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Abstract. We investigate the multiple Hurwitz zeta functigp(sq, - - -, su; @), in particular those values at
non-positive integers. Then, as an application, we give a generalization of Lerch’s formula.

1. Introduction and the statement of main results

In this paper we consider the following multiple Hurwitz zeta functiondos 0 and
complex variablesy, - - -, s,:

1
(st spa) = Y T T (1.1)

O<mi<---<my

m;eZ
and its specialization
Cnls;a) = Guls, -+, 55a). (1.2)
For convenience, we set
So(s;a) = 1. (1.3)

The right-hand side of (1.1) is absolutely convergent ifsRe> 1, 1 <i < n. For
n =1, t1(s; a) = ¢(s; a) is the classical Hurwitz zeta functiar(s, a), and fora = 1,
Cn(s1, - -, sp; 1) is the Euler-Zagier multiple zeta functign(sy, - - -, s,). Whensy, ---, s,
are positive integers witky, > 2, the values of, (s1, - - -, s,,) are called multiple zeta values,
and they have been studied from the time of Euler. In recent years, many new relations among
multiple zeta values were discovered by Anaka Hoffman, Kaneko, Ohno, and Zagier (cf.
[41, [71, [8], [11], and [14]). There is a survey article by Arakawa and Kaneko ([6]).

Now we regard;, (s1, - - -, sp; @) @s a complex variable function. Arakawa and Kaneko
proved the analytic continuation gf(s1, - - -, s,) with respect to the last variabig ([4]). The
analytic continuation of, (s1, - - -, s,) to C" as a function of: variables was proved indepen-
dently by Akiyama, Egami and Tanigawa ([1]), and Zhao ([15]). Akiyama and Ishikawa
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introduced a multiple Hurwitz zeta function which is slightly different from our (1.1) and
proved its analytic continuation 16" ([2]). Matsumoto and Tanigawa proved the analytic
continuation of a wide class of multiple Dirichlet series and multiple Hurwitz zeta functions
([9] and [10]), and the analytic continuation of our multiple Hurwitz zeta function (1.1) is a
special case of [9, Theorem 1].

It is an interesting problem to consider values of zeta functions at non-positive integers,
but the multiple Hurwitz zeta function can have a point of indeterminacy there. Following [1]
and [3], we consider three special limiting processes

o®s1, - spra) = iMoo M gt -t @)
11—>s1 Ih—>5Sn

R . .

Erol(s1, - uspya) = lim oo lim g, (1, -+ 13 @), (1.4)
Ih—>5Sn 11—>Ss1

¢ (51, -y susa) = lim gy (s1+ e, -+, 50 + 85 a),
e—0

and call them regular values, reverse values| eentral values, respectively. In [1] and [3],
Akiyama, Egami and Tanigawa introduced them in order to investigate the Euler-Zagier mul-
tiple zeta function;, (s1, - - -, s,) and gave recurrence relations of regular values and reverse
values using the Euler-Maclaurin summation formula. By the same method, we give recur-
rence relations of regular values and reverse values for our multiple Hurwitz zeta function in
Theorem 2.2 stated in the next section.

On the other hand, as for central valueg,af1, - - -, s,), almost nothing is known except
for the casea = 2, 3 (cf. [1, 83, Remark 2]). In this paper, we give certain central values of
the multiple Hurwitz zeta function by using harmonic products. It is easy to see,that:)
is equal tazC (s, - - -, 5; @) if its value is determined.

THEOREM 1. Fors €C, s ¢ {2 |u € Z, 1 <u < n}, the following identity holds:

1 n
G(sia) == 3 (=D (s a)taths; ). (1.5)
k=1

In other words, we obtain the following identity:

;,f(s, S, 81a) = % Z(—l)kJrlgnc_k(s, R a)g‘lc(ks; a). (1.6)
k=1

Further, as a corollary of Theorem 1, we obtain some central values explicitly. The
following statement (ii) has been conjectured in [1, 83, Remark 2].

COROLLARY 2. (i) Thefollowing identity holds:

_1yn n 3
C}?(O,'~',O§a)=Cn(O§a)= (n|) H<k+a—§> (17)
Tok=1

(iiy  For any natural number u, the following identity holds:
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cC(=2u,- -, —2u) = ¢y(=2u; 1) = 0. (1.8)
Here we recall a classical formula given by Lerch.
LERCH S FORMULA (Lerch 1894, e.g. [13, p. 271]).For a > 0, we have
I'(a)
Vor’

where ¢/ (s; a) denotes %{(s; a) and I' (a) isthe gamma function.

¢'(0,a) =log (1.9)

As an application of Theorem 1 and Corollary 2 (i), we obtain the following generaliza-
tion of Lerch’s formula.

THEOREM 3 (Multiple Lerch’s formula). For a > 0, we have

PN o b e 1\ I(a)
G0 = g(k—i—a—i) log n=>1), (1.10)

where ¢, (s; a) denotes %g,, (s; a) and an empty product means 1.

NOTATIONS. W denote the set of rational integers and complex numbers by Z and C,
respectively. And we denote the set of integers not less than j (resp. not morethan j) by Z ;

(resp. Z<j).

2. Three kinds of limiting values of the multiple Hurwitz zeta function at non-
positive integers

In this section, we consider values of theltiple Hurwitz zeta function at non-positive
integers. In [9], Matsumoto introduced a wide class of multiple Hurwitz zeta function which
contains our multiple Hurwitz zeta function (1.1), and proved their analytic continuation by
using the Mellin-Barnes integral formula. In the notation in [9],

é’n(s:l.’""sn;a):gn((sla"'asi’l);(aaa+17"'7a+n_1)7(17”"1))7
and we have the following theorem.

THEOREM 2.1 (Matsumoto [9, Theorem)l The multiple Hurwitz zeta function
Ln(s1, - -+, su; a) defined by (1.1) can be analytically continued to C”, and holomorphic ex-
cept for the sets determined by

J
so=1 and Y s, ip1€Z<; (j=23--.n). (2.1)
i=1
In [1] and [3], Akiyama, Egami and Tanigawa gave recurrence relations of regular values
and reverse values of the Euler-Zagier multiple zeta function. Similar to [1] and [3], we obtain
the following recurrence relations for the multiple Hurwitz zeta function.



64 KEN KAMANO

THEOREM 2.2. FOr ui,uz,---,u, € Z=oWithn > 2, we have
{nReg(_”la cee, —Ups @)
(2.2)
Reg
= Z (_ | 11 l(_ 1, y —Up—2, —Up—1 — Up + k; a) 5
— (k + 1)
cRv(—ur, -, —ups a)
= Z( U (k+1),;"’°“( uy—uz+k, —uz, -+, —uy; a) (2.3)
Rev( ujg —uz, —us, - M}'ha) +€( ui; a)é'Rev( uz, - Mn;a)~
Here we set

ss+1---(s+r—-1) (r=212---),
(s)r =131 (r=0,
1/(s = 1) (r=-1,

and By, isthen-th Bernoulli number defined by

e¢]

t Bnt".

1 o
e 1 n!
n=0

REMARK 2.3. In particular, whem = 1, equations (2.2) and (2.3) are the same as
those proved in [1, Eq. (6)] and [3, 87].

We quote here the Euler-Maclaurin summation formula, since we use it in the proof of
Theorem 2.2.

LEMMA 2.4 (e.g.[12,1.0.2, Theorem 4]).Letw, 8,/ € Z,0<[,0< « < B,and f(x)
be a (I + 1)-times continuoudly differentiable function on [«, 8]. Then we have the following
identity:

Zf(n) f f0)dx + > (f(a)+f(ﬂ)>+2 i +1>' (fOB) - )

(_1)l+1 5 1
- f Braa(o) £ ()dox

Here B, (x) isthe n-th periodic Bernoulli polynomial defined as follows:

ZB 2O By) = Ba(lx))

n=0

where {x} isthe fractional part of x.
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PROOF OFTHEOREM 2.2. We setf(x) = (x + a)~* with a > 0, and assume that
Re(s) > 1. Then we have

FO@) = =D s +a) 7,

[V R
0 fx T\t m+a)y-1)"

Settinge = 0 andg = m in Lemma 2.4, we have

’"1_1(1 1)1(1 1)
Z(n+a)5 Ts—1 (15_1_(m-|—a)s_1 +§ ;+(m+a)5

n=0
!
Bit1 1 1 (2.4)
* ]; (k + 1)! (S)k<a5+k (m + a)"+k)

i /’m Bri1(x) .
C+D!Jo (x+ayt+l "

Lettingm — oo, we have

1 & Bt Ok
ety el Y s
(s —Das"1  2a = (k + D! astk 25)
i1 /"O Biy1(x) .

(+D'Jo Gtaypri®

¢1(s;a) =

Considering the difference of (2.4) and (2.5), we obtain

i 1 mta™ 1
wimer (1 s—1 2(m + a)’
: (2.6)
Bk+l () .
" 1<2=::L (k+ D! (m +a)stk ¢1(m,s;a),
where
Lq) = L [ Biy1(x)
¢l(m,S,a)_ (l+1)'/;n (x+a)5+l+l X . (27)



66 KEN KAMANO

By (2.6), we have

§n(sla Ty Sn, a)

1 > 1
= 2 M1+ a)yt- (my_1 +ayn1 2 (M + a)™

O<mi<--<my_1 my=m,_1+1

- Z 1 { (My—1+ a)t=sn

(my1+a)1---(my_1+ a)’n-1 sn—1
O<my<--<mu_1

1
2(my 1+ a)'

i Bi+1 (sn)k

(k+ D! (mp_1 +a)»+* Prn— o a)} ’

k=1

for Re(s;) > 1, 1 <i < n. Hence we obtain

Sn(s1, -+, 8n5 @)
_ o1 sn2.81+ s —Lia)  Galst, L Sn—2, 801+ Sus @)
h sp—1 2
I
(sn)k Br+1 2.8
+I;(’;€T1;§nfl(sla ey Sn—2, Sn—1+ Sp + k; a) (28)
_ Z G1(mn—1, sp; a)

(m1+a)t- - (my_1+a)-1’

O<my<--<m,_1

By definition (2.7), we see tha(m, s; a) = O(m~R¥)~!). Hence the last summation of
(2.8)

Z Gi1(my_1, sp; a) , (29)
0 (m1+a)t---(my—1+a)n-t
<mj<--<mp_1
is convergent if
Re(s,) + Re(s,-1) + Y Rels)>n—1-1. (2.10)

1<i<n—-2
RE(S,‘) <0
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In fact, by the inequality

Z ¢1(mp—1, S @)
(m1+a)st---(mp—1+a)n-1
O<mip<--<my_1
- 1 Z d1(mp_1, Sp; a)
- e O<mop<--<my,_1 (mz+a)2:-- (ma-1 +ayns
" Z d1(mp—1, Sn; @)
N oo+ ay|

O<my<---<my_

it follows that we have only to consider the summation

Z d1(my—1, sn; a)

L (mita)yt (mya+a)nt ‘

O<my<---<my_

Considering the evaluation

Z d1(my—1, s a)

) (m1+a)st---(my—1+ a)’n-1

O<myi<:-<my,_

1 (my—1,5030)

Z (n12+a)5271'"(m)171+4)5"71

(if Re(s1) = 0)

G1(my—1,5n3a)
(ma+a) 15271 (my_g+a)*n—1

(if Re(s1) < 0)

O<mop<:-<my_1

and repeating this procedure, we obtain

oo

Z |pr(mp—1, sp; a)l (211)

(mn_l —+ a)F(Sls“'aSn—l) ’

Z G1(mp—1, Sy a)

 mita)te-(mp_1+a)n-t

O<myi<--<my,_ my—1=1

where

F(s1,-+,5n-1) =Re(s,-) + Y Rels)) —(n—2). (2.12)
Re(s;)<0

1<i<n-2

Hence (2.9) is convergent under the condition (2.10). Moreover, we see (2.9) is equal to
Ofors, =0,-1,-2,---, I becausep;(m, s;a) = 0fors = 0,-1,-2,---, —[. Since

Cn(s1, - -+, 8y a) andg,—1(s1, - - -, sp—1; a) are analytically continued to the whole space, we
can evaluate those regular values and obtain the recurrence relation (2.2).
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Next we consider reverse values. We prove (2.3) by the same method as in [3, §7]. By
(2.6), we have

’"2*1 1 _(.)_(m+a)1*5_ 1
0(n+a)s—§’s,a s—1 2(m + a)’

(2.13)

— 2: +
s 85 s
= k+ 1! (m +a)stk F¢i(m,s; a)

for Re(s) > 1. By (2.13), we have

Cn(S1, -+, Sns a)

(m2 +a)t™1
1-—s1

= Z (ma+a)z- - (my, + a)* {§(s1; a) +

O<mop<---<my

I
1 Bi+1 (s1)k .
C 2matayt 1;1 k£ 1)1 (mz + ayiek T O10m2 50 “)}

_GaGits2—1s3, - 50a)  Lu-1(s1 452,83, -+, 503 a)
B 1-s51 2

I
Bjt1

- E & ++1),(Sl)kén—1(81+82+k, 83,8 a) +¢(s1;a)8n—1(52, - -+, Sp3 a)
=1 '

n Z ¢i(m2, 515 a)

(m2+a)s2---(m, +a)n’

O<mo<---<my

for Re(s;) > 1,1 <i < n. The last summation is equal to

1 N Br(ma, 51; @) o ¢i(m2, s1; @)
Z (m3 + a)ss e (mn + a)S)l { n12=:0 (m2 + a)SZ - Z (m2 + a)sz }

0<mz<--<my mo=m3

= Cp—2(83, -, 8n; Q) Z ¢l(m2, $15 a) Z

m a)s2
( 2+ ) O<mgy<--<my

> > @i(m2, 51; a) > > ¢1(m2, s1; a)
{ Z Z (m2 + a)2(mz +a)s Z Z (m2 + a)’2(m3 + a)®3 } '

m3=0 mp=m3 m3=mg4 m2=ms3

1
(ma+a)*--- (my + a)*

Repeating this procedure, we obtain

é‘i’l(sla T, Sn, a)
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_ Gn-1bats2— 153, s030)  Gu-1(51+ 52,83, S0 4)
o 1—51 2

I
Br+1
— D (s Cn-1(s1+ 52+ Kk, 53, -+, Sn3 @) + §(s1; @) 8n-1(52, - -+, 5p3 @)
— e+ D!

+ Cn—2(s3, -+, 505 a) Z ¢(1}§7;24;S;;S621)

— Cn3(sa. o sia) Y ¢l(mg, s1; @)

S S
O<mazny (m2 + a)*2(m3 + a)*3

Z @1 (m2, s1; a)

(m2+a)s2---(my_1+a)-1

0<my_1<--<mp

+o A D" e s @)

Z 1 (m2, s1; a)

(m2 +a)2---(my +ay

0<m,<--<mpy

+ (D"

Then, in a way similar to the case of regular values, we obtain the recurrence relation (2.3) of
reverse values. O

Now we come to the stage of proving Theorem 1 of §1.

PROOF OFTHEOREM1. The method of harmonic products is known in the theory of
multiple zeta values (cf. [7] and [8]). In our case, the following identity holds:for 2 when
all the appearing multiple Hurwitz zeta functions are given by convergent infinite series;

n
¢(tra)tn-a(sy, - -+, sp-150a) = Z Cn(S1, - Sim1, 1, 805000, Sn—15 @)
(2.14)

+ Z Cn—1(s1, -+ -, Sj—1,8j +1,8j4+1,, Sn—1; a).

The right and left hands of (2.14) are analytically continue@tphence (2.14) holds o@"
except on the singularities. We assume that there appear no singularities of zeta functions for
the moment. By (2.14), we have
n—1 .
4
nCu(s, -+, 53a) = C(8; @)n1(s, -+, 53a) = Y Guoa(s, -+, 25, -+, 550).

i=1

We use (2.14) again, and we have

n—1 . n—2
1
Y o taals, 25,00 550) =025 @)En-2(s, -, 830) — Y Lua(s, e, 38,00, s5a).
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By repeating this transformation, we obtain equation (1.5).

We consider the case that there may apperyuarities of zeta functions. The possible
singularities ofz,(s1, - - -, su; a) are given by Theorem 2.1, so we can take 0 such that
(t1+e,---,t, +¢) isin the holomorphic region for a singularits, - - - , ,,). Taking suitable
¢, therefore, we can avoid singularities and have

n
nG(s+e, o stea) =Y (D (s +e s e a) ks +kesa)
k=1

just as the above calculations. Whetends to 0, there appears the pole of the Hurwitz zeta
functionifks =1 (k =1,2,---,n). Thus we obtain equation (1.5) fere C, s ¢ {% lu €
Z,1<u<n} O

REMARK 2.5. At a point of indeterminacy, equation (2.14) does not hold in general
even if one takes regular values, reverse values, or central values. But the identity

£ (s1; )& (525 @) = &5 (51,525 @) + &5 (52, 513 @) + L (51 + s2; @)
holds except on the poles.

PROOF OFCOROLLARY 2. (i) Itis well known that¢1(0; a) = 1/2 — a. By (2.14),
we have

£(0;a)tn-1(0;a) = gy (0;a) + (n — D &y—1(0; a) ,

s0¢,(0; a) satisfies the recurrence relation
1/3
2 (0;a) = - <§ —a— n) tn-1(0; a). (2.15)

Hence we obtain

" 1/3
ACEHE I (E —a —k) £1(0; a)

(-D" 1~ 3

k=1

(i) Let u be a natural number. By Theorem 1, we have

ngp(=2u; 1) =Y (=D e, p(—2u; D (—2ku; 1) . (2.16)
k=1

The right-hand side of (2.16) becomes 0 singe-2m; 1) = ¢(—2m) = 0 for a natural
numberm. O
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3. A generalization of Lerch’sformula
In this section, we prove Theorem 3 of §81. In the proof, we use the identity
1 n ( 1) n 1 k-1 1
—l_[ k+x— 2 =Z—H(m+x——) (3.1)
nt 2 = k! o 2
for anyn € Zxo, which is obtained by induction on

PROOF OFTHEOREM 3. We definef,,(a) by ¢, (0; a) = fu(a) Iog% forn > 0. If

n = 0, thenfp(a) = 0 since¢o(s; a) = 1. To obtain the result, it suffices to show the identity
forn > 1:

= 1
fula) = T L[l<k+a—§>. (3.2)

By Theorem 1, we have

n

1
G = =3 (DG (s @t lhs; @)+ kG ) (ks @) . (33)
k=1

Then, by Corollary 2 (i) and Lerch’s formula, we obtain

1 n
0 a) = =Y (=D, (0:)¢(0; @) + k &y (0: @)¢'(0; a))
n

k=1
_ L [@
n N

n n—k
PN 1_ B ) (_1)11—k < B :__3)
ngl( 1 {(2 a fnfk(a)ﬁ‘k(n_k)! ”1;[1 m+a 5) [

Then we obtain

1w 1
fula) = ;{ Z(—Dk“(g - a)fn_k(a)
k=1

n n—k
_1yn+l k < _§)}
ey ;(n—k)!l_[ mraT3

m=1

n—1 k-1

Z{(—l)k<a— %)fk(a)— n;k [ <m+a— %)}

k=0 " m=0

_
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We prove (3.2) by induction on. It holds forn = 1 by Lerch’s formulaz’(0, a) =
log L@ Assume that (3.2) holds far< n — 1, then we get

Nerh
B (_1),, n—1 L 1 (_1)](,1 k—1 1
Jn(a) = n ;{(_1) (a—§>mm1:[l<m+a—§)
= 1 —1y
R
nn=1l, k-1
_ =D Z{k_:zl—[ (m+a__>}+( 11
n k=1 * m=0
n—1 1 k—1 1
=( 1)"*12:@ I (m+a— —)
k=0"" m=0

Then, by (3.1), we have

(=D)" 1 1
frs1(@) = — ]‘[(k+a—5>,

which concludes the proof. ]
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