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Abstract. Let f be a primitive form whose weight is greater than 2. Weston [23, Theorem 1] showed that the
mod p representation p associated to f is irreducible and the deformation problem for p is unobstructed for almost
all p. The aim of this article is to give a simpler proof of his result in some cases.

0. Introduction

Let N be a positive integer, k > 2 an integer and f a primitive form of level N, weight
k and character ¢. Here we mean by “a primitive form” that f is a normalized newform. Let

F@) =) an(f)q"

n>1

be the g-expansion of f. We denote by Q(f) the finite extension of Q generated by
{an(f)}n=>1. We fix a prime number p and a prime ideal p above p of Q(f). Then we de-
note by O the ring of integers of the completion Q(f)y of Q(f) with respect to p and by k
the residue field of ©. We assume that p is prime to 2N. Let G be the absolute Galois group
of Q. It is known that there exists a Galois representation

p: Gg — GL2(0)

associated to f satisfying the following conditions:
(i) p is unramified outside S := {the prime divisors of Np} U {oo};
(i) for each prime number / & S,

Trace(p (Froby)) = a;(f), det(p(Froby)) = e()i* ",

where Frob; is a Frobenius element at /.
By the condition (i), we know that p factors through the Galois group G g of the maximal
Galois extension of Q unramified outside S. Then we put

p:=p @modp):Gs - GLy(k).

Received April 22, 2003; revised May 6, 2004
The author is a JSPS Postdoctoral Fellow in Department of Mathematics, Kyoto University.




444 ATSUSHI YAMAGAMI

We say that the deformation problem for p is unobstructed if we have
H*(Gs, Ad(p)) =0,

where Ad(p) is the adjoint representation associated to p, i.e., the matrix ring M5 (k) of degree
2 over k on which Gs-action is given by

o-M:=p)Mp0)™" (0 € Gs, M € Ma(k)).

Weston [23, Theorem 1] showed that if £ > 2, then p is absolutely irreducible and the defor-
mation problem for p is unobstructed for almost all p by means of the theory of irreducible
admissible automorphic representations and the theory of Dieudonné modules. The aim of
this paper is to give a simpler proof than his method in some cases using elementary calcula-
tions of representation matrices of Ad(p). Namely, in this article, we shall give another proof
of the following

MAIN THEOREM. Let f be a primitive form of level N, weight k > 2 and character ¢.
We assume that there are only finitely many prime ideals p of Q(f) for which the restriction
of p to the inertia group at each prime number q € S\ {p, 00} is irreducible. Then for almost
all prime ideals p of Q(f), p is absolutely irreducible and the deformation problem for p is
unobstructed.

We put sfin .= §\ {oo0}. We denote by D, (resp. I,) the decomposition (resp. inertia)
group at ¢ in Gs. In Section 1, we define the Selmer groups Sel(M) for k[G s]-modules M
and obtain the following exact sequence of the Galois cohomology groups:

Sel(Ad(5)(1)Y — H?(Gs. Ad(5))
- P H Q. A1),

gesfin

where Ad(p)(1) is the Tate twist of Ad(p) by the mod p cyclotomic character x and the
symbol V stands for the dual space of k-vector spaces (cf. Proposition 1.2). Then we apply a
result of Diamond, Flach and Guo [4, Theorems 7.15 and 8.2] on the vanishing of the Selmer
groups, which is based on the method of Wiles [24] completed with Taylor [21], and get a
condition for Sel(Ad(p)(1)) = 0 (Theorem 1.4). In Section 2, we give some conditions for
H%(Q. Ad(p)(1)) = O at g = p and each ¢ € S\ {p} for which f|y, is reducible. In
this situaion, twisting p|p, by a suitable local character ¥, at g enables us to obtain some

conditions for H O(Qq, Ad(p)(1)) = 0 by means of representation matrices of Ad(p)(1).
Putting these conditions together, we obtain the Main Theorem.

REMARK 0.1. As to the case where ¢ # p and p|j, is irreducible, we can see cal-

culations of Weston on the vanishing of H O(Qq, Ad(p)(1)) with supercuspidal automorphic
representations in the proof of [23, Proposition 3.2]. Also, in [23, Section 5.4], we can see
examples of the unobstructedness of deformation problems for p associated to the primitive
forms of level 1 and weight 12, 16, 18, 20, 22 and 26.
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REMARK 0.2. As to the case of weight 2, by a result of Flach [8, Theorem 2] on the
unobstructedness of residual representations associated to elliptic curves, Mazur [16, Corol-
lary 2] showed that if f is a newform having Fourier coefficients in Q of weight 2 with trivial
character and not of CM-type, then the set of prime numbers p for which p is absolutely
irreducible and the deformation problem for p is unobstructed is of Dirichlet density 1. This
result has been generalized by Weston [23, Theorem 1] to the case of any type.

REMARK 0.3. For a newform f and an odd prime number p, Gouvéa [10, Question
II1.5] conjectured that if the mod p representation p associated to f is absolutely irreducible,
any deformation of p to a complete Noetherian local ring with residue field k is associated to
a Katz’s p-adic eigenform. (For the details of deformation theory of residual representations,
see [15], and for Gouvéa’s conjecture, see [10, Chapter III].) The author [25, Main Theorem]
proved that if the deformation problem for p is unobstructed, then Gouvéa’s conjecture is
true. (The proof of this theorem is based on the method of Gouvéa and Mazur [12]. See also
Bockle’s article [2].) Therefore, by his work combined with [23, Theorem 1], we see that
Gouvéa’s conjecture is true for almost all p when the weight of f is greater than 2.

We denote by Q, Q,, R and C the fields of rational numbers, p-adic numbers, real
numbers and complex numbers, respectively and by Z and Z,, the rings of integers and p-adic
integers, respectively. We denote by F,, the finite field consisting of ¢ elements. We fix once

and for all an embedding Q < Q, for each rational place v.

Acknowledgement. The author is grateful to Doctor T. Ochiai for worthy advice about
the result of Diamond, Flach and Guo [4] on the vanishing of the Selmer groups, and to Doctor
M. Kisin for worthy advice about a relation between level and character. He also thanks the
referees for giving him many comments on the manuscript.

1. The Galois cohomology groups and the Selmer groups

Let p be an odd prime number, S a finite set of rational places containing p and co and
G s the Galois group of the maximal Galois extension of Q unramified outside S. Let F be a
finite extension of Q,, O the ring of integers of F* with a prime element 7 and k the residue
field of F. Let M be a finite flat O-module with G s-action. Then we put

Vi=M®oF, W:=M®®oF/O, M:=MQpk.

We consider the Galois cohomology groups H'(Gg, A) fori = 0,1 and 2 with A =
M, V, W or M (for the definition of the Galois cohomology groups, see [22, Section 1]). For
each v € S, we regard the absolute Galois group G, of Q, as a decomposition group at v in
Gs. We denote by H'(Q,, A) the local Galois cohomology group H' (Gq,,A) and by

res, : H'(Gs, A) — H'(Q,, A)

the natural restriction map.
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For each v € S, we define the subgroup H} (Qu, A) of H'(Q,, A) as follows: First
following Bloch and Kato [1, Section 3], we define

res

Ker(H'(Q,, V)— H'(1,,V)), if v#p,

H! v, V)=
7@ ¥ :Ker<H‘(Qp,V)+H‘(QP,V®BCWS>), if v=p,

where I, is the inertia group at v in G, and Beys is the ring defined by Fontaine (see [9,
Section [.2.1]). From the short exact sequence
O—->M—->V-—>W-=>0,
we have an exact sequence of the Galois cohomology groups
H'(Qu. M) » H'(Qu, V) — H'(Qu, W).

Then we define the subgroup H} (Qyu, M) of H'(Q,, M) (resp. H} (Qu, W) of HY(Qy, W)

as the inverse image (resp. the image) of H } (Qy, V) in the exact sequence above. Moreover,

by the inclusion

M = Ker(W W) — w,
we obtain a natural homomorphism
H'(Qu, M) — H'(Qu. W).

Then we define the subgroup H} (Qv, M) of H! (Qy, M) as the inverse image of H} (Qy, W)

under the homomorphism above.

DEFINITION 1.1 (the Selmer groups). We define for A = M, V, W or M

H'(Q,. A)
Sel(A) := Ker (@ resy : H'(Gg, A) — @—) .
ves ves H}(Q“’ A)

REMARK 1.1. Note that we have
H'R,M)=0 and H*’(R,M)=0.
Because fori = 1 and 2,
0 = £ Gal(C/R) - Ker(H' (R, M)—> H' ({1}, M))
=2.Ker(H (R, M) — 0)
=2.-H'(R, M)

by [19, Chapter I, Proposition 9] and the assumption that p is odd.
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DEFINITION 1.2 (the Tate-Shafarevich groups). We put §fin.— §\ {00} and define

1 (M) := Ker ( P resy : H'(Gs. M) > P H'(Q,. M)) ,

gesfin geshin
I2(M) := Ker ( P res, : H*(Gs. M) -~ P H* Q. M)) .
gesfin geshin
Note that
ITT' (M) C Sel(M).
We now recall duality theorems of the Galois cohomology groups without their proofs:

THEOREM 1.1. (1) (Global Tate Duality. cf. [13, Theorem 4.50(1)]) There exists
a non-degenerate pairing

' (m) x m*mv 1)) — k,
where M is the dual space Homy, (M, k) of M with G s-action defined by
(@-9)m) =g 'm) (0 €Gs. peM’, meM),

and M" (1) is the Tate twist of MV by the mod p cyclotomic character X.
(2) (Local Tate Duality. cf. [17, Theorem 1.4.1]) For each q € S, there exists a
non-degenerate pairing

H*(Qq, M) x H*(Q,, MV (1)) — k.

By these duality theorems, we have an important exact sequence of the Galois cohomology
groups:

PROPOSITION 1.2. We have an exact sequence
Sel(M" (1)) — H*(Gs. M) —» € H°(Qq. M¥(1))".
geshin

Démonstration. By the inclusion ITT' (MY (1)) < Sel(MY (1)) and Theorem 1.1(1), we
have an exact sequence

(i) Sel(MY (1))Y — TII*(M) — 0
because taking dual spaces is an exact contravariant functor and
(MY ()Y =M
as G s-modules. On the other hand, by the definition of ITI?(M) and Theorem 1.1(2), we have
an exact sequence
(ii) 0— II*(M) - H*(Gs. M) > @D H(Qq. M" (1)
gesfin
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Then by the exact sequences (i) and (ii), we obtain

Sel(M" (1))Y — H*(Gg, M) — EB H(Q,, MY (1)) .
qESﬁ“
O

In the following, we use the same notation as in the Introduction. We put M := Endp (O x O)
on which G acts via Ad(p). Since the adjoint representation Ad(p) associated to p is nothing
but M = M @ k and Ad(p)Y = Ad(p) as Gs-modules, we have an exact sequence

(*) Sel(Ad(p) (1)) — H*(Gs, Ad(p))

- P H@Qq. Ad(H)(1))”

gesthin

by Proposition 1.2.
By the natural identification {(4 ®)|a € k} = k, we have the decomposition

Ad(p) = Ad’(p) @ k

as G g-modules, where Ado(ﬁ) is the subrepresentation of Ad(p) consisting of all elements
having trace 0 in Ad(p). Note that G g acts trivially on k. Then we obtain

Ad(p)(D) = A’ (D) (1) @ k(1)
and
Sel(Ad(p)(1)) = Sel(Ad’(5)(1)) & Sel(k(1)).
PROPOSITION 1.3. We have
Sel(k(1)) =0 and Sel(Ad(p)(1)) = Sel(Ad°(5)(1)).
Démonstration. Since k(1) = F,(1) QF, k, we have
Sel(k(1)) = Sel(F(1)) ®r, k.
So it suffices to show that Sel(F,(1)) = 0. By Kummer Theory, we see that
Sel(F, (1)) = Sel(Z/ pZ(1))

H1<Qq,Z/pZ(1>))

— . 1
= Ker<@ res, : H'(Gs. Z/pZ(1)) > P HI Q. 2/p2(1)

q e Sfin q e Sfin

:Ker< P ordy() (mod p) : Q*/(Q*)” — P Z/pZ)

q:all primes g:all primes

=0.

Here ord, is the g-adic valuation normalized by ord, (¢) = 1. O
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Applying the results of Diamond, Flach and Guo [4] on the vanishing of the Selmer
groups, we have the following

THEOREM 1.4. Ifa prime ideal p of Q(f) satisfies the condition
(C1) O is irreducible, p1 n? and p1NQ2k —1)2k — 3)k!,
then we have

Sel(Ad(5)(1)) = 0,

where 77? is the congruence ideal defined in [4, Section 6.4]. Especially, for almost all p, the
Selmer group Sel(AdO(ﬁ)(l)) vanishes.

Démonstration. Let V be the G g-module consisting of the trace 0 endomorphisms on
the representation space of p over Q(f)y and M its O-lattice with G g-action via Ad(p). Note

that we have M(l) = AdO(,5)(1).
By the exact sequence

0— M(l) - W(l) - W) — 0
of G g-modules, we have the exact sequence
HGs, W(1)) — H'(Gs, M(1)) - H'(Gs, W(1))

of the Galois cohomology groups. Since p is irreducible, we have H%(Gg, W(1)) = 0. Then
we obtain an inclusion

Sel(M(1)) < Sel(W(1)).

So in order to prove the theorem, it suffices to show that Sel(W (1)) = 0 under the condition
(Cl).
By the exact sequence

0—- M) - VI)—> W)= 0

of G g-modules, we have the exact sequence

H'Gs, V(1) H'(Gs, W(1) > HA(Gs. M(1)
of the Galois cohomology groups. Then we obtain the exact sequence
0 — ¢(Sel(V(1))) = Sel(W(1)) — ¢ (Sel(W(1))) — 0.

By [4, Theorem 8.2], we know that ¢ (Sel(V (1))) = 0 under the condition (C1). On the other
hand, we also obtain another exact sequence

0 — ¢'(Sel(V)) — Sel(W) — ¢/(Sel(W)) — 0
of the Selmer groups from the exact sequence

O—-M—->V-—->W-=>0
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of Gs-modules with suitable homomorphisms ¢’ and . We note that the Selmer group
Sel(W) is included in the O-module H g (Gq, W) defined in [4, Section 7.1], which vanishes
under the condition (C1) by [4, Theorem 7.15]. Then we have

¢/ (Sel(V)) = 0.

Since M is O-free, we see that the Pontryagin dual of W is isomorphic to W (1) as Ggs-
modules. By [7, Theorem 1], we then have

Sel(W(1)) =0

as desired. By [4, Lemma 7.13], we know that p is irreducible for almost all prime ideals p.
So the last assertion is verified. a

2. The vanishing of H°(Q,, Ad(5)(1))

In this section, we shall give some conditions for
H(Qq. Ad(p)(1)) =0

for each ¢ € S and prove the Main Theorem. We denote by D, (resp. 1) the decomposition
(resp. inertia) group at g in G s. First we consider the case where ¢ = p. We denote by V the
representation space of p. Then we have

Ad(B)(D) = (V@ V) ® (detp) ™' (1)
=(VeVe-khes !
as G g-modules, where (V ® V) (2 — k) is the Tate twist of (V ® V) by 2% and £ is the mod

p reduction of &. We recall some results on mod p modular representations restricted to D),
orl,:
P

THEOREM 2.1 ([5, Theorems 2.5 and 2.6]). We assume that2 <k < p+1land pt N.
(1) Ifap(f) #0 (mod p), then we have

mDN(x"‘n(é(p)ap(f)l) g >
’ 0 nap(f))

with a function £’ : Dy — F),.
(2) Ifa,(f) =0 (mod p), then we have

_ Pkl 0
plr, ~ 0yt

and p|p, is irreducible. Here { and Y’ are the fundamental characters of level 2.

By means of the theorem above, we obtain the following
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PROPOSITION 2.2. We assume the condition (C1) and k > 2.
(1) Ifap(f) #0 (mod p) and the following condition is satisfied:

(C2) k#0 (mod p—1),
then we have
H%(Q,, Ad(p)(1)) = 0.
) Ifap(f) =0 (mod p), then
H(Qp. Ad(p)(1)) =0.

Démonstration. By the condition (C1), we see that p > k + 1 and p t N. Therefore we
can apply Theorem 2.1.

(1) By Theorem 2.1(1), the representation matrix of (V®V)(2—k)® g1 is equivalent
to the matrix

Xk 5/ X é/ X 5/2 . )—(27k
0 X 0 E/ . )—(27k
0 0 X E/ . )—(27k
0 0 0 x>k

on D, because ¢ and 7(-) are unramified at p. By the conditions (C1) and (C2), we see that
there exists an element o € I, such that

) #1 or 1* o) #1
because k > 2. Therefore we have
H°(Q,. Ad(5)(1)) =0.

(2) By Theorem 2.1(2), the representation matrix of (V ® V)(2—k) ®& ! is equivalent
to the diagonal matrix

wk*P(k%)

Y (P=Dk+2

on I, because ¥y’ = x and ¥’ = y”. Since the fundamental character ¥ is a surjection
to F;z, we see that YyK—P*=2) and (P~ Dk+2 gre non-trivial under the condition (C1) which

implies that p > 5. Therefore we have

H°(Q,, Ad(p)(1)) = 0.
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Next we consider the case where g # p. By the assumption of the Main Theorem, we
may assume that p|y, is reducible for any g € Sfin\ {p}. We can see easily that there exists a
primitive (p-adic) character v (of conductor d) for which we have either

ordg(N(p @ ¥)) = ordy (C,y2) > 1
or

ordg(N(p ® 1&)) =1 and ord, (Cegﬁ) =0,

and the set of the prime divisors of the least common multiple N’ of N, d* and dC; coincides
with S. Here v is the mod p reduction of ¥ and N(p ® V) and C,y2 are the conductor of
the residual representation 5 ® v and the character 2, respectively. (For the definition of
the conductor of residual representations, see [18], [6].) By [20, Proposition 3.64], the twisted
eigenform f ® ¥ to which 5 ® ¥ is associated is of level N’ and weight k with character e1/2.
We assume that p > 5. Then by a result of Diamond [3, Corollary 1.2] on Serre’s conjecture
about residual modular representations combined with a result of Gouvéa [11, Lemma 7] on
the level of primitive forms, we see that there exists a primitive form g of level N(p ® ¥) and
weight k(5 ® V) > 2 with character (5 ® ¥) to which p ® ¥ is associated, where k(5 ® V)
and &(p @ ) are the weight and the character defined by Serre in [18], respectively. Since we
see that Cg(ﬁ@/-,) = ngz and Ad(p) = Ad(p ® ¥) as Gs-modules, it suffices to investigate

the vanishing of H O(Qq, Ad(p)(1)) with the primitive form g having the following properties:

ordy(N(p ® V) = ordy (C, (5ey)) = 1
or

ord;(N(p ® 1/_/)) =1 and ord,(C )) =0.

e(pY
REMARK 2.1. We will see later that the conditions for the vanishing of

H O(Qq, Ad(p)(1)) for all ¢ # p are independent of the weight of eigenforms to which p
is associated. This fact guarantees that the above argument works well in the proof of the
Main Theorem, although the weight k(5 ® ) can be equal to 2.

Now we recall some results on p-adic modular Galois representations p associated to a
primitive form g of level N, weight k > 2 and character ¢:

THEOREM 2.3 (Langlands [14], see [13, Theorem 3.26(3)]). Let g be a prime divisor
of N. We assume that g # p. Let x be the p-adic cyclotomic character and n(x) the unrami-
fied character on Dy such that n(x)(Frob,) = x.

(1) Ifordy(N) = ord,;(C¢) > 1, then we have

k—1 —1
_ (ex"*nlaq(9) 0 )
Plp, ( 0 nag(9))
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(2) Ifordy(N) = 1andord;(C;) = 0, then we have
plo, ~ <n(aq(()g))x n(a:(g))) ’
and p|p, is ramified.
Weput 5/ = p® ¥, k' := k(p') and ¢’ := £(p'). We denote the representation space of 5’
by V’. Then we have
AdpY(DH =V RVHI2e-K)®d!

as G g-modules, where &’ is the mod p reduction of ¢’. We are going to give some conditions
for p > 5 under which (V' ® V/)(2 — k') ® & ~! has no Gq,-invariant element by showing
the following

PROPOSITION 2.4. (1) Inthe case where ord, (N(PH) = ord, (Cg), we have

H%(Qq, Ad(p)(1)) = 0.

(2) In the case where ordy(N(p)) = 1 and ordy(Cy) = 0, we assume the following
condition:

(C3) g # 1 (mod p),
then we have
H%(Qq, Ad(5)(1)) =0.
Démonstration. (1) By Theorem 2.3(1), the representation matrix of (V' ® V/)(2 —
k') ® &~ is equivalent to the diagonal matrix
&%  n(aq(9)

X
& 72  nag(9))?

on Dy . Since y is non-trivial and unramified by the condition (C3), &’ is ramified and 1 (a4 (¢))
is unramified at ¢, we see that all diagonal components are non-trivial characters. We then
have

H°(Q,, Ad(p)(1)) =0.

(2) We note that p’ is ramified at g. By Theorem 2.3(2), we have

Lo (nlag(g)x 3 )
Plp, < 0 n(aq(9))
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with a function § : D, — F - Then we see that the representation matrix of (V' ® V')(2 —

k') ® &~ is equivalent to the matrix

2 o0z 0z on”?
o x 0 7
0 0 X n
0o 0 o0 1

on D, where n =& n(aq(g))’]. If there exist elements a, b, ¢, d € l_Tp such that

x20) n'x@) n'x@) 1)

a a
0 x(0) 0 n' (o) bl _|b
0 0z qw ||| P
0 0 0 1 d d
then we see that
(D 32(@)a+n'7@)b+15 @)+ (0)d=a,
(2) (x(@) =D —-0) =0,
(3) (X(0) = Db+1n'(0)d =0,

for any o € D,. By the condition (C3), we see that x (Frob,) = g (mod p) # 1in F;. Then
b = c by the equation (2). Since p is ramified at g, there exists an element oy € I, such that
1’ (00) # 0. Taking o as o in the equation (3), we have d = 0. Then, taking Frob, as o in the
equation (3), we have b = ¢ = 0. This implies a = 0 by the equation (1). Therefore we have

H°(Qg, Ad(p)(1)) = 0.
O

Note that in the case where p does not divide 2, p is absolutely irreducible if and only if it is
irreducible, because the residual modular representation p is odd, i.e., the image of complex
conjugation under p has determinant — 1. Then by putting Theorem 1.4, Propositions 1.3, 2.2
and 2.4 together, the Main Theorem is proven because of the exact sequence () in Section 1.
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