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Abstract. In a symmetric space of non-compact type, we have recently defined the notion of a complex equifo-
cal submanifold. In this paper, we introduce the notion of an infinite dimensional anti-Kaehlerian isoparametric sub-
manifold. We show that the investigation of complete real analytic complex equifocal submanifolds is reduced to
that of infinite dimensional anti-Kaehlerian isoparametric submanifolds. Also, we show that an infinite dimensional
anti-Kaehlerian isoparametric submanifold is multi-foliated by complex spheres (or complex affine subspaces) and
that the main part of the focal set of the submanifold at each point consists of some complex hyperplanes in the
normal space.

1. Introduction

In 1995, C. L. Terng and G. Thorbergsson [49] defined the notion of an equifocal sub-
manifold in a symmetric space as a submanifold with globally flat and abelian normal bundle
such that the focal radii for each parallel normal vector field are constant. This notion is a
general one of isoparametric submanifolds in the Euclidean space and isoparametric hyper-
surfaces in a sphere or a hyperbolic space. They showed that the investigation of equifocal
submanifolds in a symmetric space of compact type is reduced to that of isoparametric sub-
manifolds in a (separable) Hilbert space through a Riemannian submersion of a Hilbert space
onto the symmetric space. Here isoparametric submanifolds in the Hilbert space are proper
Fredholm submanifolds with globally flat normal bundle such that, for each parallel normal
vector field v, the spectrum of the shape operator of direction v is constant. The following
problem is one of open problems in [49].

Is there the similar argument for equifocal submanifolds in a symmetric space of non-
compact type?

Recently we tackled this problem. Concretely we defined the notion of a real isopara-
metric submanifold in a pseudo-Hilbert space and showed that the investigation of equifocal
submanifolds in a symmetric space of non-compact type is reduced to that of real isoparamet-
ric submanifolds in a pseudo-Hilbert space. However, the following example indicates that
the equifocality is a rather weak (non-rigid) condition for submanifolds in a symmetric space
of non-compact type.
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EXAMPLE 1. Let M be the set of all submanifolds in the m-dimensional hyperbolic
space Hm(c) of constant curvature c (< 0) such that, for each unit normal vector v of M ,

all the absolute values of principal curvatures of direction v are smaller than
√−c

2 . Then, for
an arbitrary M ∈ M and a sufficiently small positive constant ε, the ε-tube tε(M) of M has
the only focal radius ε at each point. Hence tε(M) is equifocal. Thus the equifocality in a
symmetric space of non-compact type is a rather weak condition than that in a symmetric
space of compact type.

In the case where the ambient symmetric space is of non-compact type, we considered
that the notion of the focal radius should be defined in the complex number field and recently
defined the notion of a complex focal radius in [25]. We [25] recently defined the notion
of a complex equifocal submanifold as a submanifold with globally flat and abelian normal
bundle such that complex focal radii for each parallel normal vector field are constant. Note
that the ε-tube tε(M) is not complex equifocal for almost all M ∈ M and a sufficiently small
positive number ε, where M is the class of submanifolds in Hm(c) as in Example 1. It is
shown that isoparametric submanifolds with flat section in the sense of Heintze-Liu-Olmos
[16] are complex equifocal and that the converse also holds under certain condition (see The-
orem 15). Also, we [25] recently defined the notion of a complex isoparametric submanifold
in the pseudo-Hilbert space as a Fredholm submanifold with globally flat normal bundle such
that complex principal curvatures for each parallel normal vector field are constant. Here we
note that the inverse numbers of the complex principal curvatures give complex focal radii of
the submanifold and hence complex isoparametric submanifolds are interpreted as complex
equifocal submanifolds in the pseudo-Hilbert space. Further, we [25] defined the notion of a
proper complex isoparametric submanifold in the space and the notion of the complex reflec-
tion group associated with the submanifold. We [25] showed that the investigation of curva-
ture adapted and complex equifocal submanifolds in a symmetric space of non-compact type
is reduced to that of complex isoparametric submanifolds in a pseudo-Hilbert space through a
pseudo-Riemannian submersion of the pseudo-Hilbert space onto the symmetric space. Here
a curvature adapted submanifold is a submanifold such that for each normal vector v, R(·, v)v
preserves the tangent space of the submanifold and Av and R(·, v)v are commutative, where
A is the shape tensor of the submanifold andR is the curvature tensor of the symmetric space.
(Non-real) complex focal radii are imaginary notions because the focal points corresponding
to them do not exist. So we need to catch the geometrical essence of complex focal radii.
For its purpose, we should define the complexifications of the ambient symmetric space and
the ambient pseudo-Hilbert space and the extrinsic complexification of a submanifold. Let
G/K be a symmetric space of non-compact type, where, without loss of generality, G can
be assumed to be a connected semi-simple Lie group and have its complexification, and K
can be assumed to be a maximal compact subgroup of G. Since G admits a faithful linear
representation, we can define the complexificationGc (resp.Kc) ofG (resp.K) and the com-
pact dual G∗ (⊂ Gc) of G. In the sequel, we assume that the compact dual G∗ is simply
connected. Hence, since Gc = G∗c and G∗c is regarded as the tangent bundle of G∗, Gc is
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simply connected. Therefore, (Gc,Kc) is a symmetric pair andGc/Kc is a simply connected
(pseudo-Riemannian) symmetric space. Also,Gc/Kc is an anti-Kaehlerian manifold in a nat-
ural manner. We call this anti-Kaehlerian manifold Gc/Kc the anti-Kaehlerian symmetric
space associated with G/K . We regard Gc/Kc as the complexification of G/K . Also, we
consider the infinite dimensional anti-Kaehlerian space (V c,Re〈 , 〉c) as the complexification
of a pseudo-Hilbert space (V , 〈 , 〉). Further we define the extrinsic complexifications of sub-
manifolds in G/K as anti-Kaehlerian submanifolds in Gc/Kc, where we need to assume that
the submanifolds are complete and real analytic. Let M be a complete real analytic subman-
ifold in G/K and Mc be its extrinsic complexification. Note that Mc is an anti-Kaehlerian
submanifold inGc/Kc. For an anti-Kaehlerian submanifold in a general anti-Kaehlerian man-
ifold, we define complex focal radii as the notion one-to-one corresponding to the focal points
of the submanifold. We show that complex focal radii of M coincide with those of Mc along
M (⊂ Mc). Thus we can catch the geometrical essence of complex focal radii of M as focal
points ofMc. By using the complex focal radii, we introduce the notion of an anti-Kaehlerian
equifocal submanifold in an anti-Kaehlerian symmetric space. Also, we introduce the notion
of an anti-Kaehlerian isoparametric (and proper anti-Kaehlerian isoparametric) submanifold
in the infinite dimensional anti-Kaehlerian space. We show that a complete real analytic sub-
manifold M is complex equifocal in G/K if and only if Mc is anti-Kaehlerian equifocal in
Gc/Kc (see Theorem 5). In general, the submanifold theories in Riemannian manifolds with
negative curvature and pseudo-Riemannian manifolds seem to be closely connected with the
anti-Kaehlerian submanifold theory. Let π c : Gc → Gc/Kc be the natural projection and
φc : H 0([0, 1], gc) → Gc be the parallel transport map forGc. See §6 about the definition of
φc. The complex Lie group Gc becomes an anti-Kaehlerian manifold with respect to the bi-
invariant pseudo-Riemannian metric inducing the metric of Gc/Kc and the natural complex

structure. Also, the space H 0([0, 1], gc) becomes an infinite dimensional anti-Kaehlerian
space with respect to the non-degenerate inner product defined from the Ad(Gc)-invariant
non-degenerate inner product of gc inducing the bi-invariant pseudo-Riemannian metric of
Gc. It is shown that φc is an anti-Kaehlerian submersion. The main theorem of this paper is
as follows.

THEOREM 1. Let M be a complete real analytic submanifold with globally flat and
abelian normal bundle in a symmetric space G/K of non-compact type. Then the following
statements (i) and (ii) hold:

(i) M is complex equifocal if and only if each component of (π c ◦ φc)−1(Mc) is anti-

Kaehlerian isoparametric in H 0([0, 1], gc). In detail, for each unit normal vector v of M ,
complex focal radii along the geodesic γv coincide with the inverse numbers of complex prin-

cipal curvatures of the horizontal lift (ι∗v)L-direction, where ι is the natural immersion of
G/K into Gc/Kc.

(ii) Assume thatM is curvature adapted. ThenM is complex equifocal inG/K and for

each w ∈ (T ⊥M)c and each α ∈ 
+ with αc(g−1∗ w) �= 0, ±αc(g−1∗ w) is not eigenvalues of
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Ac
w|g∗�c

α
if and only if each component of (πc ◦φc)−1(Mc) is proper anti-Kaehlerian isopara-

metric in H 0([0, 1], gc), where g is a representative element of the base point of w and 
+ is
the positive root system with respect to a maximal abelian subspace (equipped with some lex-
icographical ordering) whose complexification contains g−1∗ w and pc

α is the complexification

of the root space for α ∈ 
+. Further, each component of (πc ◦ φc)−1(Mc) then extends to a
complete proper anti-Kaehlerian isoparametric submanifold.

REMARK 1. (i) All isoparametric submanifolds in a Euclidean space are catched as
the level sets of an isoparametric map (which is a polynomial map) and hence they are real
analytic submanifolds. Also, all isoparametric hypersurfaces in a sphere or a hyperbolic space
are catched as the level sets of an isoparametric function (which is a polynomial function) and
hence they are real analytic. Also, all known examples of equifocal submanifolds and all
examples of complex equifocal submanifolds given in this paper are real analytic. Thus the
assumption that submanifolds are real analytic seems to be admissible.

(ii) According to this theorem, the investigation of complete real analytic complex
equifocal submanifolds in a symmetric space of non-compact type is replaced by that of
anti-Kaehlerian isoparametric submanifolds in an infinite dimensional anti-Kaehlerian space.
Anti-Kaehlerian isoparametric submanifolds in the anti-Kaehlerian space seems be easier to
treat than complete real analytic complex equifocal submanifolds in the symmetric space be-
cause the complex focal radii of the complex equifocal submanifold are imaginary but those
of the anti-Kaehlerian isoparametric submanifold correspond to its focal points and further
the ambient space is a linear space.

(iii) In the statement (ii) of this theorem, the condition for the eigenvalues of Ac
w im-

plies that M has no imaginary focal point on the ideal boundary of G/K . Hence, it is con-
jectured that each component of (πc ◦ φc)−1(Mc) is a proper anti-Kaehlerian isoparametric
submanifold for each (not necessarily curvature adapted) complex equifocal submanifold M
having no imaginary focal point on the ideal boundary of G/K .

(iv) WhenM is immersed by f and hence Mc is immersed by the complexification f c

of f , (πc ◦ φc)−1(Mc) means a submanifold M̃c := {(x, u) ∈ Mc ×H 0([0, 1], gc) | f c(x) =
(πc ◦ φc)(u)} immersed by f̃ c : (x, u) ∈ M̃c ↪→ u ∈ H 0([0, 1], gc).

For proper anti-Kaehlerian isoparametric submanifolds, we prove the following result.

THEOREM 2. Let (M, 〈 , 〉, J ) be a proper anti-Kaehlerian isoparametric subman-
ifold in the infinite dimensional anti-Kaehlerian space (V , 〈 , 〉, J̃ ), {λi | i ∈ I } (resp.
{vi | i ∈ I }) be the set of all complex principal curvatures (resp. the set of all complex cur-
vature normals) of (M, 〈 , 〉, J ) and Ei (i ∈ I ) be the complex curvature distribution for λi .
Then the following statements (i) and (ii) hold:

(i) The focal set of (M, x) coincides with the sum
⋃
i∈I λi(x)−1(1) of the complex

hyperplanes λi(x)−1(1) (i ∈ I ).
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(ii) Ei (i ∈ I ) is totally geodesic on M . If λi �= 0, then the leaves of Ei are open

potions of complex spheres of radius
√
λi(vi)|λi(vi)| (this quantity is constant over M) and the mean

curvature vector of leaves of Ei is equal to vi . Also, if λi = 0, then the leaves of Ei are open
potions of complex affine subspaces.

REMARK 2. According to the fact (i), a complex reflection group associated with each
proper anti-Kaehlerian isoparametric submanifold (M, 〈 , 〉, J ) is defined as the group gen-

erated by the reflections (of angle π) of the normal space T ⊥
x M with respect to the complex

hyperplane λi(x)−1(1) (i ∈ I ). We conjecture that this group is discrete if M is properly
immersed.

For a complete real analytic complex equifocal submanifold M , the focal set of (Mc, x)

coincides with that of ((πc ◦ φc)−1(Mc), u) (u ∈ (πc ◦ φc)−1(x)) because πc ◦ φc is an
anti-Kaehlerian submersion. Hence we shall call the above complex reflection group associ-

ated with the proper anti-Kaehlerian isoparametric submanifold (π c ◦φc)−1(Mc) the complex
reflection group associated with M . Here we state a plan of research of complex equifocal
submanifolds for the future.

A plan of research for the future. We plan to research complex equifocal submani-
folds in terms of the associated complex reflectioin group. For example, we plan to investigate
if a splitting theorem of Ewert-type (see [9]) holds for complex equifocal submanifolds and
the associated complex reflection groups.

It is very worth to find systematic constructions of homogeneous complex (or anti-
Kaehlerian) equifocal submanifolds and homogeneous complex (or anti-Kaehlerian) isopara-
metric ones. We can find the following systematic constructions of those homogeneous sub-
manifolds.

THEOREM 3. LetG/K be a symmetric space of non-compact type andH be the group
of all fixed points of an involution σ ( �= idG) ofG or a closed subgroup of G whose action on
G/K is of cohomogeneity one. Then the following statements (i)–(vi) hold:

(i) All principal orbits of the H -action on G/K are complex equifocal.
(ii) All principal orbits of the H × K-action on G are complex equifocal, where we

give G the bi-invariant pseudo-Riemannian metric inducing the Riemannian metric of G/K .

(iii) All principal orbits of the P(G,H × K)-action on H 0([0, 1], g) are complex
isoparametric.

(iv) All principal orbits of the H c-action on Gc/Kc are anti-Kaehlerian equifocal,
where H c = exp gc

H .
(v) All principal orbits of the H c ×Kc-action on Gc are anti-Kaehlerian equifocal.

(vi) All principal orbits of the P(Gc,H c × Kc)-action on H 0([0, 1], gc) are anti-
Kaehlerian isoparametric.
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We introduce the notions of complex hyperpolar actions on a symmetric space of non-
compact type, a semi-simple Lie group equipped with a bi-invariant pseudo-Riemannian met-
ric and a pseudo-Hilbert space, and that of an anti-Kaehlerian hyperpolar action on an infi-
nite dimensional anti-Kaehlerian space (see §10). Principal orbits of a complex hyperpolar
action on a symmetric space of non-compact type (resp. a pseudo-Hilbert space) are com-
plex equifocal (resp. complex isoparametric) (see Theorem 12) and principal orbits of an
anti-Kaehlerian hyperpolar action on an infinite dimensional anti-Kaehlerian space are anti-
Kaehlerian isoparametric (see Theorem 14). For these complex and anti-Kaehlerian hyperpo-
lar actions, we prove the following fact.

THEOREM 4. Let G/K be a symmetric space of non-compact type and H be a closed
subgroup of G. Then the following statements (i)–(iii) are equivalent:

(i) the H -action (on G/K) is complex hyperpolar,
(ii) the P(G,H ×K)-action (on H 0([0, 1], g)) is complex hyperpolar,

(iii) the P(Gc,H c × Kc)-action (on H 0([0, 1], gc)) is anti-Kaehlerian hyperpolar,
where P(G,H×K) := {g ∈ H 1([0, 1],G) | (g(0), g(1)) ∈ H×K} and P(Gc,H c ×Kc) :=
{g ∈ H 1([0, 1],Gc) | (g(0), g(1)) ∈ H c ×Kc}.

In §2, we recall basic notions and facts. In §3, we first introduce the notion of a com-
plex focal radius for an anti-Kaehlerian submanifold. Next we introduce the notion of the
associated anti-Kaehlerian symmetric space as a complexification of a symmetric space of
non-compact type and that of an anti-Kaehlerian equifocal submanifold in the anti-Kaehlerian
symmetric space. In §4, we define the extrinsic complexification of a complete real analytic
submanifold in a symmetric space of non-compact type. In §5, we introduce the notion of
an infinite dimensional anti-Kaehlerian space, and introduce the notions of an anti-Kaehlerian
isoparametric submanifold and a proper anti-Kaehlerian isoparametric one in the space. For
an anti-Kaehlerian isoparametric submanifold, we define the notions of its complex principal
curvatures, its complex curvature distributions and its complex curvature normals. In §6, we
define the notion of the parallel transport map for the complexification of a semi-simple Lie
group. In §7, we prove Theorem 1. In §§8 and 9, we prove Theorems 2 and 3, respectively.
In §10, we introduce the notions of a complex hyperpolar action and an anti-Kaehlerian hy-
perpolar one, and prove Theorem 4. In §11, we first show that isoparametric submanifolds
with flat section in the sense of Heintze-Liu-Olmos ([16]) are complex equifocal and that the
converse also holds under certain condition.

We would like to thank Professor Ernst Heintze for his valuable advice in discussion with
him among staying at Universität Augsburg with respect to the equivalence of the complex
equifocality and the isoparametricness with flat section in the sense of [16] (see Theorem 15).
Also, we would like to thank Professor Yoshihiro Ohnita for introducing [40–44].
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2. Complex equifocal submanifolds

In this section, we recall the notion of a complex equifocal submanifold introduced in
[25]. LetN = G/K be a symmetric space, (g, σ ) be its orthogonal symmetric Lie algebra and
p be the eigenspace for −1 of σ . The subspace p is identified with the tangent space TeKN
of N at eK , where e is the identity element of G. Let M be an immersed submanifold in N

and T ⊥M be its normal bundle. If, for each x(= gK) ∈ M , g−1∗ T ⊥
x M is an abelian subspace

in p, then M is said to have abelian normal bundle. Also, if the normal connection of M is
flat and has trivial holonomy, then M is said to have globally flat normal bundle. Let M be
an immersed submanifold with globally flat and abelian normal bundle in a symmetric space
N . Let ṽ be a parallel unit normal vector field of M . Assume that the number (which may be
0 and ∞) of distinct focal radii along γṽx is independent of the choice of x ∈ M , where γṽx
is the maximal geodesic such that the velocity vector γ̇ṽx (0) of γṽx at 0 is equal to ṽx . Note
that the number is infinite in the case where N is of compact type. Further, assume that the
number is not equal to 0. Let {ri,x | i = 1, 2, · · · } (|ri,x | < |ri+1,x | or ri,x = −ri+1,x > 0)
be the set of all focal radii along γṽx and ri (i = 1, 2 · · · ) be functions on M defined by
assigning ri,x to each x ∈ M . These functions ri (i = 1, 2, · · · ) are called focal radius
functions for ṽ. The normal vector field ri ṽ is called a focal normal vector field for ṽ. If M
is compact and, for each parallel unit normal vector field ṽ of M , the number of distinct focal
radii along γṽx is independent of the choice of x ∈ M and further each focal radius function
for ṽ is constant on M (in the case where the number is not equal to 0), then M is called
an equifocal submanifold. Here we note that each focal radius function has automatically
constant multiplicity. This notion was introduced in [49]. We use the terminology without
assuming the compactness of M .

For a submanifold in a hyperbolic space Hm(c) of constant curvature c, there does not
exist the focal radius corresponding to a principal curvature whose absolute value is smaller
than or equal to

√−c. This fact indicates that imaginary focal radius should be defined for
submanifolds in a complete Riemannian manifold of negative sectional curvature. In [25],
we defined the notion of complex focal radii as imaginary focal radii of submanifolds in a
symmetric space of non-compact type as follows. Let M be an immersed submanifold with
abelian normal bundle in a symmetric space N = G/K of non-compact type. Denote by A
the shape tensor of M . Let v ∈ T ⊥

x M and X ∈ TxM (x = gK). Denote by γv the geodesic in
N with γ̇v(0) = v. The Jacobi field Y along γv with Y (0) = X and Y ′(0) = −AvX is given
by

Y (s) = (Pγv |[0,s] ◦ (Dcosv − sDsisv ◦ Av))(X) ,

where Y ′(0) = ∇̃vY, Pγv |[0,s] is the parallel translation along γv|[0,s],

Dcosv = g∗ ◦ cos(
√−1ad(sg−1∗ v)) ◦ g−1∗
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and

Dsisv = g∗ ◦ sin(
√−1ad(sg−1∗ v))√−1ad(sg−1∗ v)

◦ g−1∗

(see [49] or [23] in detail). Here ad is the adjoint representation of the Lie algebra g of G.
SinceM has abelian normal bundle, all focal radii (other than conjugate radii) ofM are strong
focal radii in the sense of [26] (see the proof of Theorem A in [26]). Hence all focal radii
(other than conjugate radii) of M along γv are catched as real numbers s0 with Ker(Dcos0v −
s0D

si
s0v

◦Av) �= {0}. So, we call a complex number z0 with Ker(Dcoz0v
− z0D

si
z0v

◦Ac
v) �= {0} a

complex focal radius ofM along γv and call dim Ker(Dcoz0v
− z0D

si
z0v

◦Ac
v) the multiplicity of

the complex focal radius z0, where Dcoz0v
(resp. Dsiz0v

) implies the complexification of a map

(g∗ ◦ cos(
√−1z0ad(g−1∗ v)) ◦ g−1∗ )|TxM

(
resp.

(
g∗ ◦ sin(

√−1z0ad(g−1∗ v))√−1z0ad(g−1∗ v)
◦ g−1∗

)∣∣
TxM

)
from TxM

to TxN c. Also, for a complex focal radius z0 ofM along γv , we call z0v (∈ T ⊥
x M

c
) a complex

focal normal vector of M at x. Further, assume that M has globally flat normal bundle. Let
ṽ be a parallel unit normal vector field of M . Assume that the number (which may be 0 and
∞) of distinct complex focal radii along γṽx is independent of the choice of x ∈ M . Further
assume that the number is not equal to 0. Let {ri,x | i = 1, 2, · · · } be the set of all complex
focal radii along γṽx , where |ri,x | < |ri+1,x | or “|ri,x | = |ri+1,x | & Re ri,x > Re ri+1,x” or
“|ri,x | = |ri+1,x | & Re ri,x = Re ri+1,x & Im ri,x = −Im ri+1,x > 0”. Let ri (i = 1, 2, · · · )
be complex valued functions on M defined by assigning ri,x to each x ∈ M . We call these
functions ri (i = 1, 2, · · · ) complex focal radius functions for ṽ. We call ri ṽ a complex focal
normal vector field for ṽ. If, for each parallel unit normal vector field ṽ of M , the number of
distinct complex focal radii along γṽx is independent of the choice of x ∈ M , each complex
focal radius function for ṽ is constant on M and it has constant multiplicity, then we callM a
complex equifocal submanifold.

REMARK 3. In 1998, H. Ewert [10] defined the notion of a strongly equifocal hyper-
surface in a symmetric space of non-compact type. Easily we can show that all strongly
equifocal hypersurfaces are complex equifocal. However, the converse does not hold.

In a pseudo-Riemannian symmetric space, we can define the notion of a complex equifo-
cal submanifold similarly. We will use the notion in a semi-simple Lie group equipped with a
bi-invariant pseudo-Riemannian metric.

3. Anti-Kaehlerian equifocal submanifolds

In this section, we first introduce the notions of an anti-Kaehlerian submanifold and its
complex focal radius. Let J be a parallel complex structure on an even dimensional pseudo-
Riemannian manifold (M, 〈 , 〉) of half index. If 〈JX, JY 〉 = −〈X,Y 〉 holds for every
X, Y ∈ TM , then (M, 〈 , 〉, J ) is called an anti-Kaehlerian manifold. Let R be the curvature
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tensor of (M, 〈 , 〉, J ). We have the following relations:

(3.1) R(X, Y )J = JR(X, Y ) ,

(3.2) R(JX, JY ) = −R(X, Y ) ,

(3.3) 〈R(X, JY )JY,X〉 = −〈R(X, Y )Y,X〉 ,
where X,Y ∈ TM . Let f be an isometric immersion of an anti-Kaehlerian manifold
(M, 〈 , 〉, J ) into an anti-Kaehlerian manifold (M̃, 〈 , 〉, J̃ ). If J̃ ◦ f∗ = f∗ ◦ J , then we
call (M, 〈 , 〉, J ) an anti-Kaehlerian submanifold in (M̃, 〈 , 〉, J̃ ) immersed by f . Let A
(resp. ∇⊥) be the shape tensor (resp. the normal connection) of (M, 〈 , 〉, J ). We have the
following relations:

(3.4) AJ̃vX = Av(JX) = J (AvX) ,

whereX ∈ TM and v ∈ T ⊥M . Denote by exp⊥ the normal exponential map of (M, 〈 , 〉, J ).
Let v be a unit normal vector of (M, 〈 , 〉, J ) at x. If exp⊥(av + bJv) is a focal point

of (M, x), then we call the complex number a + b
√−1 a complex focal radius along the

geodesic γv .
Let N = G/K be a symmetric space of non-compact type and (g, σ ) be its orthogonal

symmetric Lie algebra, whereG can be assumed to be a connected semi-simple Lie group and
have its complexification,K can be assumed to be a maximal compact subgroup ofG and the
compact dual G∗ of G is assumed to be simply connected as stated in Introduction. Let g =
f + p be the Cartan decomposition. Note that f is the Lie algebra of K and p is identified with
the tangent space TeKN , where e is the identity element ofG. Let 〈 , 〉 be the Ad(G)-invariant
non-degenerate inner product of g inducing the Riemannian metric of N . Let gc, fc, pc and
〈 , 〉c be the complexifications of g, f, p and 〈 , 〉, respectively. Let h be a maximal abelian
subspace of p and p = h +∑α∈
+ pα be the root space decomposition with respect to h, that

is, pα = {X ∈ p | ad(a)2(X) = α(a)2X for all a ∈ h}. Then we have pc = hc +∑α∈
+ pc
α

and pc
α = {X ∈ pc | ad(a)2(X) = αc(a)2X for all a ∈ hc} (α ∈ 
+), where hc, pc

α and
αc are the complexifications of h, pα and α, respectively. We denote {αc | α ∈ 
+} by 
c+
and express pc

α as pαc . We call αc (∈ 
c+) a positive root for hc (under some lexicographical
ordering of hc) and call pc = hc +∑αc∈
c+ pαc the root space decomposition with respect to

hc. Let Gc (resp.Kc) be the complexification of G (resp. K). The real part Re〈 , 〉c of 〈 , 〉c

is an Ad(Gc)-invariant non-degenerate inner product of gc. The restriction Re〈 , 〉c|�c×�c is
an Ad(Kc)- invariant non-degenerate inner product of pc (= TeKc(Gc/Kc)). Denote by 〈 , 〉′
the Gc-invariant pseudo-Riemannian metric on Gc/Kc induced from Re〈 , 〉c|�c×�c . Define

an almost complex structure J0 of pc by J0(X + √−1Y ) = −Y + √−1X (X,Y ∈ p). It is
clear that J0 is Ad(Kc)-invariant. Denote by J̃ the Gc-invariant almost complex structure on
Gc/Kc induced from J0. It is shown that (Gc/Kc, 〈 , 〉′, J̃ ) is an anti-Kaehlerian manifold
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and a pseudo-Riemannian symmetric space. We call this anti-Kaehlerian manifold an anti-
Kaehlerian symmetric space associated with G/K and simply denote it by Gc/Kc.

EXAMPLE 2. We consider the n-dimensional hyperbolic space

Hn(−1) = {(x1, · · · , xn+1) ∈ Rn+1
1 | − x2

1 + x2
2 + · · · + x2

n+1 = −1}
(= SO0(n, 1)/SO(n))

of constant curvature −1, where Rn+1
1 is the (n+ 1)-dimensional Lorentzian space equipped

with the Lorentzian inner product 〈 , 〉1 defined by
〈
∂
∂x1
, ∂
∂xi

〉
1 = −δ1i (i = 1, · · · , n + 1)

and
〈
∂
∂xi
, ∂
∂xj

〉
1 = δij (i, j = 2, · · · , n + 1). The anti-Kaehlerian symmetric space associated

with Hn(−1) is the complex quadric

{(z1, · · · , zn+1) ∈ Cn+1
1 | − z2

1 + z2
2 + · · · + z2

n+1 = −1}
(= SO(n+ 1,C)/SO(n,C)) ,

where Cn+1
1 is the (n + 1)-dimensional anti-Kaehlerian space equipped with the non-

degenerate inner product Re〈 , 〉c
1.

LetM be an immersed anti-Kaehlerian submanifold with globally flat and abelian normal
bundle in the anti-Kaehlerian symmetric spaceGc/Kc. Let ṽ be a parallel normal vector field
ofM . Assume that the number (which may be 0 and ∞) of distinct complex focal radii along
the geodesic γṽx is independent of the choice of x ∈ M . Further assume that the number is
not equal to 0. Let {ri,x | i = 1, 2, · · · } be the set of all complex focal radii along γṽx , where
|ri,x | < |ri+1,x | or “|ri,x | = |ri+1,x | & Re ri,x > Re ri+1,x” or “|ri,x | = |ri+1,x | & Re ri,x =
Re ri+1,x & Im ri,x = −Im ri+1,x > 0”. Let ri (i = 1, 2, · · · ) be complex valued functions
on M defined by assigning ri,x to each x ∈ M . We call this function ri the i-th complex focal
radius function for ṽ.

LEMMA 1. Assume that the multiplicity of the complex focal radius ri (x) (i =
1, 2, · · · ) is independent of the choice of x ∈ M , where the multiplicity of ri (x) implies that of
the focal point corresponding to ri(x). Then the functions ri (i = 1, 2, · · · ) are holomorphic.

PROOF. Define a function Qx : C → C (x ∈ M) by

Qx(z) := det(Dco
(Rez)̃vx+(Imz)J̃ ṽx −Dsi

(Rez)̃vx+(Imz)J̃ ṽx ◦ Â(Rez)̃vx+(Imz)J̃ ṽx ) .

It is clear thatQx is holomorphic. Complex focal radii along γṽx are catched as zero points of
Qx (see the proof of Theorem 5), which is discrete by the holomorphicity ofQx . Fix a number
i0 and x0 ∈ M . Set I0 := {i | |ri(x0)| = |ri0(x0)|}, i1 := min I0 and i2 := max I0. Further, set
I1 := {i | |ri(x0)| = |ri1−1(x0)|} and I2 := {i | |ri(x0)| = |ri2+1(x0)|}. Note that I0, I1 and

I2 are finite. Take a simple closed curve C in the domain D :=
{
z ∈ C

∣∣∣ |ri1−1(x0)|+|ri0 (x0)|
2 <

|z| < |ri0 (x0)|+|ri2+1(x0)|
2

}
which surrounds ri0(x0) and does not surround ri (x0) (i ∈ I0 \ {i0}).
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The functions ri (i = 1, 2, · · · ) are continuous by the constancy of the multiplicities of ri .
Hence we can take a neighborhood U of x0 such that, for every x ∈ U , ri0(x) positions inside
C, ri (x)’s (i ∈ I0 \ {i0}) position outside C and ri (x)’s (i ∈ I1 ∪ I2) do not belong toD. Then
it is clear that other complex focal radii ri(x)’s (i /∈ I0 ∪ I1 ∪ I2, x ∈ U) position outside C.
Let mx be the order of the zero point ri0(x) of Qx . Then we have

ri0(x) = 1

2mxπ
√−1

∫
C

z
Q′
x(z)

Qx(z)
dz (x ∈ U) .

It follows from the continuity of ri0 that mx is independent of the choice of x ∈ U . Define a
complex function Fz (z ∈ C) on M by Fz(x) := Qx(z) (x ∈ M). It is clear that this function
Fz is a holomorphic function on M . Hence, it follows from the above integral representation
that ri0 is holomorphic over U . Further, it follows from the arbitrariness of x0 that ri0 is
holomorphic (over M). q.e.d.

If, for each parallel unit normal vector field ṽ ofM , the number of distinct complex focal
radii along γṽx is independent of the choice of x ∈ M , each complex focal radius function
for ṽ is constant on M and it has constant multiplicity, then we call M an anti-Kaehlerian
equifocal submanifold.

4. The extrinsic complexifications of complete real analytic submanifolds in non-
compact symmetric spaces

In this section, we introduce the new notion of the extrinsic complexifications of com-
plete real analytic submanifolds in symmetric spaces of non-compact type. First we recall
the complexifications of complete real analytic Riemannian manifolds. Let N be a com-
plete real analytic Riemannian manifold. The notion of the adapted complex structure on
a neighborhood U of the 0-section of the tangent bundle T N is defined as the complex
structure (on U ) such that, for each geodesic γ : R → N , the restriction of its differen-

tial γ∗ : TR = C → T N to γ−1∗ (U) is holomorphic. We take U as largely as possible under
the condition that U ∩ TxN is a star-shaped neighborhood of 0x for each x ∈ N , where 0x is
the zero vector of TxN . If N is of non-negative curvature, then we have U = T N . Also, if
all sectional curvatures of N are bigger than or equal to c (c < 0), then U contains the ball
bundle T rN := {X ∈ T N | ||X|| < r} of radius r := π

2
√−c . In detail, see [40 ∼ 44]. Denote

by JA the adapted complex structure on U . The complex manifold (U, JA) is interpreted as
the complexification of N . We denote (U, JA) by Nc and call it the complexification of N ,
where we note that Nc is given no Riemannian metric. In particular, in case of N = Rm (the
Euclidean space), we have (U, JA) = Cm. Also, in the case where N is a symmetric space
G/K of non-compact type, there exists the holomorphic diffeomorphism δ of (U, JA) onto
an open subset of Gc/Kc satisfying the following commutative diagram:
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FIGURE 1.

i(γ−1∗ (U))
γ c

−−→ Gc/Kc

i

� �δ
γ−1∗ (U) −−→

γ∗
(U, JA)

for an arbitrary geodesic γ : R → N = G/K . Here i is the natural bijection of TR onto

C, γ∗ is the differential of γ and γ c is defined by γ c(z) := g0 exp(zg−1
0∗ γ̇ (0))Kc, where g0

is an element of G with γ (0) = g0K and g−1
0∗ γ̇ (0) is regarded as an element of p under the

identification of TeKN and p (g = f + p : the Cartan decomposition of G/K). In this case,
the above value r means the half of the minimal conjugate radius of the compact dual G∗/K
of G/K .

Now we shall define the extrinsic complexifications of complete real analytic submani-
folds in a symmetric space G/K of non-compact type. Let M be an immersed complete real
analytic submanifold in G/K . Denote by f its immersion. Let Mc be the complexification
of M (defined as above). We want to define the complexification f c : Mc → Gc/Kc of f ,
where we shrink Mc to a neighborhood of the 0-section of TM if necessary. For its purpose,
we first define the complexification of a real analytic curve α : R → G/K . Let g = f + p

be the Cartan decomposition associated with G/K and W : R → p be the curve in p with
(expW(t))K = α(t) (t ∈ R), where we note that W is uniquely determined because G/K
is of non-compact type. Since α is real analytic, so is also W . Let W c : D → pc (D :
a neighborhood of R in C) be the holomorphic extension of W . We define the complexifi-
cation αc : D → Gc/Kc of α by αc(z) = (expW c(z))Kc. By using this complexification
of a real analytic curve in G/K , we define the complexification f c : Mc → Gc/Kc of f

by f c(X) := (f ◦ γMX )c(
√−1) (X ∈ Mc (⊂ TM)), where γMX is the geodesic in M with

γ̇ MX (0) = X. Here we shrink Mc to a neighborhood of the 0-section of TM if necessary in

order to assure that
√−1 belongs to the domain of (f ◦ γMX )c for each X ∈ Mc.

PROPOSITION 1. (i) The map f c : Mc → Gc/Kc is holomorphic.
(ii) The restriction of f c to a neighborhood of the 0-section of TM is an immersion.
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PROOF. First we shall show the statement (i). According to Theorem 3.4 of [42], we

have only to show that, for each geodesic γ : R → M , f c ◦ γ∗ : γ−1∗ (Mc) (⊂ TR = C) →
Gc/Kc is holomorphic. Denote by τ the natural coordinate of R. From the definition of f c,
we have

(f c ◦ γ∗)(s + √−1t) = (f c ◦ γ∗)
(
t

(
∂

∂τ

)
s

)
= f c(tγ̇ (s)) = (f ◦ γMtγ̇ (s))c(

√−1) .

Let W : R → p be the real analytic curve in p with (f ◦ γ )(t) = expW(t)K (t ∈ R).

Then we have (f ◦ γMtγ̇ (s))(u) = expW(s + tu)K (u ∈ R) and hence (f ◦ γMtγ̇ (s))c(
√−1) =

exp(W c(s + √−1t))Kc. Thus we obtain (f c ◦ γ∗)(s + √−1t) = exp(W c(s + √−1t))Kc.
It is clear that the complex curve of the right-hand side is holomorphic. Therefore, so is also
f c ◦γ∗. Next we shall show the statement (ii). Denote by UM (resp.U(TM)) the unit tangent
bundle of M (resp. TM). Take Z ∈ UM and η ∈ UZ(TM). Let X : (−ε, ε) → TM be a

real analytic curve with Ẋ(0) = η, where ε is a sufficiently small positive number. Let a be a

positive number with aZ ∈ Mc. Set Xa(s) := aX(s) and ηa := Ẋa(0) (∈ TaZ(TM)). Also,

let W(s) : R → p (s ∈ (−ε, ε)) be the curve in p with (f ◦ γMX(s))(t) = (expW(s)(t))K

(t ∈ R). Set Ŵ (s, t) := W(s)(t) ((s, t) ∈ (−ε, ε) × R) and Ŵ c(s, z) := W(s)c(z) ((s, z) ∈
(−ε, ε)× C). It is clear that Ŵ : (−ε, ε)× R → p is real analytic. Denote by π c the natural

projection of Gc onto Gc/Kc. Easily we have (f∗)∗(ηa) = ((π ◦ exp)∗)∗
(
a ∂

2Ŵ
∂s∂t

(0, 0)
)

and

f c∗ (ηa) = (πc ◦ exp)∗
(
d
ds
W(s)c(a

√−1)
∣∣
s=0

)
. Since Ŵ c(s, z) is real analytic with respect

to s, it is expanded as Ŵ c(s, z) = ∑∞
k=0 s

kwk(z) (wk(z) ∈ pc) on (−ε, ε). Then we have

Ŵ (s, t) = ∑∞
k=0 s

kwk(t). It follows from the holomorphicity of Ŵ c(s, z) with respect to z

that wk : C → pc is holomorphic. Easily we have ∂2Ŵ
∂s∂t

(0, 0) = (w1|R)′(0). Since w1 is

holomorphic and w1(R) ⊂ p, we have (w1|R)′(0) = ((w1)√−1�|√−1R)
′(0) by the theorem of

Cauchy-Riemann, where (w1)√−1� is the
√−1p-component of w1. Thus we have

(4.1) (f∗)∗(ηa) = ((π ◦ exp)∗)∗(a(w1)√−1�|√−1R)
′(0)) .

Also we have

(4.2) f c∗ (ηa) = (πc ◦ exp)∗(w1(a
√−1)) .

Let B be the largest connected neighborhood of 0 ∈ pc where πc ◦ exp is a diffeomorphism.
Note that B is a tubular neighborhood of p (⊂ pc) because G/K is of non-compact type. Set

ε̄η := sup{ε > 0 | (w1)√−1�|√−1(0,ε] has no zero point & w0(
√−1[0, ε]) ⊂ B} .

Since f is an immersion and ηa �= 0, we have ((w1)√−1�|√−1R)
′(0) �= 0 by (4.1). On the

other hand, it follows from w1(0) ∈ p that (w1)√−1�(0) = 0. Also, we have w0(0) ∈ p ⊂ B.
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Hence we have ε̄η > 0. Set εZ := minη∈UZ(TM) ε̄η and

U ′ :=
( ⋃
Z∈UM

{aZ | 0 ≤ a < εZ}
)

∩Mc .

Assume aZ ∈ U ′. Then we have (w1)√−1�(a
√−1) �= 0 and w0(a

√−1) ∈ B. These facts

deduce (πc ◦ exp)∗(w1(a
√−1)) �= 0, where we note that w1(a

√−1) ∈ TW(0)c(a
√−1)p

c =
Tw0(a

√−1)p
c. Hence, from (4.2), we obtain f c∗ (ηa) �= 0. From the arbitrarinesses of η, Z and

a, this fact implies that the restriction of f c to U ′ is an immersion. q.e.d.

Let U ′(⊂ Mc) be a neighborhood of the 0-section of TM as in the proof of Proposition
1. Denote by Mc this neighborhood U ′ newly. Give Mc the Riemannian metric induced
from that of Gc/Kc by f c. Then Mc becomes an anti-Kaehlerian submanifold in Gc/Kc

immersed by f c. We call this anti-Kaehlerian submanifold Mc immersed by f c the extrinsic
complexification of the submanifold M . We consider the case where M is (extrinsically)
homogeneous. Concretely we consider the case where M = H(g0K) and f is the inclusion
map of M into G/K , where H is a closed subgroup of G. Let ι be a natural immersion of
G/K into Gc/Kc, that is, ι(gK) = gKc (g ∈ G). It is shown that ι is totally geodesic. Let
gc
H be the complexification of the Lie algebra of H and set H c := exp gc

H .

PROPOSITION 2. For a homogeneous submanifold M = H(g0K), the image f c(Mc)

is an open subset of the orbit H c(g0K
c).

PROOF. Let X ∈ Mc and h0g0K be the base point of X (i.e., X ∈ Th0g0KM). Let

W : R → p be the real analytic curve in p with (f ◦ γMX )(t) = expW(t)K (t ∈ R) and

WH : R → gH be a real analytic curve in gH with (f ◦ γMX )(t) = (expWH(t))g0K . De-
note by π (resp. πc) the natural projection of G onto G/K (resp. Gc onto Gc/Kc). Set
α1(z) := (expW c(z))Kc and α2(z) := (exp(WH )c(z))g0K

c, where W c (resp. (WH )c) is the
holomorphic extension of W (resp. WH ) to a neighborhood U of R in C. We may assume√−1 ∈ U because of X ∈ Mc. Clearly αi (i = 1, 2) are holomorphic and α1(t) = α2(t)

(t ∈ R). Hence, it follows from the theorem of identity that α1 = α2 on U . In partic-

ular, we have α1(
√−1) = α2(

√−1). On the other hand, we have f c(X) = α1(
√−1)

and α2(
√−1) ∈ H c(g0K

c). Hence we obtain f c(X) ∈ H c(g0K
c). Therefore, it fol-

lows from the arbitrariness of X that f c(Mc) ⊂ H c(g0K
c). Further, it follows from

dimMc = dimH c(g0K
c) (= 2dimM) that f c(Mc) is an open subset of H c(g0K

c). q.e.d.

From this fact, we shall call H c(g0K
c) the complete extrinsic complexification of the

homogeneous submanifold M = H(g0K) and denote it by M̂c. Let M be a complete real
analytic submanifold inG/K and J be the complex structure on its extrinsic complexfication

Mc. Let R (resp. R̂) be the curvature tensor of G/K (resp. Gc/Kc) and A and R⊥ (resp. Â

and R̂⊥) be the shape tensor and the normal curvature tensor of M (resp. Mc). Then we can
show the following relations.
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LEMMA 2. Let εi = 1 or 0 ( i = 1, 2, 3).
(i) For any X,Y,Z ∈ T (G/K), we have

R̂(J̃ ε1ι∗X, J̃ ε2 ι∗Y )J̃ ε3ι∗Z = J̃ ε1+ε2+ε3 ι∗R(X, Y )Z .

(ii) For any X ∈ TM and any v ∈ T ⊥M , we have

ÂJ̃ ε1 ι∗vJ
ε2 ι∗X = J ε1+ε2 ι∗AvX.

(iii) For any X,Y ∈ TM and any v ∈ T ⊥M , we have

R̂⊥(J ε1 ι∗X, J ε2ι∗Y )J̃ ε3ι∗v = J̃ ε1+ε2+ε3 ι∗R⊥(X, Y )v .

PROOF. First we show the relation of (i). Let gK be the base point of X,Y,Z. Since
ι is totally geodesic, we have R̂(ι∗X, ι∗Y )ι∗Z = ι∗R(X, Y )Z. This relation together with

(g−1∗ ◦ J̃ ◦ g∗)eKc = √−1id�c (id�c : the identity transformation of pc = TeKc(Gc/Kc))
deduces

R̂(J̃ ε1 ι∗X, J̃ ε2ι∗Y )J̃ ε3ι∗Z

= −g∗[[
√−1

ε1g−1∗ ι∗X,
√−1

ε2g−1∗ ι∗Y ],√−1
ε3g−1∗ ι∗Z]

= −g∗
√−1

ε1+ε2+ε3[[g−1∗ ι∗X, g−1∗ ι∗Y ], g−1∗ ι∗Z]
= J̃ ε1+ε2+ε3R̂(ι∗X, ι∗Y )ι∗Z

= J̃ ε1+ε2+ε3 ι∗R(X, Y )Z ,

where [ , ] is the Lie bracket product of gc. Next we show the relation of (ii). Since ι

is totally geodesic, we have Âι∗vι∗X = ι∗AvX. This relation together with (3.4) deduces

ÂJ̃ ε1 ι∗vJ
ε2ι∗X = J̃ ε1+ε2 ι∗AvX. Next we show the relation of (iii). Since ι is totally geodesic,

we have

(4.3) R̂⊥(ι∗X, ι∗Y )ι∗v = ι∗R⊥(X, Y )v .

From the Ricci equation, (3.4), (4.3) and the relation of (i), we have

〈R̂⊥(J ε1 ι∗X, J ε2 ι∗Y )J̃ ε3ι∗v, J̃ ε4ι∗w〉
= 〈R̂(J ε1ι∗X, J ε2ι∗Y )J̃ ε3ι∗v, J̃ ε4ι∗w〉 + 〈[ÂJ̃ ε3 ι∗v, ÂJ̃ ε4 ι∗w]J ε1ι∗X, J ε2ι∗Y 〉
= 〈R̂(ι∗X, ι∗Y )ι∗v, J̃ ε1+···+ε4 ι∗w〉 + 〈[Âι∗v, ÂJ̃ ε1+···+ε4 ι∗w]ι∗X, ι∗Y 〉
= 〈R̂⊥(ι∗X, ι∗Y )ι∗v, J̃ ε1+···+ε4 ι∗w〉
= 〈J̃ ε1+ε2+ε3 ι∗R⊥(X, Y )v, J̃ ε4ι∗w〉 ,

where ε4 = 1 or 0 and w ∈ T ⊥M . Thus we obtain the relation of (iii). q.e.d.

By using Lemmas 1 and 2, we prove the following result.
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THEOREM 5. Let M be a complete real analytic submanifold with globally flat and
abelian normal bundle in a symmetric space G/K of non-compact type. The submanifold
M is complex equifocal if and only if its extrinsic complexification Mc is anti-Kaehlerian
equifocal. In detail, for each unit normal vector v of M , the complex focal radii of M along
γv coincide with those ofMc along γι∗v .

PROOF. Let p ∈ G/K . Identify (Tp(G/K))c with Tι(p)(Gc/Kc) by the one-to-one

correspondence X+√−1Y ↔ ι∗X+ J̃ ι∗Y (X,Y ∈ Tp(G/K)). According to (i) of Lemma

2, the complexification Rc
p of Rp is identified with R̂ι(p) under this identification. Let x ∈ M .

Identify (TxM)c (resp. (T ⊥
x M)

c) with Tι(x)Mc (resp. T ⊥
ι(x)M

c) under this identification. Ac-

cording to (ii) (resp. (iii)) of Lemma 2, the complexification Ac
x of Ax (resp. the complex-

ification R⊥c
x of R⊥

x ) is identified with Âι(x) (resp. R̂⊥
ι(x)) under these identifications. Since

M has abelian normal bundle and R̂|ι(G/K) is identified with Rc as above, Mc has abelian
normal bundle along ι(M). Further, according to the theorem of identity, it follows from the
holomorphicities of R̂ and the normal bundle of Mc that Mc has abelian normal bundle (over
the whole of Mc), where we also use the fact that ι(M) is a half dimensional totally real sub-
manifold of Mc. Since M has globally flat normal bundle and R̂⊥|ι(M) is identified with R⊥c

as above, R̂⊥ vanishes along ι(M). Further, according to the theorem of identity, it follows
from the holomorphicities of R̂⊥ and the normal bundle ofMc that R̂⊥ vanishes (on the whole
of Mc). Hence Mc has flat normal bundle. Further, since Mc is a tubular neighborhood of
the 0-section of the tangent bundle TM , we see that Mc has globally flat normal bundle. Let

z0 = a+b√−1 be a complex focal radius ofMc along γι∗v (v ∈ T ⊥
gKM). Then there exists the

Jacobi field Y along γaι∗v+bJ̃ ι∗v such that Y (0)( �= 0) ∈ TgKcMc, Y ′(0) = −Âaι∗v+bJ̃ ι∗vY (0)
and Y (1) = 0. The Jacobi field Y is described as

Y (s) = Pγaι∗v+bJ̃ ι∗v |[0,s] ((D
co

s(aι∗v+bJ̃ ι∗v) − s(Dsi
s(aι∗v+bJ̃ ι∗v) ◦ Âaι∗v+bJ̃ ι∗v))Y (0)) ,

where

Dco
s(aι∗v+bJ̃ ι∗v) = g∗ ◦ cos(

√−1ad(s(ag−1∗ ι∗v + bg−1∗ J̃ ι∗v))) ◦ g−1∗ ,

Dsi
s(aι∗v+bJ̃ ι∗v) = g∗ ◦ sin(

√−1ad(s(ag−1∗ ι∗v + bg−1∗ J̃ ι∗v)))√−1ad(s(ag−1∗ ι∗v + bg−1∗ J̃ ι∗v))
◦ g−1∗ .

By noticing J̃ |TgKc (Gc/Kc) = g∗ ◦ √−1id�c ◦ g−1∗ (id�c : the identity transformation of pc),

we have

Dco
s(aι∗v+bJ̃ ι∗v) = g∗ ◦ cos(

√−1sz0ad(g−1∗ ι∗v)) ◦ g−1∗ ,

Dsi
s(aι∗v+bJ̃ ι∗v) = g∗ ◦ sin(

√−1sz0ad(g−1∗ ι∗v))√−1sz0ad(g−1∗ ι∗v)
◦ g−1∗ ,

Âaι∗v+bJ̃ ι∗v = g∗ ◦ Â
z0g

−1∗ ι∗v ◦ g−1∗ .
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Hence we have

Y (1) = Pγaι∗v+bJ̃ ι∗v

(
(g∗ ◦ cos(

√−1z0ad(g−1∗ ι∗v)) ◦ g−1∗ )Y (0)

−
(
g∗ ◦ sin(

√−1z0ad(g−1∗ ι∗v))√−1z0ad(g−1∗ ι∗v)
◦ Â

z0g
−1∗ ι∗v ◦ g−1∗

)
Y (0)

)
= 0 .

Therefore, we can recognize that z is a complex focal radius of Mc along γι∗v if and only if

Ker

(
g∗ ◦ cos(

√−1zadc(g−1∗ ι∗v)) ◦ g−1∗

− g∗ ◦ sin(
√−1zadc(g−1∗ ι∗v))√−1zadc(g−1∗ ι∗v)

◦ Â
zg−1∗ ι∗v ◦ g−1∗

)
�= {0} ,

which is equivalent to Ker(Dcozv − zDsizv ◦ Ac
v) �= {0}, that is, the fact that z is a complex

focal radius of M along γv , where Dcozv and Dsizv are the operators stated in §2. Thus complex
focal radii of Mc along γι∗v coincide with those of M along γv . Since ι is totally geodesic,
we see that a normal vector field ṽ of M is parallel if and only if the normal vector field ι∗ṽ
of Mc along ι(M) is parallel. Thus we see that if Mc is anti-Kaehlerian equifocal, then M
is complex equifocal. Now we show the converse. Assume that M is complex equifocal.
Let w be a parallel normal vector field on Mc. The normal vector field w is expressed as
w = ι∗ṽ1 + J̃ ι∗ṽ2 (̃v1, ṽ2 : parallel normal vector fields of M) along ι(M) because of
∇̃J̃ = 0. Since M is complex equifocal, for an arbitrary parallel normal vector field ṽ of M ,
the complex focal radii of Mc along γι∗ṽx is independent of the choice of x ∈ M . Hence,
from the definition of a complex focal radius, we see that so is also the complex focal radii of
Mc along γ(ι∗ṽ1+J̃ ι∗ṽ2)x

. That is, the complex focal radius functions for w are constant along

ι(M). Hence it follows from the holomorphicities of those complex focal radius functions (by
Lemma 1) that those complex focal radius functions are constant over the whole ofMc, where
we also use the fact that ι(M) is a half-dimensional totally real submanifold of Mc. Thus Mc

is anti-Kaehlerian equifocal. This completes the proof. q.e.d.

Here we propose the following problem.

PROBLEM 1. Is the submanifold Mc in Theorem 5 extended to a complete anti-
Kaehlerian equifocal submanifold?

For example, in the case where M is a homogeneous submanifold H(g0K), the subman-
ifoldMc is extended to a complete anti-Kaehlerian equifocal submanifold H c(g0K

c).
At the end of this section, we explain the situation of the focal points of the complexifi-

cation of a complete totally umbilical hypersurface in the hyperbolic space.
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EXAMPLE 3. Let M be a complete totally umbilical hypersurface with principal cur-

vature λ (≥ 0) in the (n + 1)-dimensional hyperbolic space Hn+1(c) of constant curvature c
and v be a unit normal vector field of M . The set F of all the complex focal radii of M (and
henceMc) for v is given by

F =




{
1√−c
(

arctanh

√−c
λ

+ jπ
√−1

) ∣∣∣∣ j = 0,±1, · · ·
}

(λ >
√−c)

∅ (λ = √−c){
1√−c
(

arctanh
λ√−c +

(
j + 1

2

)
π

√−1

) ∣∣∣∣ j = 0,±1, · · ·
}

(0 ≤ λ <
√−c) .

Note that, when λ = √−c, we should interpret as F = {∞} rather than F = ∅, where ∞
is the point at infinity of the complex sphere S = C ∪ {∞}. Hence the situation of the focal
points of Mc is as in Figures 2, 3 and 4.

FIGURE 2.

FIGURE 3.
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FIGURE 4.

5. Anti-Kaehlerian isoparametric submanifolds

In this section, we introduce some classes of submanifolds in the infinite dimensional
anti-Kaehlerian space. We first define the notion of an infinite dimensional anti-Kaehlerian
space. Let V be an infinite dimensional topological real vector space, J̃ be a continuous

linear operator of V such that J̃ 2 = −id and 〈 , 〉 be a continuous non-degenerate sym-
metric bilinear form of V such that 〈J̃X, J̃ Y 〉 = −〈X,Y 〉 holds for every X,Y ∈ V . If
there exists an orthogonal time-space decomposition V = V− ⊕ V+ (i.e., 〈 , 〉|V−×V− : neg-

ative definite, 〈 , 〉|V+×V+ : positive definite) such that J̃ V± = V∓, (V , 〈 , 〉V±) is a Hilbert
space and that the distance topology associated with 〈 , 〉V± coincides with the original topol-

ogy of V , then we call (V , 〈 , 〉, J̃ ) the infinite dimensional anti-Kaehlerian space, where
〈 , 〉V± := −π∗

V−〈 , 〉 + π∗
V+〈 , 〉 (πV± : the projection of V onto V±). Let (M, 〈 , 〉, J )

be an 2n-dimensional anti-Kaehlerian submanifold in an infinite dimensional anti-Kaehlerian
space (V , 〈 , 〉, J̃ ) andA (resp. h) the shape tensor (resp. the second fundamental form) ofM .

Let H be the mean curvature vector of (M, 〈 , 〉, J ), that is, H = 1
2n

∑2n
i=1〈ei, ei〉h(ei , ei)

(e1, · · · , e2n : an orthonormal base of M). If h(X, Y ) = 〈X,Y 〉H − 〈JX, Y 〉J̃H for ev-
ery X,Y ∈ TM , then we call (M, 〈 , 〉, J ) a totally anti-Kaehlerian umbilical submanifold.

Here we note that the above relation is rewritten as hc(X(1,0), Y (1,0)) = 〈X(1,0), Y (1,0)〉H(1,0),
where X(1,0) := X− √−1JX, Y (1,0) := Y − √−1JY and H(1,0) := H − √−1J̃H . Totally
anti-Kaehlerian umbilical submanifolds will be characterized in §8.

Let M be a Hilbert manifold modelled on a separable Hilbert space (V , 〈 , 〉V ). Let
〈 , 〉 be a section of the (0, 2)-tensor bundle T ∗M ⊗ T ∗M such that 〈 , 〉x is a continu-
ous non-degenerate symmetric bilinear form on TxM for each x ∈ M and J be a section
of the (1, 1)-tensor bundle T ∗M ⊗ TM such that J 2 = −id, ∇J = 0 (∇ : the Levi-
Civita connection of 〈 , 〉), Jx is a continuous linear operator of TxM for each x ∈ M and
〈JX, JY 〉 = −〈X,Y 〉 for every X,Y ∈ TM . If, for each x ∈ M , there exist distributions
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W± on some neighborhood U of x satisfying the following condition (AKH), then we call
(M, 〈 , 〉, J ) an anti-Kaehlerian Hilbert manifold.

(AKH) For each y ∈ U , W±y gives an orthogonal time-space decomposition of
(TyM, 〈 , 〉y), (TyM, 〈 , 〉y,W±y ) is isometric to (V , 〈 , 〉V ) and JyW±y = W∓y .

Let f be an isometric immersion of an anti-Kaehlerian Hilbert manifold (M, 〈 , 〉, J ) into
an anti-Kaehlerian space (V , 〈 , 〉, J̃ ). If J̃ ◦ f∗ = f∗ ◦ J holds, then we call M an anti-

Kaehlerian Hilbert submanifold in (V , 〈 , 〉, J̃ ) immersed by f . If M is of finite codimen-
sion and, for each v ∈ T ⊥M , the shape operator Av is a compact operator with respect
to f ∗〈 , 〉V± , then we call M an anti-Kaehlerian Fredholm submanifold (rather than anti-
Kaehlerian Fredholm Hilbert submanifold). Let (M, 〈 , 〉, J ) be an anti-Kaehlerian Fred-
holm submanifold in an anti-Kaehlerian space (V , 〈 , 〉, J̃ ) and A be the shape tensor of
(M, 〈 , 〉, J ). Fix a unit normal vector v of (M, 〈 , 〉, J ). If there exists X( �= 0) ∈ TM

with AvX = aX + bJX, then we call the complex number a + b
√−1 a J -eigenvalue of Av

(or a complex principal curvature of direction v) and call X a J -eigenvector for a + b
√−1.

Here we note that this relation is rewritten as Ac
vX

(1,0) = (a + b
√−1)X(1,0), where X(1,0)

is as above. Also, we call the space of all J -eigenvectors for a + b
√−1 a J -eigenspace for

a + b
√−1. For J -eigenspaces of Av , we have the following fact.

LEMMA 3. (i) J -eigenvectors for distinct J -eigenvalues are orthogonal to each
other.

(ii) Each J -eigenspace of Av is J -invariant and non-degenerate (i.e., the restriction of
〈 , 〉 to the J -eigenspace is non-degenerate).

PROOF. From Av ◦ J = J ◦ Av , it follows that each J -eigenspace is J -invariant. Let

ai + bi
√−1 (i = 1, 2) be distinct J -eigenvalues of Av andXi (i = 1, 2) be J -eigenvector for

ai + bi
√−1. From 〈AvX1,X2〉 = 〈X1, AvX2〉 and the symmetricness of J , we have

(5.1) (a1 − a2)〈X1,X2〉 + (b1 − b2)〈JX1,X2〉 = 0 .

From Av ◦ J = J ◦ Av and the symmetricness of J , we have

〈AvJX1,X2〉 = a1〈JX1,X2〉 − b1〈X1,X2〉
and

〈AvJX1,X2〉 = 〈JX1, AvX2〉 = a2〈JX1,X2〉 − b2〈X1,X2〉 .
Hence we have (b1−b2)〈X1,X2〉−(a1−a2)〈JX1,X2〉 = 0. This together with (5.1) deduces

det

( 〈X1,X2〉 〈JX1,X2〉
−〈JX1,X2〉 〈X1,X2〉

)
= 〈X1,X2〉2 + 〈JX1,X2〉2 = 0

because of (a1 − a2, b1 − b2) �= (0, 0). That is, we obtain 〈X1,X2〉 = 0. Thus the statement
(i) is shown. According to the statement (i), each J -eigenspace is non-degenerate because of
the non-degeneracy of 〈 , 〉. q.e.d.



COMPLEX EQUIFOCAL SUBMANIFOLDS 221

We call the set of all J -eigenvalues of Av the J -spectrum of Av and denote it by
SpecJAv . For SpecJAv , we have the following fact.

PROPOSITION 3. The set SpecJAv \ {0} is described as follows:

SpecJAv \ {0} = {λi | i = 1, 2, · · · }

( |λi | > |λi+1| or “|λi | = |λi+1| & Re λi > Re λi+1”
or “|λi | = |λi+1| & Re λi = Re λi+1 & Imλi = −Imλi+1 > 0”

)
.

Also, the J -eigenspace for each J -eigenvalue of Av other than 0 is of finite dimension.

PROOF. Let a + b
√−1 ∈ SpecJAv and X be a J -eigenvector for a + b

√−1. Let
X = X− +X+ (X± ∈ V±). Then we have

〈AvX,AvX〉V± = 〈aX+ + bJX−, aX+ + bJX−〉 − 〈aX− + bJX+, aX− + bJX+〉
= a2〈X+,X+〉 − b2〈X−,X−〉 − a2〈X−,X−〉 + b2〈X+,X+〉
= (a2 + b2)〈X,X〉V± .

SinceAv is a compact operator with respect to 〈 , 〉V± , this relation deduces that SpecJAv\{0}
is described as in the statement and the J -eigenspace for each J -eigenvalue of Av other than
0 is of finite dimension. q.e.d.

We call the J -eigenvalue λi as in the statement of Proposition 3 the i-th complex princi-
pal curvature of direction v. Assume that (M, 〈 , 〉, J ) has globally flat normal bundle. Fix
a parallel normal vector field ṽ of M . Assume that the number (which may be ∞) of distinct
complex principal curvatures of direction ṽx is independent of the choice of x ∈ M . Then we
can define functions λ̃i (i = 1, 2, · · · ) onM by assigning the i-th complex principal curvature
of direction ṽx to each x ∈ M . We call this function λ̃i the i-th complex principal curvature
function of direction ṽ. We consider the following condition:

(AKI) For each parallel normal vector field ṽ, the number of distinct complex principal
curvatures of direction ṽx is independent of the choice of x ∈ M , each complex principal
curvature function of direction ṽ is constant on M and it has constant multiplicity.

If (M, 〈 , 〉, J ) satisfies this condition (AKI), then we call (M, 〈 , 〉, J ) an anti-Kaehlerian
isoparametric submanifold. Let {ei}∞i=1 be an orthonormal system of (TxM, 〈 , 〉x). If
{ei}∞i=1 ∪ {J ei}∞i=1 is an orthonormal base of TxM , then we call {ei}∞i=1 a J -orthonormal
base. If there exists a J -orthonormal base consisting of J -eigenvectors of Av , then Av is said
to be diagonalized with respect to the J -orthonormal base. If (M, 〈 , 〉, J ) is anti-Kaehlerian
isoparametric and, for each v ∈ T ⊥M , the shape operator Av is diagonalized with respect
to an J -orthonormal base, then we call (M, 〈 , 〉, J ) a proper anti-Kaehlerian isoparametric
submanifold.
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LEMMA 4. Let (M, 〈 , 〉, J ) be a proper anti-Kaehlerian isoparametric submanifold.
ThenAv’s (v ∈ T ⊥

x M) are simultaneously diagonalized with respect to a J -orthonormal base
of TxM .

PROOF. Let {v1, · · · , vr } be an orthonormal base of T ⊥
x M . Let {Eij | j ∈ Ii} be the set

of J -eigenspaces of Avi (i = 1, · · · , r). Let Avi |Eij = aij id + bij J (i = 1, · · · , r, j ∈ Ii ).

Fix j0 ∈ I1. Take X ∈ E1j0 . Let X =∑j∈I2 Xj (Xj ∈ E2j ). Then we have

Av1Av2X =
∑
j∈I2

Av1(a2jXj + b2jJXj )

and

Av2Av1X = (a1j0id + b1j0J )
∑
j∈I2

(a2jXj + b2j JXj ) .

Since [Av1, Av2] = 0, we have∑
j∈I2

(Av1 − a1j0id − b1j0J )(a2jXj + b2jJXj ) = 0 .

Also, by using [Av1, Av2] = 0 again, we can show

(Av1 − a1j0 id − b1j0J )(a2jXj + b2j JXj ) ∈ E2j .

Hence we have a2jXj + b2j JXj ∈ E1j0 , which implies Xj ∈ E1j0 because

E1j0 is J -invariant. After all we have X ∈⊕j∈I2(E1j0 ∩ E2j ). Thus we have

E1j0 =⊕j∈I2(E1j0 ∩ E2j ) and hence

TxM =
⊕

(j1,j2)∈I1×I2
(E1j1 ∩E2j2) .

By repeating the same process, we have

TxM =
⊕

(j1,···,jr )∈I1×···×Ir
(E1j1 ∩ · · · ∩ Erjr ) .

This relation implies that Av’s (v ∈ T ⊥
x M) are simultaneously diagonalized with respect to a

J -orthonormal base. q.e.d.

Let (M, 〈 , 〉, J ) be a proper anti-Kaehlerian isoparametric submanifold in an infinite
dimensional anti-Kaehlerian space (V , 〈 , 〉, J̃ ). Let {Ei | i ∈ I } be the family of distributions
on M such that, for each x ∈ M , {Ei(x) | i ∈ I } is the set of all common J -eigenspaces of
Av’s (v ∈ T ⊥

x M). Let λi (i ∈ I ) be the section of (T ⊥M)∗ ⊗ C such that Av = Reλi(v)id +
Imλi(v)J on Ei(π(v)) for each v ∈ T ⊥M , where π is the bundle projection of T ⊥M . We
call λi (i ∈ I ) complex principal curvatures of (M, 〈 , 〉, J ) and call distributions Ei (i ∈ I )
complex curvature distributions of (M, 〈 , 〉, J ).
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LEMMA 5. There uniquely exists a normal vector field vi of (M, 〈 , 〉, J ) with λi(·) =
〈vi, ·〉 − √−1〈J̃ vi , ·〉.

PROOF. We can express as λi(·) = 〈vi, ·〉 + √−1〈wi, ·〉, where vi and wi are normal
vector fields of (M, 〈 , 〉, J ). We shall show wi = −J̃ vi . Let v ∈ T ⊥M . From λi(J̃ v) =√−1λi(v), we have

λi(J̃ v) = −〈wi, v〉 + √−1〈vi , v〉 .
On the other hand, we have

λi(J̃ v) = 〈vi, J̃ v〉 + √−1〈wi, J̃ v〉 = 〈J̃ vi , v〉 + √−1〈J̃wi, v〉 .
Hence we obtain 〈wi + J̃ vi , v〉 = 0. It follows from the arbitrariness of v that wi = −J̃ vi .
Thus the existenceness is shown. The uniqueness is trivial. q.e.d.

We call vi (i ∈ I ) the complex curvature normals of (M, 〈 , 〉, J ). Note that vi is parallel
with respect to the normal connection ∇⊥.

6. The parallel transport map for the complexification of a semi-simple Lie group

In this section, we define the parallel transport map for the complexification Gc of a
connected semi-simple Lie group G. Take an Ad(G)-invariant non-degenerate symmetric
bilinear form 〈 , 〉 of the Lie algebra g of G. Fix an orthogonal time-space decomposition
g = g− ⊕ g+. Let 〈 , 〉′ be the real part of the complexification 〈 , 〉c (: gc × gc → C) of
〈 , 〉. Denote by the same symbol 〈 , 〉′ the bi-invariant pseudo-Riemannian metric of Gc

induced from 〈 , 〉′. It is clear that gc = (g− ⊕ √−1g+)⊕ (g+ ⊕ √−1g−) is an orthogonal

time-space decomposition of (gc, 〈 , 〉′). Set gc− := g− ⊕ √−1g+, gc+ := g+ ⊕ √−1g− and

〈 , 〉′
�c±

:= −π∗
�c−

〈 , 〉′+π∗
�c+

〈 , 〉′, where π�c− (resp. π�c+) is the projection of gc onto gc− (resp.

gc+). Let H 0([0, 1], gc) be the space of all L2-integrable paths u : [0, 1] → gc (with respect

to 〈 , 〉′
�c±

). Note thatH 0([0, 1], gc) is independent of the choice of the orthogonal time-space

decomposition g = g− ⊕g+. LetH 0([0, 1], gc−) (resp.H 0([0, 1], gc+)) be the space of all L2-
integrable paths u : [0, 1] → gc− (resp. u : [0, 1] → gc+) with respect to −〈 , 〉′|�c−×�c− (resp.

〈 , 〉′|�c+×�c+). It is clear thatH 0([0, 1], gc) = H 0([0, 1], gc−)⊕H 0([0, 1], gc+). Define a non-

degenerate symmetric bilinear form 〈 , 〉′0 of H 0([0, 1], gc) by 〈u, v〉′0 := ∫ 1
0 〈u(t), v(t)〉′dt .

It is easy to show that the decomposition H 0([0, 1], gc) = H 0([0, 1], gc−) ⊕ H 0([0, 1], gc+)
is an orthogonal time-space decomposition with respect to 〈 , 〉′0. For simplicity, set H 0,c

± :=
H 0([0, 1], gc±) and 〈 , 〉0,H 0,c

±
:= −π∗

H
0,c
−

〈 , 〉0 + π∗
H

0,c
+

〈 , 〉0, where π
H

0,c
−

(resp. π
H

0,c
+

)

is the projection of H 0([0, 1], gc) onto H 0,c
− (resp. H 0,c

+ ). It is clear that 〈u, v〉0,H 0,c
±

=∫ 1
0 〈u(t), v(t)〉′

�c±
dt (u, v ∈ H 0([0, 1], gc)). Hence (H 0([0, 1], gc), 〈 , 〉′

0,H 0,c
±
) is a Hilbert



224 NAOYUKI KOIKE

space, that is, (H 0([0, 1], gc), 〈 , 〉′0) is a pseudo-Hilbert space. Let J be the endomorphism

of gc defined by JX = √−1X (X ∈ gc). Denote by the same symbol J the bi-invariant al-
most complex structure of Gc induced from J . Define the endomorphism J̃ of H 0([0, 1], gc)

by J̃ u = √−1u (u ∈ H 0([0, 1], gc)). Since J̃H 0,c
± = H

0,c
∓ and 〈J̃ u, J̃ v〉′0 = −〈u, v〉′0

(u, v ∈ H 0([0, 1], gc)), the space (H 0([0, 1], gc), 〈 , 〉′0, J̃ ) is an anti-Kaehlerian space. Let

H 1([0, 1],Gc) be the Hilbert Lie group of all absolutely continuous paths g : [0, 1] → Gc

such that the weak derivative g ′ of g exists and that g ′ is squared integrable (with respect

to 〈 , 〉′
�c±

), that is, g−1∗ g ′ ∈ H 0([0, 1], gc). Define a map φc : H 0([0, 1], gc) → Gc by

φc(u) = gu(1) (u ∈ H 0([0, 1], gc)), where gu is the element of H 1([0, 1],Gc) satisfying

gu(0) = e and g−1
u∗ g ′

u = u. We call this map the parallel transport map (from 0 to 1) for Gc.

It is shown that this map φc is an anti-Kaehlerian submersion of (H 0([0, 1], gc), 〈 , 〉′0, J̃ )
onto (Gc, 〈 , 〉′, J ) (i.e., it is a pseudo-Riemannian submersion, its vertical distribution is
J̃ -invariant and φc∗(J̃X) = J (φc∗X) for every horizontal vector X).

Imitating the proof of Lemma 2.1 in [24], we can show the following relations.

LEMMA 6. For v ∈ T0̂H
0([0, 1], gc) (0̂ : the constant path at the zero element 0 of

gc), φc
∗0̂
(v) = ∫ 1

0 v(t)dt holds, where we identify T0̂H
0([0, 1], gc) with H 0([0, 1], gc).

Imitating the proof of Lemma 2.3 in [24], we can show the following relation.

LEMMA 7. For the horizontal lift ṽL of a vector field ṽ on Gc to H 0([0, 1], gc) and

ξ ∈ T0̂H
0([0, 1], gc) (= H 0([0, 1], gc)), we have

∇̃ξ ṽL = (∇∗
φc∗ξ ṽ)

L

0̂
−
[ ∫ t

0
ξ dt, ṽe

]
+ 1

2
[φc∗ξ, ṽe]L0̂ ,

where ∇̃ (resp. ∇∗) is the Levi-Civita connection of 〈 , 〉′0 (resp. 〈 , 〉′).
Set P(Gc, e × Gc) := {g ∈ H 1([0, 1],Gc) | g(0) = e} and Ωe(G

c) := {g ∈
H 1([0, 1],Gc) | g(0) = g(1) = e}. The group H 1([0, 1],Gc) acts onH 0([0, 1], gc) by gauge
transformations, that is,

g ∗ u := Ad(g)u− g ′g−1∗ (g ∈ H 1([0, 1],Gc), u ∈ H 0([0, 1], gc)) .

It is shown that the following facts hold:

(i) The above action of H 1([0, 1],Gc) on H 0([0, 1], gc) is isometric,
(ii) The above action of P(Gc, e ×Gc) on H 0([0, 1], gc) is transitive and free,

(iii) φc(g ∗ u) = g(0)φc(u)g(1)−1 for g ∈ H 1([0, 1],Gc) and u ∈ H 0([0, 1], gc),
(iv) φc : H 0([0, 1], gc) → Gc is regarded as a Ωe(Gc)-bundle.

(v) If φc(u) = x0φ
c(v)x−1

1 (u, v ∈ H 0([0, 1], gc), x0, x1 ∈ Gc), then there exists

g ∈ H 1([0, 1],Gc) such that g(0) = x0, g(1) = x1 and u = g ∗ v. In particular, it follows

that each u ∈ H 0([0, 1], gc) is described as u = g ∗ 0̂ in terms of some g ∈ P(Gc,Gc × e).
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Let ι̃ be the inclusion map ofH 0([0, 1], g) intoH 0([0, 1], gc) and ῑ be the inclusion map
of G into Gc. Also, let φ be the parallel transport map for G. Then we have

(6.1) φc ◦ ι̃ = ῑ ◦ φ .

7. Proof of Theorem 1

In this section, we prove Theorem 1. First we prepare the following proposition.

PROPOSITION 4. Let M be an anti-Kaehlerian submanifold in Gc/Kc with globally
flat and abelian normal bundle, where Gc/Kc is the complexification of a symmetric space
G/K of non-compact type. ThenM is anti-Kaehlerian equifocal inGc/Kc if and only if each

component of (πc ◦ φc)−1(M) is anti-Kaehlerian isoparametric in H 0([0, 1], gc). In detail,
for each unit normal vector v of M , complex focal radii along the geodesic γv coincide with
the inverse numbers of complex principal curvatures of the horizontal lift vL-direction, where
γv is the maximal geodesic in Gc/Kc with γ̇v(0) = v.

PROOF. LetM be an anti-Kaehlerian submanifold with globally flat and abelian normal
bundle inGc/Kc. Denote by the same symbol J̃ the almost complex structures ofGc/Kc and

H 0([0, 1], gc) and by the same symbol J those ofM and (π c ◦φc)−1(M). Fix a normal vector
v of M at x and x̃ ∈ (πc ◦ φc)−1(x). Since πc ◦ φc is a pseudo-Riemannian submersion,
it is shown that exp⊥(av + bJ̃ v) is a focal point with multiplicity m along the geodesic

γav+bJ̃v if and only if êxp⊥((av + bJ̃ v)L
x̃
) is a focal point with multiplicity m along the

geodesic γ(av+bJ̃v)Lx̃ by imitating the proof of Lemma 5.12 in [49], where exp⊥ (resp. êxp⊥)

is the normal exponential map of M (resp. (π c ◦ φc)−1(M)). Further, since πc ◦ φc is an
anti-Kaehlerian submersion, we have (av + bJ̃ v)L

x̃
= avL

x̃
+ bJ̃vL

x̃
. Hence we see that

a+b√−1 is a complex focal radius of direction v if and only if a+b√−1 is a complex focal

radius of direction vL
x̃

. Complex focal radii of direction vL
x̃

coincide with the inverse numbers

of complex principal curvatures of direction vL
x̃

. Thus we see that complex focal radii of
direction v coincide with the inverse numbers of complex principal curvatures of direction

vL
x̃

. On the other hand, sinceM has abelian normal bundle, we can show that for each normal

vector field ṽ of M , ∇⊥ṽ = 0 is equivalent to ∇̂⊥ṽL = 0 (see the proof of Lemma 5.6 in
[49]), where ∇⊥ (resp. ∇̂⊥) is the normal connection of M (resp. (πc ◦ φc)−1(M)). Hence

sinceM has globally flat normal bundle, (πc ◦φc)−1(M) also has globally flat normal bundle.
These facts deduce that M is anti-Kaehlerian equifocal if and only if each component of

(πc ◦ φc)−1(M) is anti-Kaehlerian isoparametric. q.e.d.

The statement (i) of Theorem 1 directly follows from this proposition and Theorem 5.
Next we prepare some facts to prove the statement (ii) of Theorem 1. Let M∗ be one of

components of πc−1(M) and M̃ be one of components of φc−1(M∗). Then we have the
following fact.
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LEMMA 8. Take u ∈ M̃ . Set g0 := φc(u) and x := (πc ◦ φc)(u). Then there exists

g ∈ H 1([0, 1],Gc) satisfying g ∗ u = 0̂, g(0) = g−1
0 (and hence g(0)x = eKc) and φc(g ∗

M̃) = g(0)M∗ (and hence (πc ◦ φc)(g ∗ M̃) = g(0)M).

PROOF. According to the facts (iii) and (iv) stated in Section 6, we can find g ∈
H 1([0, 1],Gc) satisfying g(0) = g−1

0 , g(1) = e and g ∗ u = 0̂. Then it follows from

the fact (iii) that φc(g ∗ M̃) = g−1
0 M∗. q.e.d.

Denote by X∗ the horizontal lift of a vector (or a vector field) X ofGc/Kc to Gc and by

YL the horizontal lift of a vector (or a vector field) Y of Gc to H 0([0, 1], gc). In particular,
the horizontal lift X∗

e of X ∈ TeKc(Gc/Kc) to e is identified with X. Fix v ∈ T ⊥
g0K

cM with

||v|| = 1 and u ∈ (πc ◦ φc)−1(g0K
c), where g0 ∈ M∗. According to Lemma 8, we may

assume g0K
c = eKc and u = 0̂. Also, we may assume e ∈ M∗. Let gc = fc + pc be the

canonical decomposition of gc. Take a maximal abelian subspace hc (in pc = TeKc(Gc/Kc))
containing v. Let pc = hc +∑α∈
+ pc

α be the root space decomposition. Take a maximal

abelian subalgebra h̃c in gc containing hc and let hc
� := h̃c ∩ fc. Denote by X̂ the constant path

at X ∈ gc and by XL
0̂

the horizontal lift of X ∈ gc to 0̂. Note that X̂ coincides with XL
0̂

under

the identification of T0̂H
0([0, 1], gc) and H 0([0, 1], gc).

For X ∈ pc
α, let X�c be the element of fc such that ad(a)X = αc(a)X�c for all a ∈ hc,

where ad is the adjoint representation of gc. Note that ad(a)X�c = αc(a)X for all a ∈ hc. For

X ∈ pc
α (resp. h̃c), we define loop vectors liX,j ∈ H 0([0, 1], gc) (i = 1, 2, j ∈ Z) by

l1X,j (t) := X cos(2jπt)+ √−1X�c sin(2jπt)

(resp. l1X,j (t) := X cos(2jπt))

and

l2X,j (t) := √−1X sin(2jπt)+X�c cos(2jπt)

(resp. l2X,j (t) := √−1X sin(2jπt)) .

According to Lemma 6, these loop vectors are vertical with respect to φc. Under the iden-

tification of H 0([0, 1], gc) and T0̂H
0([0, 1], gc), the constant path X̂ and loop vectors liX,j

(i = 1, 2) are regarded as elements of T0̂H
0([0, 1], gc). Now we prepare the following lemma.

LEMMA 9. Let {X1, · · · ,Xn} be an orthonormal base of TeKcM,

{Y1, · · · , Ym�c } be that of fc, {e0
1, · · · , e0

m0
} be that of h̃c and {eα1 , · · · , eαmα } (α ∈ 
+) be that

of pc
α . Then the system

{X̂1, · · · , X̂n} ∪ {Ŷ1, · · · , Ŷm�c }
∪ {√2li

e0
j ,k

| i = 1, 2, j = 1, · · · ,m0, k ∈ N}
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∪
( ⋃
α∈
+

{lieαj ,k | i = 1, 2, j = 1, · · · ,mα, k ∈ Z \ {0}}
)

is a J -orthonormal base of (T0̂M̃, 〈 , 〉0).

PROOF. This fact is shown by imitating the proof of Lemma 5.3 in [25]. q.e.d.

From Lemma 7, the following relations are directly deduced.

LEMMA 10. Let ṽ be a vector field on a neighborhood of e in Gc with ṽe = v (∈
TeKc(Gc/Kc) = (TeKc(Gc/Kc))Le ⊂ TeG

c) and ∇∗ (resp. ∇̃) be the Levi-Civita connection

of Gc (resp. H 0([0, 1], gc)). Then the following statements (i)–(iii) hold.

(i) For X ∈ h̃c, the relation ∇̃
X̂
ṽL = (∇∗

Xṽ)
L

0̂
holds.

(ii) For X ∈ pc
α , the relations ∇̃

X̂
ṽL = (∇∗

Xṽ)
L

0̂
+ tαc(v)X�c − 1

2α
c(v)X̂�c and

∇̃
X̂�c
ṽL = (∇∗

X�c ṽ)
L

0̂
+ tαc(v)X − 1

2α
c(v)X̂ hold.

(iii) For X ∈ gc, the relations ∇̃liX,j
ṽL = −[∫ t0 liX,j (t)dt, v] ( i = 1, 2, j ∈ Z) hold.

Also, since πc is a pseudo-Riemannian submersion, we have the following relations.

LEMMA 11. (i) For X ∈ TeKcM (= (TeKcM)Le ⊂ TeM
∗), the relation A∗

vX =
AvX + 1

2 [v,X] holds.

(ii) For X ∈ fc (⊂ TeG
c), the relation ∇∗

Xv
∗ = 1

2 [v,X] holds.

PROOF. Since π is a pseudo-Riemannian submersion, the statement (i) is shown by
imitating the proof of Proposition 7.3 in [49]. Also, since v∗ is a right-invariant vector field
along the fibre Kc of πc, the statement (ii) is directly deduced. q.e.d.

From Lemmas 10 and 11, the following facts are directly deduced.

LEMMA 12. Let X ∈ h̃c. Then the following statements (i)–(iii) hold.
(i) If X ∈ hc ∩ TeKcM and AvX = λX(= (Reλ)X + (Imλ)JX), then we have

Ãv̂X̂ = λX̂.

(ii) If X ∈ hc
�
, then we have Ãv̂X̂ = 0.

(iii) For the vertical loop vectors liX,j (i = 1, 2, j ∈ N), we have Ãv̂l
i
X,j = 0.

In the sequel, for a family {ak}k∈Z\{0} of complex numbers or vectors, the notation∑
k∈Z\{0} ak implies

∑∞
k=1(ak + a−k), where Z is the set of all integers. Also, we obtain

the following relations in terms of Lemmas 10 and 11.

LEMMA 13. Let X ∈ pc
α. The following statements (i)–(v) hold.

(i) If X ∈ TeKcM, AvX = λX(= (Reλ)X + (Imλ)JX) and αc(v) = 0, then we

have Ãv̂X̂ = λX̂, Ãv̂X̂�c = Ãv̂l
i
X,j = 0 (i = 1, 2, j ∈ Z).
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(ii) If X ∈ TeKcM, AvX = λX(= (Reλ)X+ (Imλ)JX) (λ �= ±αc(v)) and αc(v) �=
0, then

X̂ + aλ,αX̂�c +
∑

k∈Z\{0}

bλ,α

bλ,α − kπ
(l1X,k + aλ,αl2X,k)

is a J -eigenvector for a J -eigenvalue αc(v)
√−1

2bλ,α
of Ãv̂ , where aλ,α = αc(v)

λ+
√
λ2−αc(v)2

(2-valued),

bλ,α = arctan(aλ,α
√−1) (∞-valued).

(iii) If X ∈ TeKcM, AvX = ±αc(v)X and αc(v) �= 0, then there exists no J -

eigenvector of Ãv̂ belonging to Span
((⋃

k∈Z\{0}{l1X,k, l2X,k}
)∪ {X̂, X̂�c }

)
.

(iv) If X ∈ T ⊥
eKcM and αc(v) = 0, then we have Ãv̂X̂�c = Ãv̂l

i
X,k = 0 ( i = 1, 2, k ∈

Z \ {0}).
(v) If X ∈ T ⊥

eKcM and αc(v) �= 0, then we have Ãv̂l
1
X,j = αc(v)

√−1
2jπ l1X,j (j ∈ Z \ {0})

and

X̂�c +
∑

k∈Z\{0}

2j + 1

2j − 2k + 1
l2X,k (j ∈ Z)

is a J -eigenvector for a J -eigenvalue αc(v)
√−1

(2j+1)π of Ãv̂ .

PROOF. These facts are shown by imitating the proof of Proposition 5.7 in [25]. q.e.d.

Now we obtain the following fact in terms of these lemmas.

PROPOSITION 5. Let M be an anti-Kaehlerian submanifold with globally flat and
abelian normal bundle in Gc/Kc, where Gc/Kc is the complexification of a symmetric space
G/K of non-compact type. Assume that M is curvature adapted. Then M is anti-Kaehlerian
equifocal in Gc/Kc and for each v ∈ T ⊥M and each αc ∈ 
c+ with αc(g−1∗ v) �= 0,

±αc(g−1∗ v) is not a J -eigenvalue of Ac
v|g∗�c

α
if and only if (πc ◦ φc)−1(M) is proper anti-

Kaehlerian isoparametric in H 0([0, 1], gc), where g is a representative element of the base
point of v and 
c+ is the positive root system with respect to a maximal abelian subspace

(equipped with some lexicographical ordering) of pc = TeKc(Gc/Kc) containing g−1∗ v.

PROOF. This proposition directly follows from Proposition 4 and Lemmas 9, 12 and
13. q.e.d.

Now we prove the statement (ii) of Theorem 1.

PROOF OF (ii) OF THEOREM 1. The first half of the statement (ii) of Theorem 1 di-
rectly follows from this proposition and Theorem 5. It remains to show that each component

of (πc ◦φc)−1(Mc) extends to a complete proper anti-Kaehlerian isoparametric submanifold.
Let M̃c be one component of (πc ◦ φc)−1(Mc) and {Ei | i ∈ I } be the set of all complex
curvature distributions on M̃c. According to Theorem 2 (which will be proved in the next
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section), the distribution Ei is totally geodesic in M̃c (and hence integrable) and each leaf L
of Ei is an open potion of a complex sphere or complex affine subspace. Denote by Sc

L this

complex sphere or this complex affine subspace. Set (M̃c)1 := ⋃
i∈I
⋃
L∈M̃c/Ei

Sc
L, where

M̃c/Ei is the leaf space of Ei . It is shown that (M̃c)1 is a real analytic extension of M̃c. From

this fact, it follows that (M̃c)1 is also proper anti-Kaehlerian isoparametric. Let {E1
i | i ∈ I }

be the set of all complex curvature distributions on (M̃c)1. For each leaf L1 of E1
i , denote

by Sc
L1

the complex sphere or the complex affine subspace containing L1 as an open subset.

Set (M̃c)2 := ⋃
i∈I
⋃
L1∈(M̃c)1/E

1
i
Sc
L1

, which is a real analytic extension of (M̃c)1. From

this fact, it follows that (M̃c)2 is also proper anti-Kaehlerian isoparametric. In the sequel, we
define (M̃c)j (j = 2, 3, 4, · · · ) inductively. Set (M̃c)̂:=⋃∞

j=1(M̃
c)j . It is clear that (M̃c)̂

is a desired extension of M̃c. q.e.d.

8. Proof of Theorem 2

In this section, we prove Theorem 2. First we characterize totally anti-Kaehlerian um-
bilical submanifold in an infinite dimensional anti-Kaehlerian space (V , 〈 , 〉, J̃ ). Let W be

a (2m + 2)-dimensional J̃ -invariant vector space of (V , 〈 , 〉, J̃ ). Identify W with Cm+1.

Hence we have
〈
∂
∂zi
, ∂
∂zj

〉c∣∣
W c×W c = 1

2δij ,
〈
∂
∂zi
, ∂
∂z̄j

〉c∣∣
W c×W c = 0 (1 ≤ i, j ≤ m + 1) and

J̃ |W = √−1idCm+1 , where (z1, · · · , zm+1) is the natural coordinate of Cm+1. Define the

complex hypersurface Smc (κ) in W = Cm+1 by the equation z2
1 + · · · + z2

m+1 = κ2 (κ ∈ C).

Let κ = a + b
√−1 (a, b ∈ R). It is clear that Smc (κ) is an anti-Kaehlerian submanifold

in W (and hence (V , 〈 , 〉, J̃ )). We call Smc (κ) a complex sphere of radius κ . The position
vector field ṽ (: (z1, · · · , zm+1) (∈ Smc (κ)) → (z1, · · · , zm+1)) is a parallel normal vec-

tor field on Smc (κ) and the normal space T ⊥
z S

m
c (κ) (z = (z1, · · · , zm+1)) in W is spanned

by ṽz and J̃ ṽz. Denote by J the almost complex structure of Smc (κ). For the shape tensor
A of Smc (κ)(⊂ V ), we have Aṽ = −id and AJ̃ ṽ = −J , that is, SpecJAṽ = {−1} and

SpecJAJ̃ ṽ = {−√−1}. Also, we have Aw = 0 for every w ∈ Span{̃v, J̃ ṽ}⊥. On the other

hand, we have 〈̃v, ṽ〉 = a2 − b2, 〈J̃ ṽ, J̃ ṽ〉 = −(a2 − b2) and 〈̃v, J̃ ṽ〉 = 2ab. From these

relations, we see that ṽ1 := − 1
|κ|2 (aṽ + bJ̃ ṽ) and J̃ ṽ1 become an orthonormal frame field of

T ⊥Smc (κ). Note that 〈̃v1, ṽ1〉 = 1. Denote by h the second fundamental form of Smc (κ)(⊂ V ).
Then we have

h(X, Y ) = 〈h(X, Y ), ṽ1 〉̃v1 − 〈h(X, Y ), J̃ ṽ1〉J̃ ṽ1

= 〈Aṽ1X,Y 〉̃v1 − 〈AJ̃ ṽ1
X,Y 〉J̃ ṽ1

= 1

|κ |2 〈aX + bJX, Y 〉̃v1 − 1

|κ |2 〈aJX − bX, Y 〉J̃ ṽ1
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= 〈X,Y 〉 1

|κ |2 (aṽ1 + bJ̃ ṽ1)− 〈JX, Y 〉 1

|κ |2 J̃ (aṽ1 + bJ̃ ṽ1)

= 〈X,Y 〉
(

Re(κ2)

|κ |4 ṽ + Im(κ2)

|κ |4 J̃ ṽ

)
− 〈JX, Y 〉J̃

(
Re(κ2)

|κ |4 ṽ + Im(κ2)

|κ |4 J̃ ṽ

)
.

Thus the complex sphere Smc (κ) becomes a totally anti-Kaehlerian umbilical submanifold

with the mean curvature vector Re(κ2)

|κ|4 ṽ + Im(κ2)

|κ|4 J̃ ṽ. Set H := Re(κ2)

|κ|4 ṽ + Im(κ2)

|κ|4 J̃ ṽ. Then we

can show

(8.1) κ2 = 〈H,H 〉 − √−1〈J̃H,H 〉
〈H,H 〉2 + 〈H, J̃H 〉2

.

Now we prove the following characterization theorem for totally anti-Kaehlerian umbilical
submanifolds.

THEOREM 6. A totally anti-Kaehlerian umbilical submanifold with parallel mean cur-
vature vector in the infinite dimensional anti-Kaehlerian space is an open potion of a complex
sphere or a complex affine subspace.

PROOF. Let (M, 〈 , 〉, J ) be a totally anti-Kaehlerian umbilical submanifold in the
infinite dimensional anti-Kaehlerian space (V , 〈 , 〉, J̃ ). Denote by ∇, A, h, ∇⊥ and H the
induced connection, the shape tensor, the second fundamental form, the normal connection
and the mean curvature vector of (M, 〈 , 〉, J ), respectively. When H = 0, it is clear that M
is an open potion of a complex affine subspace. In the sequel, we consider the case ofH �= 0.
The first normal spaceN1 of (M, 〈 , 〉, J ) is spanned byH and J̃H . From the assumption, we

obtain ∇⊥
XH = 0 and ∇⊥

X(J̃H) = 0. Thus the first normal space N1 is parallel with respect

to ∇⊥. Therefore, according to the reduction theorem, there exists an (n + 2)-dimensional
J̃ -invariant subspaceW of (V , 〈 , 〉, J̃ ) containing (M, 〈 , 〉, J ). Set

vx := x + 1

〈Hx,Hx〉2 + 〈Hx, J̃Hx〉2
(〈Hx,Hx〉Hx + 〈Hx, J̃Hx〉J̃Hx) ,

where x ∈ M . Then we can show

(8.2) ∇̃Xv = X − 〈H,H 〉
〈H,H 〉2 + 〈H, J̃H 〉2

AHX − 〈H, J̃H 〉
〈H,H 〉2 + 〈H, J̃H 〉2

AJ̃HX

(X ∈ TM) in terms of ∇⊥H = ∇⊥J̃H = 0. On the other hand, we haveAHX = 〈H,H 〉X−
〈H, J̃H 〉JX (X ∈ TM) and AJ̃HX = 〈H, J̃H 〉X+〈H,H 〉JX (X ∈ TM). By substituting

these relations into (8.2), we obtain ∇̃Xv = 0. That is, v is a constant vector. IdentifyW with

C
n
2 +1. For each z = (z1, · · · , z n

2 +1) ∈ C
n
2 +1, we denote z2

1 +· · ·+ z2
n
2 +1 by z2. Then we have

(x − vx)
2 = (〈Hx,Hx〉2 − 2

√−1〈Hx,Hx〉〈Hx, J̃Hx〉 − 〈Hx, J̃Hx〉2)H 2
x

(〈Hx,Hx〉2 + 〈Hx, J̃Hx〉2)2
.
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It follows from ∇⊥H = ∇⊥(J̃H ) = 0 that the right-hand side is independent of x ∈ M . This
means that (M, 〈 , 〉, J ) is contained in a complex sphere. q.e.d.

REMARK 4. A real n(≥ 4)-dimensional totally anti-Kaehlerian umbilical submanifold
in the infinite dimensional anti-Kaehlerian space has automatically parallel mean curvature
vector.

Now we prove Theorem 2.

PROOF OF THEOREM 2. First we prove the statement (i). Let v ∈ T ⊥
x M . The point

x + v is a focal point of (M, x) if and only if Ker(id − Av) �= {0}, that is, 1 ∈ SpecJAv .
The J -spectrum SpecJAv coincides with {λi(x)(v) | i ∈ I }. Hence, x + v is a focal point of

(M, x) if and only if v ∈ ⋃i∈I λi(x)−1(1). That is, the focal set of (M, x) coincides with⋃
i∈I λi(x)−1(1) (under the identification of v with x + v). Next we prove the statement (ii).

Denote by ∇ the Levi-Civita connection ofM and by hi (i ∈ I ) the second fundamental form
of the distribution Ei on M . Let X,Y ∈ Γ (Ei), Z ∈ Γ (Ej ) (i �= j) and v be a parallel
normal vector field of (M, 〈 , 〉, J ) satisfying λi(v) �= λj (v). Then we have

(∇ZA)vX = λi(v)∇ZX − Av(∇ZX)
and

(∇XA)vZ = λj (v)∇XZ − Av(∇XZ) ,
where

√−1∗ implies J∗ and we use the fact that λi(v) and λj (v) are constant be-

cause of ∇⊥v = 0. Since (∇ZA)vX = (∇XA)vZ by the Codazzi equation, we have
(Av − λi(v)id)∇ZX = (Av − λj (v)id)∇XZ. By taking the inner product with Y , we
have (λi(v) − λj (v))〈∇XZ, Y 〉 = 0, that is, 〈∇XZ, Y 〉 = 0. On the other hand, we have
〈∇XZ, Y 〉 = −〈Z,∇XY 〉 = −〈hi(X, Y ), Z〉. Hence we have 〈hi(X, Y ), Z〉 = 0. From
the arbitrariness of Z ∈ Ej and j ( �= i), we obtain hi(X, Y ) = 0. Thus Ei is totally geo-

desic in M . Denote by h the second fundamental form of M and by h̃i the second funda-
mental form of leaves of Ei in V . Let X,Y ∈ (Ei)x and v ∈ T ⊥

x M . From hi = 0 and

AvX = Re(λi(v))X + Im(λi(v))JX = 〈vi, v〉 − 〈J̃ vi , v〉JX (by Lemma 5),

〈̃hi(X, Y ), v〉 = 〈h(X, Y ), v〉 = 〈AvX, Y 〉
= 〈〈vi , v〉X − 〈J̃ vi , v〉JX, Y 〉 = 〈〈X,Y 〉vi − 〈JX, Y 〉J̃ vi , v〉 .

From the arbitrariness of v, we have h̃i (X, Y ) = 〈X,Y 〉vi − 〈JX, Y 〉J̃ vi . This means that
leaves of Ei are a totally anti-Kaehlerian umbilical submanifold with the mean curvature vec-
tor vi in (V , 〈 , 〉, J̃ ). Further, it is easy to show that vi is parallel with respect to the normal
connection of each leaf ofEi in (V , 〈 , 〉, J̃ ). Hence it follows from Theorem 6 and (8.1) that

the leaves of Ei are open potions of complex spheres of radius

√
〈vi ,vi〉−

√−1〈J̃ vi ,vi〉
〈vi ,vi〉2+〈vi ,J̃ vi 〉2 =

√
λi(vi)|λi(vi)|

(when λi �= 0) or complex affine subspaces (when λi = 0). q.e.d.



232 NAOYUKI KOIKE

9. Proof of Theorem 3

In this section, we prove Theorem 3. For its purpose, we prepare some propositions. First
we prove the following fact for isometric actions on a semi-simple Lie groupG equipped with
a bi-invariant pseudo-Riemannian metric 〈 , 〉.

PROPOSITION 6. LetH be a closed subgroup ofG×G, which is an isometric action on
G by the adjoint action. Also, let ν be the cohomogeneity of theH -action. If the normal space

T ⊥
e (H · e) of the orbit H · e at e contains a ν-dimensional non-degenerate abelian subspace

T, then principal orbits throughΣ := expG(T) of theH -action are complex equifocal, where
expG is the exponential map of G.

PROOF. By imitating the proof of Lemma 2.2 of [18], we can show that all H -orbits
through Σ meet Σ orthogonally. Now we shall show that the principal orbit H · g1 through
g1 ∈ Σ is complex equifocal. Since the dimension of T is equal to the cohomogeneity of
the H -action, we have T ⊥

g1
(H · g1) = Tg1Σ . Hence, since T is non-degenerate and abelian,

the orbit H · g1 is a pseudo-Riemannian submanifold and it has abelian normal bundle. Also,
since H · g1 is a principal orbit, there exists a normal frame field (v1, · · · , vν) of H · g1

consisting of H -equivariant normal vector fields. Let U be an open neighborhood of H · g1

consisting of principal orbits of the H -action and ψ : U → U/H be the natural submersion.
It is clear that there exist the pseudo-Riemannian metric on U/H such that ψ is a pseudo-
Riemannian submersion, where we use the non-degeneracy of T. Since the fibres of the
pseudo-Riemannian submersionψ are orthogonal toΣ , we see that the horizontal distribution
of ψ is integrable. Hence H -equivariant normal vector fields vi (i = 1, · · · , ν) of H · g1 are
parallel with respect to the normal connection of H · g1. Also, since vi is H -equivariant, we
see that the complex focal radii along (vi)x is independent of the choice of x ∈ H · g1. These
facts imply that H · g1 is complex equifocal. q.e.d.

Next we prove the following fact for isometric actions on a symmetric space G/K of
non-compact type.

PROPOSITION 7. Let H be a closed subgroup of G and ν be the cohomogeneity of

the H -action. If the normal space T ⊥
eK(H(eK)) of the orbit H(eK) at eK contains a ν-

dimensional abelian subspace T, then principal orbits throughΣ := exp(T) of the H -action
are complex equifocal, where exp is the exponential map of G/K at eK .

PROOF. Let T̃ be the horizontal lift of T to e and set Σ̃ := expG T̃. The group H ×K

acts onG by the adjoint action. Since π ◦ (h, k) = h ◦π ((h, k) ∈ H ×K), theH ×K-orbits
are the inverse images of the H -orbits by π . Hence the cohomogeneity of the H ×K-action

is equal to ν and T̃ ⊂ T ⊥
e ((H × K) · e) holds. Therefore, it follows that all H × K-orbits

through Σ̃ meet it orthogonally. This implies that all H -orbits through π(Σ̃) meet π(Σ̃)
orthogonally. Since π ◦ expG |� = exp, we have π(Σ̃) = Σ . Hence, by imitating the proof of
Proposition 6, we can show that the principal orbits through Σ are complex equifocal. q.e.d.
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Next we prove the following fact for isometric actions on the pseudo-Hilbert space

H 0([0, 1], g), where g is the Lie algebra of a semi-simple Lie group G (see [25] about the

definition of the pseudo-Hilbert space H 0([0, 1], g)).
PROPOSITION 8. Let H be a closed subgroup of G × G and ν be the cohomogeneity

of the H -action. Also, set P(G,H) := {g ∈ H 1([0, 1],G) | (g(0), g(1)) ∈ H }, which acts

on H 0([0, 1], g) by the gauge action. If the normal space T ⊥
0̂
(P (G,H) ∗ 0̂) of the orbit

P(G,H) ∗ 0̂ at 0̂ contains a ν-dimensional non-degenerate subspace T such that φ∗T is
abelian, then principal orbits through T (which is regarded as the subspace of H 0([0, 1], g))
of the P(G,H)-action are complex isoparametric, where φ is the parallel transport map for
G (see [25] about this definition).

PROOF. Let Σ := expG φ∗T. Since φ ◦ (g ∗ ·) = (g(0), g(1)) ◦ φ (see §4 of [25]),
the P(G,H)-orbits are the inverse images of the H -orbits by φ. Hence the cohomogeneity
of the P(G,H)-action is equal to ν, φ∗T ⊂ T ⊥

e (H · e) holds and the P(G,H)-orbits are
Fredholm. Therefore, since φ∗T is abelian, all H -orbits through Σ meet it orthogonally (see
the first half of the proof of Proposition 6). It is shown that there exists the horizontal lift ΣL

of Σ through 0̂ (see the proof of (i)⇔(ii) in Theorem 4). Clearly we have ΣL = T. This fact
implies that P(G,H)-orbits through T meet it orthogonally. Hence, by imitating the second
half of the proof of Proposition 6, we can show that principal orbits through T have a global
parallel normal frame field consisting of P(G,H)-equivariant normal fields. Therefore, we
see that principal orbits through T are complex isoparametric. q.e.d.

Next we prove the following fact for isometric actions on the complexification Gc of a
semi-simple Lie group G.

PROPOSITION 9. LetH be a closed subgroup ofGc ×Gc and ν be the cohomogeneity
of theH -action. If the normal space T ⊥

e (H ·e) of the orbitH ·e at e contains a ν-dimensional
J -invariant abelian subspace T, then principal orbits through Σ := expGc(T) of the H -
action are anti-Kaehlerian equifocal, where J is the complex structure ofGc and expGc is the
exponential map of Gc.

PROOF. By imitating the proof of Lemma 2.2 of [18], we can show that all H -orbits
through Σ meet it orthogonally. Take the principal orbit H · g1 of the H -action through
g1 ∈ Σ . Since the dimension of T is equal to the cohomogeneity of the H -action, we have
T ⊥
g1
(H · g1) = Tg1Σ . Hence since T is J -invariant and abelian, it is shown that the orbit

H · g1 is an anti-Kaehlerian submanifold with abelian normal bundle. By imitating the proof
of Proposition 6, we can show the existence of a global parallel normal frame field of H · g1

consisting of H -equivariant normal vector fields. This implies that H · g1 is anti-Kaehlerian
equifocal. q.e.d.
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By imitating the proof of Proposition 7, we obtain the following fact for isometric actions
on the anti-Kaehlerian symmetric space Gc/Kc associated with a symmetric space G/K of
non-compact type.

PROPOSITION 10. Let H be a closed subgroup of Gc and ν be the cohomogeneity of

the H -action. If the normal space T ⊥
eK(H(eK

c)) of the orbit H(eKc) at eKc contains a ν-
dimensional J -invariant abelian subspace T, then principal orbits through Σ := exp(T) of
the H -action are anti-Kaehlerian equifocal, where J is the complex structure of Gc/Kc and
exp is the exponential map of Gc/Kc at eKc.

By imitating the proof of Proposition 8, we obtain the following fact for isometric ac-

tions on the anti-Kaehlerian space H 0([0, 1], gc), where gc implies the Lie algebra of the
complexification Gc of a semi-simple Lie group G.

PROPOSITION 11. LetH be a closed subgroup ofGc×Gc and ν be the cohomogeneity
of the H -action. Also, set P(Gc,H) := {g ∈ H 1([0, 1],Gc) | (g(0), g(1)) ∈ H }, which acts

on H 0([0, 1], gc) by the gauge action. If the normal space T ⊥
0̂
(P (Gc,H) ∗ 0̂) of the orbit

P(Gc,H)∗ 0̂ at 0̂ contains a ν-dimensional J -invariant subspace T such that φc∗T is abelian,

then principal orbits through T (which is regarded as the subspace ofH 0([0, 1], gc)) are anti-

Kaehlerian isoparametric, where J is the complex structure of H 0([0, 1], gc) and φc is the
parallel transport map forGc.

Now we prove Theorem 3 in terms of these propositions.

PROOF OF THEOREM 3. In the case where the H -action is of cohomogeneity one,
the statements (i) ∼ (vi) are directly shown by imitating the proof of Proposition 6. So we
shall consider the case where H is the group of all fixed points of an involution σ( �= idG)
of G. Let ρ : G → G be the Cartan involution associated with G/K . Also, let f (resp.
gH ) be the Lie algebra of K (resp. H ) and p (resp. pH ) be the eigenspace of ρ∗e (resp. σ∗e)
for the eigenvalue −1. Note that p (resp. pH ) is the orthogonal complement of f (resp. gH ).
It is clear that the isotropy group (H × K)e of H × K at e is equal to the diagonal group

(H ∩K). Also, we have Te((H ×K) · e) = {X − Y |X ∈ gH , Y ∈ f} = gH + f, we have
T ⊥
e ((H × K) · e) = pH ∩ p. Let L be the group of all fixed points of ρ ◦ σ and l be the Lie

algebra of L. It is easy to show that ρ = σ on L and thatH ∩K is the group of all fixed points
of ρ|L(= σ |L). The eigenspace decomposition of ρ∗e|� is given by l = (gH ∩ f)+ (pH ∩ p).
It is clear that this decomposition is a Cartan decomposition, that is, L/H ∩K is a symmetric
space of non-compact type. From these facts, we can show that the slice representation of
(H ×K)e(= 
(H ∩K)) on T ⊥

e ((H ×K) · e)(= pH ∩ p) is equivalent to the linear isotropy
representation of the symmetric space L/H ∩K . This fact deduces that the section T of the
slice representation is an abelian subspace of g and 〈 , 〉|�×� is positive definite. On the
other hand, the cohomogeneity of the slice representation coincides with that of the H × K-
action. That is, the dimension of T is equal to the cohomogeneity of the H × K-action.
Therefore, it follows from Propositions 6 ∼ 11 that principal orbits of the H -action through
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(π◦expG)(T) and those of theH×K-action through expG(T) are complex equifocal, those of

the P(G,H ×K)-action through TL
0̂

are complex isoparametric, those of H c-action through

(πc ◦ expGc)(Tc) and those of the H c × Kc-action through expGc(Tc) are anti-Kaehlerian

equifocal and that those of the P(Gc,H c × Kc)-action through (Tc)L
0̂

are anti-Kaehlerian

isoparametric. By the same argument for g−1H g (g ∈ G) instead of H , we can show that
other principal orbits of those actions also are complex equifocal, complex isoparametric,
anti-Kaehlerian equifocal or anti-Kaehlerian isoparametric, where we note that g−1H g is the

group of all fixed points of the involution Ad(g−1) ◦ σ ◦ Ad(g). q.e.d.

Now we classify homogeneous complex equifocal submanifolds in the m-dimensional
hyperbolic space SO0(m, 1)/SO(m). For its purpose, we recall the classification of cohomo-

geneity one actions on SO0(m, 1)/SO(m).

THEOREM 7 ([6]). A cohomogeneity one action on SO0(m, 1)/SO(m) is orbit equiv-
alent to one of the SO0(m− k, 1)× SO(k)-action (1 ≤ k ≤ m) or the N-action, where N is

the nilpotent part in the Iwasawa decomposition of SO0(m, 1).

From this classification, we can obtain the following fact.

THEOREM 8. A homogeneous complex equifocal submanifold in SO0(m, 1)/SO(m)
is congruent to one of the following (I)–(IV):

(I) A complete totally umbilical hypersphere (= a geodesic sphere).
(II) A tube over a complete totally geodesic submanifold of codimension bigger than

one.
(III) A complete totally umbilical hyperbolic space of codimension one
(IV) A horosphere.

PROOF. Since SO0(m, 1)/SO(m) is of rank one, complex equifocal submanifolds in
the space are hypersurfaces. Hence homogeneous ones are principal orbits of cohomogeneity
one actions on the space. Therefore, we obtain the statement from Theorem 7. q.e.d.

REMARK 5. (i) The hypersurfaces (I), (II), (III) and (IV) are a principal orbit of the

actions SO(m), SO0(m− k, 1)× SO(k) (2 ≤ k ≤ m− 1), SO0(m− 1, 1) and N , respec-
tively.

(ii) The anti-Kaehlerian isoparametric hypersurface in H 0([0, 1], so(m, 1)c) arising
from the hypersurfaces (I), (II) and (III) are proper anti-Kaehlerain isoparametric but so is
not the hypersurface arising from the hypersurface (IV). Here we note that a horosphere has

imaginary focal points on the ideal boundary of SO0(m, 1)/SO(m).
(iii) The hypersurfaces (I) and (II) have the only real focal radius and the hypersurfaces

(III) and (IV) have no real focal radius.

For cohomogeneity one actions on irreducible symmetric spaces of non-compact type,
the following facts have recently been shown by J. Berndt and H. Tamaru.
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THEOREM 9 ([4]). Let G/K be an irreducible symmetric space of non-compact type
and G = KAN be the Iwasawa decomposition of G. A cohomogeneity one action on G/K
having no singular orbit is orbit equivalent to one of the following actions:

(I) The Sl-action, where l is a linear line of h (h : the Lie algebra of A ) and Sl is a
connected Lie subgroup of AN associated with the orthogonal complement (h + n)� l of l in
h + n (n : the Lie algebra of N).

(II) The Sξ -action, where ξ is an element of the root space gα := {X ∈ g | ad(H)(X) =
α(H)X for all H ∈ h} for a simple root α and Sξ is a connected Lie subgroup of AN associ-
ated with the Lie algebra h + (n � Rξ).

THEOREM 10 ([5]). Let F be a totally geodesic singular orbit of a cohomogeneity one
action on an irreducible symmetric space G/K of non-compact type. If dimF ≥ 2, then F is
one of totally geodesic submanifolds in Theorems 3.3 and 4.2 of [5].

From these classifications, we can obtain the following fact.

THEOREM 11. Let M be a homogeneous hypersurface (hence a complex equifocal
one) in an irreducible symmetric space of non-compact type.

(i) IfM has no real focal radius, thenM is congruent to an orbit of the above Sl-action
or Sξ -action.

(ii) If M has a real focal radius and the focal submanifold is totally geodesic, then M
is congruent to a tube over one of totally geodesic submanifolds in Theorems 3.3 and 4.2 of
[5] or a tube over geodesics.

REMARK 6. (i) Orbits of the Sl-action are curvature adapted but so are not those of
the Sξ -action. Also, the anti-Kaehlerian isoparametric hypersurfaces arising from orbits of
both the Sl-action and the Sξ -action are not proper anti-Kaehlerian isoparametric.

(ii) Tubes over totally geodesic submanifolds in Theorems 3.3 and 4.2 of [5] are cur-
vature adapted and the anti-Kaehlerian isoparametric hypersurfaces arising from the tubes are
proper anti-Kaehlerian isoparametric.

(iii) Homogeneous complex equifocal hypersurface in a irreducible symmetric space
of non-compact type has at most one real focal radius (by Proposition 1 of [3]). Also, if the
hypersurface has a real focal radius with multiplicity bigger than

[
n
2

]
, then the focal subman-

ifold is automatically totally geodesic (by Proposition 2 of [3]).

10. Complex and anti-Kaehlerian hyperpolar actions

In this section, we introduce the new notions of complex hyperpolar actions on a sym-
metric spaceG/K of non-compact type, a connected semi-simple Lie groupG equipped with
a bi-invariant pseudo-Riemannian metric and a pseudo-Hilbert space V . It is shown that the
principal orbits of those actions become complex equifocal or complex isoparametric sub-
manifolds. Also, we introduce the new notions of anti-Kaehlerian hyperpolar actions on an
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anti-Kaehlerian symmetric spaceGc/Kc, the complexificationGc ofG and an infinite dimen-
sional anti-Kaehlerian space V c. It is shown that the principal orbits of those actions become
anti-Kaehlerian equifocal or anti-Kaehlerian isoparametric submanifolds. A complex hyper-
polar action is interpreted as an action having common focal points of the complexifications
of its orbits as its poles and imaginary poles. Also, an anti-Kaehlerian hyperpolar action is
interpreted as an action having common focal points of its orbits as its poles. We investigate
the relations among those actions. First we define the notion of a complex hyperpolar action
on the symmetric space G/K .

DEFINITION 1. Let H be a closed subgroup of G. If there exists an embedded (i.e.,
properly and injectively immersed) submanifold Σ ofG/K which meets allH -orbits orthog-
onally, then we call the H -action the complex polar action and call Σ its section, where we
note that Σ is automatically totally geodesic. Further, if the section Σ is flat (with respect to
the induced metric), then we call the action a complex hyperpolar action andΣ its flat section.

Here we explain the situation of the poles and the imaginary poles of complex hyperpolar

actions on the hyperbolic space SO0(m, 1)/SO(m).

EXAMPLE 4. Since SO0(m, 1)/SO(m) is of rank one, complex hyperpolar actions on
the space are automatically cohomogeneity one actions. According to Theorem 7, a cohomo-

geneity one action on the space is one of the SO0(m− k, 1)× SO(k)-action (1 ≤ k ≤ m) or
the N-action, where N is as in Theorem 7. It is clear that these actions admit a flat section,
that is, they are complex hyperpolar. For example, the orbits, the poles and the imaginary

poles of the SO(m)-action are as in Figure 5, those of the SO0(m − 1, 1)-action are as in
Figure 6 and those of the N-action are as in Figure 7.

Now we define a complex hyperpolar action on a simply connected semi-simple Lie
group G equipped with a bi-invariant pseudo-Riemannian metric.

DEFINITION 2. Let H be a closed subgroup ofG×G, which acts onG by the adjoint
action. We call the action of H a complex polar action on G if the following conditions (i)
and (ii) hold:

FIGURE 5.
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FIGURE 6.

FIGURE 7.

(i) each H -orbit is a pseudo-Riemannian submanifold in G,
(ii) there exists an embedded submanifold Σ of G which meets all H -orbits orthogo-

nally.
Also, we call Σ its section, where we note that Σ is automatically totally geodesic. Further,
if the section Σ is flat, then we call the action a complex hyperpolar action and Σ its flat
section.

Next we define the notion of a complex hyperpolar action on a pseudo-Hilbert space V .

DEFINITION 3. Let H be a Hilbert Lie group consisting of isometries of V . We call
the H -action a complex hyperpolar (or simply complex polar) action on V if the following
conditions (i)–(iii) hold:

(i) the H -action is Fredholm, that is, each orbit map h(∈ H) → hu(∈ V ) is a
Fredholm map for each u ∈ V ,

(ii) each H -orbit is a pseudo-Riemannian submanifold,
(iii) there exists a subspace Σ of V which meets all H -orbits orthogonally.

Also, we call Σ its flat section.
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REMARK 7. Each orbit of an isometric action H on V satisfying the above conditions
(i) and (ii) becomes a Fredholm pseudo-Riemannian submanifold.

For these complex hyperpolar actions, we have the following fact.

THEOREM 12. (i) Let G/K be a symmetric space of non-compact type. Principal
orbits of a complex hyperpolar action onG/K are complex equifocal.

(ii) Let V be a pseudo-Hilbert space. Principal orbits of a complex hyperpolar action
on V are complex isoparametric.

PROOF. The statement (i) is shown by using the argument in the second half of the
proof of Proposition 6. Assume that the H -action on V is complex hyperpolar. Let M be a
principal orbit of the H -action. Since H is a Fredholm action, the normal exponential map
of M is a Fredholm map, that is, M is a Fredholm submanifold. Further, by imitating the
argument in the second half of the proof of Proposition 6, it is shown that M is complex
isoparametric. Thus the statement (ii) is also shown. q.e.d.

For complex hyperpolar actions on a symmetric spaceG/K of non-compact type and the
connected semi-simple Lie groupG, we can show the following fact by imitating the proof of
Proposition 2.11 in [18], where we giveG a bi-invariant pseudo-Riemannian metric inducing
the Riemannian metric of G/K .

THEOREM 13. Let H be a closed subgroup of G. Then the H -action on G/K is com-
plex hyperpolar if and only if so is the H ×K-action onG.

PROOF. Let π be the natural projection ofG ontoG/K . Since eachH ×K-orbit is the
inverse image of an H -orbit by π , each H × K-orbit is a pseudo-Riemannian submanifold.
Assume that the H ×K-action is complex hyperpolar. Let Σ be a flat section of the H ×K-
action. Then it is shown that π(Σ) meets all orbits of the H -action orthogonally and that it is
embedded. Denote byDV (resp.DH ) the vertical (resp. horizontal) distribution of the pseudo-

Riemannian submersion π . Define B ∈ Γ (D∗
H ⊗ D∗

H ⊗ DV ) by B(X, Y ) := (∇∗
XY )

V for

X,Y ∈ DH , where ∇∗ is the Levi-Civita connection of G and (·)V is the vertical component
of ·. For an arbitrary tangent 2-plane σ of π(Σ), we have

(10.1) K̄(σ ) = K(σL)+ 3〈e1, e1〉〈e2, e2〉〈B(e1, e2), B(e1, e2)〉
(see [32,33]), where σL is the horizontal lift of σ to Σ , K̄(σ ) (resp. K(σL)) is the sectional
curvature of σ (resp. σL) and {e1, e2} is an orthonormal base of σL. Since B(e1, e2) = 0

by the existence of Σ and K(σL) = 0 by the flatness of Σ , we have K̄(σ ) = 0. Af-
ter all π(Σ) is a flat section of the H -action, that is, the H -action is complex hyperpolar.
Conversely assume that the H -action is complex hyperpolar. Let Σ̄ be a flat section of
the H -action. For an arbitrary tangent 2-plane σ of Σ̄ , we have (10.1). From the flatness
of Σ̄ , we have K̄(σ ) = 0. Since G is of non-positive curvature, we have K(σL) ≤ 0.
Also, since 〈 , 〉|DH×DH (resp. 〈 , 〉|DV×DV ) is positive (resp. negative) definite, we have

〈e1, e1〉〈e2, e2〉〈B(e1, e2), B(e1, e2)〉 ≤ 0. It follows from these relations that K(σL) = 0
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and B(e1, e2) = 0. These facts imply that the horizontal lift Σ̄L of Σ̄ exists and Σ̄L is flat.
Further, it is shown that Σ̄L meets all H × K-orbits orthogonally and that it is embedded.

After all Σ̄L is a flat section of the H × K-action, that is, the H × K-action is complex
hyperpolar. q.e.d.

Now we prove the equivalenceness of (i) and (ii) in Theorem 4.

PROOF OF (i) ⇔ (ii) IN THEOREM 4. Let φ : H 0([0, 1], g) → G be the parallel
transport map and π : G → G/K be the natural projection. Take g ∈ P(G,H × K). Then
we have φ ◦ (g ∗ ·) = (g(0), g(1)) ◦ φ. Hence P(G,H × K)-orbits are the inverse images
of H × K-orbits by φ. This fact implies that each H × K-orbit is a pseudo-Riemannian
submanifold if and only if so is each P(G,H ×K)-orbit. Since P(G,H ×K) is closed and

of finite codimension in H 1([0, 1],G), the P(G,H ×K)-action is Fredholm. First we show
(ii) ⇒ (i). Assume that the P(G,H × K)-action is complex hyperpolar. Let Σ̃ be a flat
section of the P(G,H ×K)-action. Then it is clear that φ(Σ̃) meets all orbits of theH ×K-
action orthogonally. It follows from this fact that φ(Σ̃) is totally geodesic. Denote by D̃V
(resp. D̃H ) the vertical (resp. horizontal) distribution of the pseudo-Riemannian submersion

φ. Define B̃ ∈ Γ (D̃∗
H ⊗ D̃∗

H ⊗ D̃V ) by B̃(X, Y ) := (∇̃XY )V for X,Y ∈ D̃H , where ∇̃ is

the Levi-Civita connection of H 0([0, 1], g) and (·)V is the vertical component of ·. For an
arbitrary non-degenerate 2-plane σ of φ(Σ̃), we have

K(σ) = K̃(σL)+ 3〈e1, e1〉〈e2, e2〉〈B̃(e1, e2), B̃(e1, e2)〉,
where σL is the horizontal lift of σ to Σ̃ , K(σ) (resp. K̃(σL)) is the sectional curvature of

σ (resp. σL) and {e1, e2} is an orthonormal base of σL. From the existence of Σ̃ , we have
B̃(e1, e2) = 0. Also, from the flatness of Σ̃ , we have K̃(σL) = 0. Hence we haveK(σ) = 0.
Thus φ(Σ̃) is flat. Hence, by imitating the proof of Theorem 13, we can show that π(φ(Σ̃))
is flat section of the H -action. That is, the H -action is complex hyperpolar. Next we show
(i) ⇒ (ii). Assume that the H -action is complex hyperpolar. According to Theorem 13, the
H ×K-action is also complex hyperpolar. Let Σ be a flat section of the H ×K-action. Take
an arbitrary non-degenerate 2-plane σ ofΣ and an orthonormal base {e1, e2} of the horizontal

lift σL of σ . Let u be the base point of σL. According to the fact (v) stated in §2, we can

express u = g ∗ 0̂ for some g ∈ P(G,G× e). By using Lemma 7, we have

(g ∗ ·)−1∗ B̃(e1, e2) = B̃((g ∗ ·)−1∗ e1, (g ∗ ·)−1∗ e2)

= (−t[φ∗(g ∗ ·)−1∗ e1, φ∗(g ∗ ·)−1∗ e2])V

= (−t[g(0)−1∗ φ∗e1, g(0)−1∗ φ∗e2])V .
On the other hand, since φ∗ei (i = 1, 2) are normal to the H ×K-orbit through φ(u) and the
orbit has abelian normal bundle, we have [g(0)−1∗ φ∗e1, g(0)−1∗ φ∗e2] = 0. Therefore, we have

B̃(e1, e2) = 0. Hence the existence of the horizonal lift ΣL of Σ is assured. Further, since
Σ meets all H × K-orbits orthogonally and each P(G,H × K)-orbit is the inverse image
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of a H × K-orbit by φ, ΣL meets all P(G,H × K)-orbits orthogonally. This fact implies

that ΣL is a complete totally geodesic submanifold (i.e., a subspace) in H 0([0, 1], g). Thus
ΣL is a flat section of the P(G,H ×K)-action, that is, the P(G,H ×K)-action is complex
hyperpolar. q.e.d.

Now we define a notion of an anti-Kaehlerian hyperpolar action on the anti-Kaehlerian
symmetric space Gc/Kc associated with a symmetric space G/K of non-compact type.

DEFINITION 4. Let H be a closed subgroup of Gc. We call the action ofH onGc/Kc

an anti-Kaehlerian polar action on Gc/Kc if the following conditions (i) and (ii) hold:
(i) each H -orbit is an anti-Kaehlerian submanifold in Gc/Kc,

(ii) there exists an embedded submanifold Σ of Gc/Kc which meets all H -orbits or-
thogonally.
Also, we call Σ its section, which is automatically totally geodesic. Further, if the section Σ
is flat, then we call the action an anti-Kaehlerian hyperpolar action andΣ its flat section.

The complexificaton Gc of a connected semi-simple Lie group G equipped with a bi-
invariant pseudo-Riemannian metric is regarded as the anti-Kaehlerian symmetric space as-
sociated with G = G × G/
(G), where 
 is the diagonal map. Hence an anti-Kaehlerian
hyperpolar action on Gc is defined as above. Next we define a notion of an anti-Kaehlerian
hyperpolar action on an infinite dimensional anti-Kaehlerian space (V , J̃ ).

DEFINITION 5. Let H be a Hilbert Lie group consisting of isometries of (V , J̃ ) pre-
serving J̃ . We call the H -action an anti-Kaehlerian hyperpolar (or simply anti-Kaehlerian

polar) action on (V , J̃ ) if the following conditions (i)–(iii) hold:
(i) the H -action is Fredholm,

(ii) each H -orbit is an anti-Kaehlerian submanifold in V ,
(iii) there exists a subspace Σ of V which meets all H -orbits orthogonally.

Also, we call Σ its flat section.

For these anti-Kaehlerian hyperpolar actions, we have the following fact.

THEOREM 14. (i) Let Gc/Kc be the anti-Kaehlerian symmetric space associated
with a symmetric space G/K of non-compact type. Principal orbits of an anti-Kaehlerian
hyperpolar action on Gc/Kc are anti-Kaehlerian equifocal.

(ii) Let V be an infinite dimensional anti-Kaehlerian space. Principal orbits of an
anti-Kaehlerian hyperpolar action on V are anti-Kaehlerian isoparametric.

PROOF. These facts are proved by imitating the proof of Theorem 12. q.e.d.

Next we prove the equivalenceness of (ii) and (iii) in Theorem 4.

PROOF OF (ii) ⇔ (iii) IN THEOREM 4. It is clear that the P(G,H × K)-action and
the P(Gc,H c ×Kc)-action are Fredholm, each P(G,H ×K)-orbit is a pseudo-Riemannian
submanifold and each P(Gc,H c ×Kc)-orbit is an anti-Kaehlerian submanifold. Assume that
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the P(G,H ×K)-action is complex hyperpolar. LetΣ be a flat section of the P(G,H ×K)-
action. Note that Σ is a finite dimensional subspace of V . It is clear that the complexification
Σc of the subspaceΣ is a flat section of theP(Gc,H c×Kc)-action. That is, P(Gc,H c×Kc)-
action is anti-Kaehlerian hyperpolar. Conversely assume that the P(Gc,H c × Kc)-action is
anti-Kaehlerian hyperpolar. Let Σ̃ be a flat section through u0 ∈ V (⊂ V c) of the P(Gc,H c×
Kc)-action. Note that Σ̃ is a finite dimensional anti-Kaehlerian subspace of V c. Let Σ̃ ′ :=
Σ̃∩V . It is clear that Σ̃ ′ is a flat section of the P(G,H×K)-action. That is, the P(G,H×K)-
action is complex hyperpolar. q.e.d.

At the end of this section, we propose the following problem.

PROBLEM 2. (i) Can any homogeneous complex equifocal submanifold in a sym-
metric spaceG/K of non-compact type be caught as a principal orbit of a complex hyperpolar
action?

(ii) Can any homogeneous complex isoparametric submanifold inH 0([0, 1], g)which
is the sum of fibres of π ◦ φ be caught as a principal orbit of a complex hyperpolar action of
P(G, · ×K)-type?

(iii) Can any homogeneous anti-Kaehlerian isoparametric submanifold inH 0([0,1], gc)

which is the sum of fibres of πc ◦ φc be caught as a principal orbit of an anti-Kaehlerian
hyperpolar action of P(Gc, · ×Kc)-type?

11. Isoparametric submanifolds in the sense of Heintze-Liu-Olmos

In this section, we first investigate the equivalence of the complex equifocality and the
isoparametricness with flat section in the sense of [16] of a submanifold in a symmetric space
of non-compact type. Heintze-Liu-Olmos [16] defined the notion of an isoparametric subman-
ifold in an arbitrary (finite dimensional) Riemannian manifold as a submanifoldM satisfying
the following conditions:

(i) M has flat normal bundle and locally parallel submanifolds of M have constant
mean curvature in radial directions,

(ii) M has a section at each point, where a section means a totally geodesic submanifold
meetingM orthogonally whose dimension is equal to the codimension of M .
In the above definition, Heintze-Liu-Olmos assumed only the (not necessarily globally) flat-
ness of the normal bundle of M . However, we may assume that M has globally flat normal
bundle by letting the universal covering of M be M newly if necessary, where we note that
the universal covering is immersed by the composition of the universal covering map and the
original immersion of M . In particular, if the sections are flat with respect to the induced
metric, then M is called an isoparametric submanifold with flat section. According to Theo-
rem 6.5 of [16], we see that a submanifold in a symmetric space G/K of compact type is an
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isoparametric submanifold with flat section in [16]-sense if and only if it is equifocal. So the
following question is naturally proposed.

QUESTION. Is a submanifold in a symmetric space of non-compact type an isopara-
metric submanifold with flat section if and only if it is complex equifocal?

For this question, we can answer partially as follows.

THEOREM 15. Let M be a submanifold in a symmetric space G/K of non-compact
type. Then the following statements (i) and (ii) hold:

(i) IfM is an isoparametric submanifold with flat section, then it is complex equifocal.
(ii) If M is complex equifocal and curvature adapted, then it is an isoparametric sub-

manifold with flat section.
(iii) If M is complex equifocal submanifold of codimension r(:= rankG/K) and if

there exists a parallel normal frame field (v1, · · · , vr ) of M such that, for each x(= gK) ∈
M , ((g−1∗ v1x)�, · · · , (g−1∗ vrx)�) is a simple root system for a maximal abelian subspace

g−1∗ T ⊥
x M of p = TeKG/K , then it is an isoparametric submanifold with flat section, where

(g−1∗ vix)�(·) = 〈g−1∗ vix, ·〉 (〈 , 〉 : the inner product of g−1∗ T ⊥
x M).

PROOF. We first note thatM has abelian normal bundle if and only if it has flat sections.
Let v be a parallel unit normal vector field on M . Let ηsv := exp⊥ ◦sv (: M → G/K) and
Msv := ηsv(M), where s is sufficiently close to zero. Define a function Fsv onM by η∗

svωsv =
Fsvω, where ω (resp. ωsv) is the volume element of M (resp. Msv). Set F̂vx (s) := Fsv(x)

(x ∈ M). It is shown that F̂vx (x ∈ M) have the holomorphic extensions. Denote by F̂ hvx (:
C → C) its holomorphic extension. According to Corollary 2.6 of [16], M is isoparametric
if and only if the projection fromM to any (sufficiently close) parallel submanifold along the
sections is volume preserving up to a constant factor. That is, M is isoparametric if and only

if F̂ hvx1
= F̂ hvx2

holds for every parallel normal vector field v of M and every x1, x2 ∈ M . On

the other hand, the complex focal radii along the geodesic γvx are catched as zero points of

F̂ hvx . Hence we see that M is complex equifocal if and only if (F̂ hvx1
)−1(0) = (F̂ hvx2

)−1(0)

holds for every parallel normal vector field v of M and every x1, x2 ∈ M . From these facts,
the statement (i) is shown. We shall show the statements (ii) and (iii). Take a continuous
orthonormal tangent frame field (e1, · · · , en) ofM defined on a connected open setU such that

R(ei, v)v = −β2
i ei (i = 1, · · · , n), where βi (i = 1, · · · , n) are continuous functions on U .

Let Avei = ∑n
j=1 aij ej (i = 1, · · · , n), where aij (i, j = 1, · · · , n) are continuous functions

on U . The Jacobi field Ji,x along γvx (x ∈ U ) with Ji,x(0) = eix and J ′
i,x (0) = −Avxeix is

described as

Ji,x(s) =
n∑
j=1

(cosh(sβi(x))δij − aij (x) sinh(sβj (x))

βj (x)
)Pγvx |[0,s]ejx ,
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where
sinh(sβj (x))

βj (x)
implies s when βj (x) = 0. From this description, we have

F̂vx (s) = det

(
cosh(sβi(x))δij − aij (x) sinh(sβj (x))

βj (x)

)
,

where
(

cosh(sβi(x))δij − aij (x) sinh(sβj (x))
βj (x)

)
is the matrix of (n, n)-type whose (i, j)-

component is cosh(sβi(x))δij − aij (x) sinh(sβj (x))
βj (x)

. Hence we have

(11.1) F̂ hvx (z) = det

(
cos(

√−1zβi(x))δij − aij (x) sin(
√−1zβj (x))√−1βj (x)

)
.

Assume that M is complex equifocal and curvature adapted. Then since R(·, v)v and Av
are commutative, we may assume that aij = 0 (i �= j ). For simplicity, set λi := aii (i =
1, · · · , n). From (11.1), the function F̂ hvx (x ∈ U ) is described as

(11.2) F̂ hvx (z) =
n∏
i=1

(
cos(

√−1zβi(x))− λi(x) sin(
√−1zβi(x))√−1βi(x)

)
.

Hence we have

(11.3) (F̂ hvx )
−1(0) =

n⋃
i=1

{
z | cos(

√−1zβi(x)) = λi(x) sin(
√−1zβi(x))√−1βi(x)

}
.

Take arbitrary two points x1 and x2 of U . Since M is complex equifocal, we have

(F̂ hvx1
)−1(0) = (F̂ hvx2

)−1(0). These facts together with (11.2) and (11.3) deduces F̂ hvx1
= F̂ hvx2

.

From the arbitrarinesses of x1, x2 and U , we see that F̂ hvx is independent of the choice
of x ∈ M . Thus M is an isoparametric submanifold with flat section. Next we as-
sume that M is complex equifocal, codimM = rankG/K and it admits a parallel normal
frame field as in the statement (iii). Then we see that each βi is constant over U because
{βi(x) | i = 1, · · · , n} = {α(g−1∗ vx) | α ∈ 
+} for each x(= gK) ∈ U , where 
+ is a

positive root system for the maximal abelian subspace g−1∗ T ⊥
x M . Let W be the set of all

parallel unit normal vector field v such that β1 : · · · : βn is an integer ratio and that βi �= 0
(i = 1, · · · , n). Also, let Wx := {vx | v ∈ W } (x ∈ M). It is easy to show that Wx is dense
in the unit sphere of T ⊥

x M . Assume that v ∈ W . Since β1 : · · · : βn is an integer ratio,
they are expressed as βi = mib (i = 1, · · · , n) in terms of some real constant b and inte-

gers m1, · · · ,mn which are mutually primal. Hence the function F̂ hvx (x ∈ U ) is described as

F̂ hvx (z) = e−bz
∑n
i=1 |mi |Gx(e2bz) in terms of some polynomialGx of degree |m1|+ · · ·+|mn|.

Take arbitrary two points x1 and x2 of U . Let c : [0, 1] → U be a continuous curve with

c(0) = x1 and c(1) = x2. Since M is complex equifocal, (F̂ hvc(t) )
−1(0) is independent of the

choice of t ∈ [0, 1]. Hence so is also G−1
c(t)(0). This implies thatGx2 = aGx1 (a : a non-zero
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complex constant). Hence we have F̂ hx2
= aF̂ hx1

. Further, since F̂ hvx1
(0) = F̂ hvx2

(0) = 1, we

have F̂ hvx1
= F̂ hvx2

. From the arbitrarinesses of x1, x2 and U , we see that F̂ hvx is independent of

the choice of x ∈ M . Further, sinceWx is dense in the unit sphere of T ⊥
x M , we see that F̂ h

v′
x

is

independent of the choice of x ∈ M for each parallel unit normal vector field v′ with v′ /∈ W .
ThusM is an isoparametric submanifold with flat section. q.e.d.

REMARK 8. Complex equifocal hypersurfaces in rank one symmetric spaces of non-
compact type admit a parallel normal frame field as in the statement (iii). Also, if the H -
action (H : the group of all fixed points of an involution of G) on a symmetric space G/K
of non-compact type is of cohomogeneity rankG/K , then principal orbits of the action admit
a parallel normal frame field as in the statement (iii) (see the proof of Theorem 3). Similarly,
principal orbits of complex hyperpolar actions of cohomogeneity rankG/K on G/K also
admit such a parallel normal frame field.
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