF. For simplicity, we use V instead of f¥#(V). We have
AV (V) =nV.

Since Sy = 0, it follows that

> hex, Sy (ex)) =0.

k=1
Since V)%V = —@(X) holds for all X € I'(T M), we obtain

n n

;(vek S)v(er) +2Svs yer = — ; Sp(enek -

Moreover, we get
9(2 So(er) ks X) = g(h(ex, X), p(er)) = g(h(ex, ex), p(X)) = ng(H, (X))
k=1

for all tangent vectors X on M, and which implies the conclusion. |

4. The index of harmonic sections normal to submanifolds

In this section, we study the index of harmonic sections normal to submanifolds. Let
f :(M,g) — (M, ) be an isometric immersion with dimM = n and dimM = n + p.
Set re(X, X) = Y1, §(R(f*(ei), [« (X)) fu(X), fi(ei)) forx € M and X € TyM, where
ey, -+, ey is an orthonormal basis of 7, M. The Ricci tensor of M is denoted by Ricy. We
start with a second variation formula.

LEMMA 4.1. Let & € T'(U(T+M)) and assume that M is compact. Ifto& €
F(U(f#(TM))) is a harmonic section, then we have

Hioe (X, X) :/ {g(VX,VX) — Ricy(X, X) +r(X, X)
M
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+ng(SuX, X) — IS 179(X, X) — IV£|2g(X, X)}dv,

and
Huot (0. 1) = / USyI7 + V0, VEn) — 1186 175(n, ) — V€25 (0. m)}dvg
M
for X € I'(TM) andn € T'(T+M) N V.
PROOF. By Lemma 2.5 and the Gauss equation, we have

He (X, X) =/ (VX VX)+ > §(R(ei, X)X, ei)
M

i=1

— > 9(R(ei, X)X, ;) +nj(H, h(X, X))

i=1

— g(Se, Se)g(X, X) — §(VE, VEE) (X, X)}dv,
= / {g(VX,VX) — Ricy (X, X) +r(X, X) +n§(H, h(X, X))
M

— 9(Se. S)g(X., X) — G(VE, V) g(X, X))dvg .
The second equation can also be obtained immediately from Lemma 2.5. a

It is well-known that the identity map of a Riemannian manifold M is a harmonic map.
The index and nullity of idy; are denoted by Index(idys) and Null(idys) as a harmonic map.
The Hessian Hjq,, at the identity map id, is given by

Hig, (X, X) = / (9(VX,VX) — Ricy (X, X))dv,
M
for X € I'(TM) (cf. [10]).

By Lemma 4.1, we have

PROPOSITION 4.2. Let & € T(U(T+M)). Assume that M is compact and (o
& € F(U(f#(TM))) is a harmonic section. If(||Sg||2 + IVEEIH9(X, X) > r(X, X)+
ng(Sg(X), X) forall X € TM, then we have

Index(Hog) > Index(idyy) .
If(IISgII2 + IIVJ‘$||2)g(X, X) > r(X,X)+ng(Sy(X), X) for all non zero X € TM, then
Index(H,o¢) > Index(idy) + Null(idy) .

Note that the term || Sg 12+ |[VLE)? is the integrand of a part of the energy functional £.
Proposition 4.2 implies that the index of H,.¢ depends on the intrinsic quantities Index (id;)
and Null(idy/) and the extrinsic quantities || Sg[|> + || V+£]|%.

From Proposition 4.2, we can obtain the following corollaries.
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COROLLARY 4.3. Let M be an n-dimensional compact orientable constant mean
curvature immersed hypersurface in the space form of a constant curvature c, and & €
CUT*M)). If |Se11>9(X, X) > c(n—1)g(X, X)+ng(Sy (X), X) forall X € TM, then we
have

Index(H,0¢) > Index(idp) .
If||S,§||2g(X, X)>cn—1)g(X,X)+ng(Sy(X), X) forall non zero X € TM, then
Index(H,o¢) > Index(idps) + Null(idy) .
PROOF. It is clear from V& = 0. O

COROLLARY 4.4. Let M be a compact extrinsic sphere in M. If 0 > r(X, X) for all
X € TM, then we have

Index(H,,;7) > Index(idy) .
If0 > r(X, X) for all non zero X € TM, then
Index(H,,;7) = Index(idys) + Null(idyy) ,
where H = (1/||H|)H.

PROOF. From V*H =0, Sy = ||H|[*idry and ||S;||> = n| H||?, we have the desired
conclusion. d0

COROLLARY 4.5. Let M be a compact Legendrian minimal submanifold in a (2n—+1)-
dimensional Sasakian manifold (M, n,V,0,9). Ifn > r(X,X) forall X € TM, then we
have

Index(H f#(yy) = Index(idp) -
Ifn > r(X, X) forall non zero X € TM, then
Index(H s#(yy) = Index(idp) + Null(idp) -

PROOEF. It is clear from Sy = 0 and V}%V = —@(X) forall X € I'(T M), where we
used V instead of f#(V). O

A harmonic section § € I'(UE) is called weakly stable if Index(Hg) = O. In the case

where M is a hypersurface in M , since Viog = I"(T'M), we obtain a stability theorem.

THEOREM 4.6. Let p = land & € I'(U(T*M)). Assume that M is compact and 1 o &
is a harmonic section. If idy; is weakly stable as a harmonic map and

r(X, X) +ng(Su(X), X) =S¢ 7 g(X, X)

forall X € TM, then 1 o & is weakly stable, that is, Index(H,0¢) = 0.
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5. Stability for constant mean curvature hypersurfaces of the unit spheres

Let f: (M, g) — (M, g) be an isometric immersion with dim M = n and dimM =
n+1. Let& € I'(U(T+M)). Clearly, if f is totally geodesic, then ¢ o £ attains a mini-
mum, hence, it is a harmonic section of I"(U (f #(T]\7I ))) and Index(H,.¢) = 0. But, there
exist non-totally geodesic hypersurfaces with weakly stable harmonic sections ¢ o £. For
example, the n-dimensional unit sphere $”(1)  R"*! has the harmonic section ¢ o &, and
Index(H,o¢) = Index(idgn (1) holds by Lemma 4.1. Therefore S 1 (1) and S2(1) are non-totally
geodesic hypersurfaces in the Euclidean spaces with weakly stable harmonic sections to&. Itis
important to study hypersurfaces with weakly stable harmonic section tof € I'(U (f#(T M))).
In this section, we study hypersurfaces of constant mean curvature in $”T!(1) such that
Index(Hog) = 0.

THEOREM 5.1. Let M be a compact orientable connected Riemannian manifold of
dimM =nand f : M — S"1(1) an isometric immersion with constant mean curvature. If
n > 3and || S¢ 1% > n/(n—2) at each point of M, then 10§ is unstable, that is, Index(H o) >
0, where &€ € I'(U(T+M)).

PROOF. For W € R"*2, the parallel vector field induced from W is denoted by W.
Using the inclusion i : §"*!(1) — R"*2, we consider that M is a submanifold in R"*2. Let
WT (resp. WV) be the tangential (resp. normal) part of W. We define a quadratic form Q on
R"*2 by Q(W, W) := Htog(WT, WT). Let vy, - - -, Up42 be an orthonormal basis of R" 2,
Let S be the shape operator of M in R"*2. Since Vx W1 = S'WN X, we have

n+2
TrQ =) Qi %)
i=1
= /M{nsa;n2 +n—py + 2 HI? —n|Se|? +n(n — 1)dvg
= /M{nsa;n2 +n— @H|? = 1S lI* +n(n — 1))

+n? | H|I? = n|SglI* +n(n — 1)}dvg

= f {2 = n) ISt 11> + n)dvg ,
M

where py; is the scalar curvature of (M, g). From n > 3 and ||Sg 1> > n/(n — 2), it follows
that TrQ < 0. Therefore ¢ o £ is unstable. o

For any unit vector a € R"*2 and for anys,0 <s < 1, let

Z(s) = {x € S"TN(D|(x,a) = 5},
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where < -, - > is the standard inner product of R"*2. Then X" (s) are constant mean
curvature hypersurfaces in §"*!(1).

LEMMA 5.2. Let & be the unit normal vector field on X"(s) in "' (1). Then
Index(Hiog) = 0 if and only if (n — 1)s? < 1. Especially, in the case where n > 3, 10 & is
weakly stable if and only if || Sg ||2 <n/(n—2).

PROOF. It holds that
Hioe (X, X) = Hiag, (X, X)+ (1= 1) | (X, X)dvy .
>n (S)
Then H,0¢ (X, X) > 0 for all vector field X on X" (s) if and only if

2n—1) (n— 1A+ 5%
2

= —(-h =

9

1—s
where A1 is the first eigenvalue of the Laplacian acting on functions. Since X" (s) is of con-
stant curvature of 1/(1 — s2), we have A; = n/(1 — s2), which implies the conclusion. From
52 = ||SelI?/(n + |ISg ||?), it follows that ¢ o £ is stable if and only if ||S¢ |*> < n/(n — 2) in the
case where n > 3. O

In this paper, we say that X" (s) is a stable small sphere if (n — l)s2 < 1, that is,
Index(Hog) = 0. In [6], the following theorem is proved.

THEOREM 5.3. Let M be a constant mean curvature hypersurface with constant length
of the second fundamental form in S"t1(1). If |h||* < 2+/n — 1, then M is locally a piece of

small sphere X" (s), where s = \/||h||?/(n + ||k ||?).
Finally, we have the following theorem.

THEOREM 5.4. Let M be a compact orientable connected constant mean curvature
hypersurface with constant length of the second fundamental form in St (1) and & <
r(U(T+Mm)). If Index(H,oe) = 0 and n > 4, then M is a stable small sphere X" (s),

where s = \/IISEIIZ/(H + 1S 112).

PROOF. From Theorem 5.1, we obtain || S¢ ||2 <n/(n—2),andn/(n —2) <2+/n—1
holds if » > 4. By Lemma 5.2 and Theorem 5.3, M is a stable small sphere X" (s) with

S=\/||Ss||2/(n+||Ss||2)- O
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