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Abstract. We investigate the multiple Hurwitz zeta functionζn(s1, · · · , sn; a), in particular those values at
non-positive integers. Then, as an application, we give a generalization of Lerch’s formula.

1. Introduction and the statement of main results

In this paper we consider the following multiple Hurwitz zeta function fora > 0 and
complex variabless1, · · · , sn:

ζn(s1, · · · , sn; a) =
∑

0≤m1<···<mn
mi∈Z

1

(m1 + a)s1 · · · (mn + a)sn
, (1.1)

and its specialization

ζn(s; a) = ζn(s, · · · , s; a) . (1.2)

For convenience, we set

ζ0(s; a) = 1 . (1.3)

The right-hand side of (1.1) is absolutely convergent if Re(si ) > 1, 1 ≤ i ≤ n. For
n = 1, ζ1(s; a) = ζ(s; a) is the classical Hurwitz zeta functionζ(s, a), and fora = 1,
ζn(s1, · · · , sn; 1) is the Euler-Zagier multiple zeta functionζn(s1, · · · , sn). Whens1, · · · , sn
are positive integers withsn ≥ 2, the values ofζn(s1, · · · , sn) are called multiple zeta values,
and they have been studied from the time of Euler. In recent years, many new relations among
multiple zeta values were discovered by Arakawa, Hoffman, Kaneko, Ohno, and Zagier (cf.
[4], [7], [8], [11], and [14]). There is a survey article by Arakawa and Kaneko ([6]).

Now we regardζn(s1, · · · , sn; a) as a complex variable function. Arakawa and Kaneko
proved the analytic continuation ofζn(s1, · · · , sn) with respect to the last variablesn ([4]). The
analytic continuation ofζn(s1, · · · , sn) to Cn as a function ofn variables was proved indepen-
dently by Akiyama, Egami and Tanigawa ([1]), and Zhao ([15]). Akiyama and Ishikawa
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introduced a multiple Hurwitz zeta function which is slightly different from our (1.1) and
proved its analytic continuation toCn ([2]). Matsumoto and Tanigawa proved the analytic
continuation of a wide class of multiple Dirichlet series and multiple Hurwitz zeta functions
([9] and [10]), and the analytic continuation of our multiple Hurwitz zeta function (1.1) is a
special case of [9, Theorem 1].

It is an interesting problem to consider values of zeta functions at non-positive integers,
but the multiple Hurwitz zeta function can have a point of indeterminacy there. Following [1]
and [3], we consider three special limiting processes

ζ
Reg
n (s1, · · · , sn; a) = lim

t1→s1
· · · lim

tn→sn
ζn(t1, · · · , tn; a) ,

ζ Rev
n (s1, · · · , sn; a) = lim

tn→sn
· · · lim

t1→s1
ζn(t1, · · · , tn; a) ,

ζC
n (s1, · · · , sn; a) = lim

ε→0
ζn(s1 + ε, · · · , sn + ε; a) ,

(1.4)

and call them regular values, reverse values, and central values, respectively. In [1] and [3],
Akiyama, Egami and Tanigawa introduced them in order to investigate the Euler-Zagier mul-
tiple zeta functionζn(s1, · · · , sn) and gave recurrence relations of regular values and reverse
values using the Euler-Maclaurin summation formula. By the same method, we give recur-
rence relations of regular values and reverse values for our multiple Hurwitz zeta function in
Theorem 2.2 stated in the next section.

On the other hand, as for central values ofζn(s1, · · · , sn), almost nothing is known except
for the casesn = 2, 3 (cf. [1, §3, Remark 2]). In this paper, we give certain central values of
the multiple Hurwitz zeta function by using harmonic products. It is easy to see thatζn(s; a)

is equal toζC
n (s, · · · , s; a) if its value is determined.

THEOREM 1. For s ∈ C, s �∈ { 1
u

| u ∈ Z, 1 ≤ u ≤ n}, the following identity holds:

ζn(s; a) = 1

n

n∑
k=1

(−1)k+1ζn−k(s; a)ζ1(ks; a) . (1.5)

In other words, we obtain the following identity:

ζC
n (s, · · · , s; a) = 1

n

n∑
k=1

(−1)k+1ζC
n−k(s, · · · , s; a)ζC

1 (ks; a) . (1.6)

Further, as a corollary of Theorem 1, we obtain some central values explicitly. The
following statement (ii) has been conjectured in [1, §3, Remark 2].

COROLLARY 2. (i) The following identity holds:

ζC
n (0, · · · , 0; a) = ζn(0; a) = (−1)n

n!
n∏

k=1

(
k + a − 3

2

)
. (1.7)

(ii) For any natural number u, the following identity holds:
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ζC
n (−2u, · · · ,−2u) = ζn(−2u; 1) = 0 . (1.8)

Here we recall a classical formula given by Lerch.

LERCH’ S FORMULA (Lerch 1894, e.g. [13, p. 271]).For a > 0, we have

ζ ′(0, a) = log
Γ (a)√

2π
, (1.9)

where ζ ′(s; a) denotes d
ds

ζ(s; a) and Γ (a) is the gamma function.

As an application of Theorem 1 and Corollary 2 (i), we obtain the following generaliza-
tion of Lerch’s formula.

THEOREM 3 (Multiple Lerch’s formula). For a > 0, we have

ζ ′
n(0; a) = (−1)n−1

(n − 1)!
n−1∏
k=1

(
k + a − 1

2

)
log

Γ (a)√
2π

, (n ≥ 1) , (1.10)

where ζ ′
n(s; a) denotes d

ds
ζn(s; a) and an empty product means 1.

NOTATIONS. We denote the set of rational integers and complex numbers by Z and C,
respectively. And we denote the set of integers not less than j (resp. not more than j) by Z≥j

(resp. Z≤j ).

2. Three kinds of limiting values of the multiple Hurwitz zeta function at non-
positive integers

In this section, we consider values of the multiple Hurwitz zeta function at non-positive
integers. In [9], Matsumoto introduced a wide class of multiple Hurwitz zeta function which
contains our multiple Hurwitz zeta function (1.1), and proved their analytic continuation by
using the Mellin-Barnes integral formula. In the notation in [9],

ζn(s1, · · · , sn; a) = ζn((s1, · · · , sn); (a, a + 1, · · · , a + n − 1), (1, · · · , 1)) ,

and we have the following theorem.

THEOREM 2.1 (Matsumoto [9, Theorem 1]). The multiple Hurwitz zeta function
ζn(s1, · · · , sn; a) defined by (1.1) can be analytically continued to Cn, and holomorphic ex-
cept for the sets determined by

sn = 1 and
j∑

i=1

sn−i+1 ∈ Z≤j (j = 2, 3, · · · , n) . (2.1)

In [1] and [3], Akiyama, Egami and Tanigawa gave recurrence relations of regular values
and reverse values of the Euler-Zagier multiple zeta function. Similar to [1] and [3], we obtain
the following recurrence relations for the multiple Hurwitz zeta function.
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THEOREM 2.2. For u1, u2, · · · , un ∈ Z≥0 with n ≥ 2, we have

ζ
Reg
n (−u1, · · · ,−un; a)

=
un∑

k=−1

(−un)k
Bk+1

(k + 1)!ζ
Reg
n−1 (−u1, · · · ,−un−2,−un−1 − un + k; a) ,

(2.2)

ζRev
n (−u1, · · · ,−un; a)

= −
u1∑

k=−1

(−u1)k
Bk+1

(k + 1)!ζ
Rev
n−1(−u1 − u2 + k,−u3, · · · ,−un; a)

− ζRev
n−1(−u1 − u2,−u3, · · · ,−un; a) + ζ(−u1; a)ζRev

n−1(−u2, · · · ,−un; a) .

(2.3)

Here we set

(s)r =




s(s + 1) · · · (s + r − 1) (r = 1, 2, · · · ) ,

1 (r = 0) ,

1/(s − 1) (r = −1) ,

and Bn is the n-th Bernoulli number defined by

t

et − 1
=

∞∑
n=0

Bn

n! tn .

REMARK 2.3. In particular, whena = 1, equations (2.2) and (2.3) are the same as
those proved in [1, Eq. (6)] and [3, §7].

We quote here the Euler-Maclaurin summation formula, since we use it in the proof of
Theorem 2.2.

LEMMA 2.4 (e.g. [12, I.0.2, Theorem 4]).Let α, β, l ∈ Z, 0≤ l, 0≤ α ≤ β, and f (x)

be a (l + 1)-times continuously differentiable function on [α, β]. Then we have the following
identity:

β∑
n=α

f (n) =
∫ β

α

f (x)dx + 1

2
(f (α) + f (β)) +

l∑
k=1

Bk+1

(k + 1)!(f
(k)(β) − f (k)(α))

− (−1)l+1

(l + 1)!
∫ β

α

B̃l+1(x)f (l+1)(x)dx .

Here B̃n(x) is the n-th periodic Bernoulli polynomial defined as follows:
text

et − 1
=

∞∑
n=0

Bn(x)

n! tn , B̃n(x) = Bn({x})

where {x} is the fractional part of x.
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PROOF OFTHEOREM 2.2. We setf (x) = (x + a)−s with a > 0, and assume that
Re(s) > 1. Then we have

f (k)(x) = (−1)k(s)k(x + a)−s−k ,

∫ m

0
f (x)dx = 1

s − 1

(
1

as−1 − 1

(m + a)s−1

)
.

Settingα = 0 andβ = m in Lemma 2.4, we have

m∑
n=0

1

(n + a)s
= 1

s − 1

(
1

as−1 − 1

(m + a)s−1

)
+ 1

2

(
1

as
+ 1

(m + a)s

)

+
l∑

k=1

Bk+1

(k + 1)! (s)k
(

1

as+k
− 1

(m + a)s+k

)

− (s)l+1

(l + 1)!
∫ m

0

B̃l+1(x)

(x + a)s+l+1
dx .

(2.4)

Lettingm → ∞, we have

ζ1(s; a) = 1

(s − 1)as−1 + 1

2as
+

l∑
k=1

Bk+1

(k + 1)!
(s)k

as+k

− (s)l+1

(l + 1)!
∫ ∞

0

B̃l+1(x)

(x + a)s+l+1
dx .

(2.5)

Considering the difference of (2.4) and (2.5), we obtain

∞∑
n=m+1

1

(n + a)s
= (m + a)1−s

s − 1
− 1

2(m + a)s

+
l∑

k=1

Bk+1

(k + 1)!
(s)k

(m + a)s+k
− φl(m, s; a) ,

(2.6)

where

φl(m, s; a) = (s)l+1

(l + 1)!
∫ ∞

m

B̃l+1(x)

(x + a)s+l+1
dx . (2.7)
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By (2.6), we have

ζn(s1, · · · , sn; a)

=
∑

0≤m1<···<mn−1

1

(m1 + a)s1 · · · (mn−1 + a)sn−1

∞∑
mn=mn−1+1

1

(mn + a)sn

=
∑

0≤m1<···<mn−1

1

(m1 + a)s1 · · · (mn−1 + a)sn−1

{
(mn−1 + a)1−sn

sn − 1

− 1

2(mn−1 + a)sn
+

l∑
k=1

Bk+1

(k + 1)!
(sn)k

(mn−1 + a)sn+k
− φl(mn−1, sn; a)

}
,

for Re(si ) > 1, 1≤ i ≤ n. Hence we obtain

ζn(s1, · · · , sn; a)

= ζn−1(s1, · · · , sn−2, sn−1 + sn − 1; a)

sn − 1
− ζn−1(s1, · · · , sn−2, sn−1 + sn; a)

2

+
l∑

k=1

(sn)kBk+1

(k + 1)! ζn−1(s1, · · · , sn−2, sn−1 + sn + k; a)

−
∑

0≤m1<···<mn−1

φl(mn−1, sn; a)

(m1 + a)s1 · · · (mn−1 + a)sn−1
.

(2.8)

By definition (2.7), we see thatφl(m, s; a) = O(m−Re(s)−l). Hence the last summation of
(2.8)

∑
0≤m1<···<mn−1

φl(mn−1, sn; a)

(m1 + a)s1 · · · (mn−1 + a)sn−1
(2.9)

is convergent if

Re(sn) + Re(sn−1) +
∑

1≤i≤n−2
Re(si)<0

Re(si) > n − l − 1 . (2.10)
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In fact, by the inequality

∣∣∣∣
∑

0≤m1<···<mn−1

φl(mn−1, sn; a)

(m1 + a)s1 · · · (mn−1 + a)sn−1

∣∣∣∣

≤ 1

|as1|
∑

0<m2<···<mn−1

∣∣∣∣ φl(mn−1, sn; a)

(m2 + a)s2 · · · (mn−1 + a)sn−1

∣∣∣∣

+
∑

0<m1<···<mn−1

∣∣∣∣ φl(mn−1, sn; a)

(m1 + a)s1 · · · (mn−1 + a)sn−1

∣∣∣∣ ,

it follows that we have only to consider the summation

∑
0<m1<···<mn−1

φl(mn−1, sn; a)

(m1 + a)s1 · · · (mn−1 + a)sn−1
.

Considering the evaluation

∣∣∣∣
∑

0<m1<···<mn−1

φl(mn−1, sn; a)

(m1 + a)s1 · · · (mn−1 + a)sn−1

∣∣∣∣

≤
∑

0<m2<···<mn−1




∣∣∣ φl(mn−1,sn;a)

(m2+a)s2−1···(mn−1+a)sn−1

∣∣∣ (if Re(s1) ≥ 0)

∣∣∣ φl(mn−1,sn;a)

(m2+a)s1+s2−1···(mn−1+a)sn−1

∣∣∣ (if Re(s1) < 0)

and repeating this procedure, we obtain

∣∣∣∣
∑

0<m1<···<mn−1

φl(mn−1, sn; a)

(m1 + a)s1 · · · (mn−1 + a)sn−1

∣∣∣∣ ≤
∞∑

mn−1=1

|φl(mn−1, sn; a)|
(mn−1 + a)F(s1,···,sn−1)

, (2.11)

where

F(s1, · · · , sn−1) = Re(sn−1) +
∑

Re(si )<0
1≤i≤n−2

Re(si ) − (n − 2) . (2.12)

Hence (2.9) is convergent under the condition (2.10). Moreover, we see (2.9) is equal to
0 for sn = 0,−1,−2, · · · ,−l becauseφl(m, s; a) = 0 for s = 0,−1,−2, · · · ,−l. Since
ζn(s1, · · · , sn; a) andζn−1(s1, · · · , sn−1; a) are analytically continued to the whole space, we
can evaluate those regular values and obtain the recurrence relation (2.2).
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Next we consider reverse values. We prove (2.3) by the same method as in [3, §7]. By
(2.6), we have

m−1∑
n=0

1

(n + a)s
= ζ(s; a) − (m + a)1−s

s − 1
− 1

2(m + a)s

−
l∑

k=1

Bk+1

(k + 1)!
(s)k

(m + a)s+k
+ φl(m, s; a) ,

(2.13)

for Re(s) > 1. By (2.13), we have

ζn(s1, · · · , sn; a)

=
∑

0≤m2<···<mn

1

(m2 + a)s2 · · · (mn + a)sn

{
ζ(s1; a) + (m2 + a)1−s1

1 − s1

− 1

2(m2 + a)s1
−

l∑
k=1

Bk+1

(k + 1)!
(s1)k

(m2 + a)s1+k
+ φl(m2, s1; a)

}

= ζn−1(s1 + s2 − 1, s3, · · · , sn; a)

1 − s1
− ζn−1(s1 + s2, s3, · · · , sn; a)

2

−
l∑

k=1

Bk+1

(k + 1)!(s1)kζn−1(s1 + s2 + k, s3, · · · , sn; a) + ζ(s1; a)ζn−1(s2, · · · , sn; a)

+
∑

0≤m2<···<mn

φl(m2, s1; a)

(m2 + a)s2 · · · (mn + a)sn
,

for Re(si ) > 1, 1≤ i ≤ n. The last summation is equal to

∑
0≤m3<···<mn

1

(m3 + a)s3 · · · (mn + a)sn

{ ∞∑
m2=0

φl(m2, s1; a)

(m2 + a)s2
−

∞∑
m2=m3

φl(m2, s1; a)

(m2 + a)s2

}

= ζn−2(s3, · · · , sn; a)

∞∑
m2=0

φl(m2, s1; a)

(m2 + a)s2
−

∑
0≤m4<···<mn

1

(m4 + a)s4 · · · (mn + a)sn

{ ∞∑
m3=0

∞∑
m2=m3

φl(m2, s1; a)

(m2 + a)s2(m3 + a)s3
−

∞∑
m3=m4

∞∑
m2=m3

φl(m2, s1; a)

(m2 + a)s2(m3 + a)s3

}
.

Repeating this procedure, we obtain

ζn(s1, · · · , sn; a)
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= ζn−1(s1 + s2 − 1, s3, · · · , sn; a)

1 − s1
− ζn−1(s1 + s2, s3, · · · , sn; a)

2

−
l∑

k=1

(s1)k
Bk+1

(k + 1)!ζn−1(s1 + s2 + k, s3, · · · , sn; a) + ζ(s1; a)ζn−1(s2, · · · , sn; a)

+ ζn−2(s3, · · · , sn; a)

∞∑
m2=0

φl(m2, s1; a)

(m2 + a)s2

− ζn−3(s4, · · · , sn; a)
∑

0≤m3≤m2

φl(m2, s1; a)

(m2 + a)s2(m3 + a)s3

+ · · · + (−1)n−1ζ(sn; a)
∑

0≤mn−1≤···≤m2

φl(m2, s1; a)

(m2 + a)s2 · · · (mn−1 + a)sn−1

+ (−1)n
∑

0≤mn≤···≤m2

φl(m2, s1; a)

(m2 + a)s2 · · · (mn + a)sn
.

Then, in a way similar to the case of regular values, we obtain the recurrence relation (2.3) of
reverse values. �

Now we come to the stage of proving Theorem 1 of §1.

PROOF OFTHEOREM 1. The method of harmonic products is known in the theory of
multiple zeta values (cf. [7] and [8]). In our case, the following identity holds forn ≥ 2 when
all the appearing multiple Hurwitz zeta functions are given by convergent infinite series;

ζ(t; a)ζn−1(s1, · · · , sn−1; a) =
n∑

i=1

ζn(s1, · · · , si−1, t, si , · · · , sn−1; a)

+
n−1∑
j=1

ζn−1(s1, · · · , sj−1, sj + t, sj+1, · · · , sn−1; a) .

(2.14)

The right and left hands of (2.14) are analytically continued toCn, hence (2.14) holds onCn

except on the singularities. We assume that there appear no singularities of zeta functions for
the moment. By (2.14), we have

nζn(s, · · · , s; a) = ζ(s; a)ζn−1(s, · · · , s; a) −
n−1∑
i=1

ζn−1(s, · · · ,
i

2s, · · · , s; a) .

We use (2.14) again, and we have

n−1∑
i=1

ζn−1(s, · · · ,
i

2s, · · · , s; a) = ζ(2s; a)ζn−2(s, · · · , s; a) −
n−2∑
j=1

ζn−2(s, · · · ,
j

3s, · · · , s; a) .
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By repeating this transformation, we obtain equation (1.5).
We consider the case that there may appear singularities of zeta functions. The possible

singularities ofζn(s1, · · · , sn; a) are given by Theorem 2.1, so we can takeε > 0 such that
(t1 + ε, · · · , tn + ε) is in the holomorphic region for a singularity(t1, · · · , tn). Taking suitable
ε, therefore, we can avoid singularities and have

nζn(s + ε, · · · , s + ε; a) =
n∑

k=1

(−1)k+1ζn−k(s + ε, · · · , s + ε; a)ζ(ks + kε; a) ,

just as the above calculations. Whenε tends to 0, there appears the pole of the Hurwitz zeta

function if ks = 1 (k = 1, 2, · · · , n). Thus we obtain equation (1.5) fors ∈ C, s �∈ { 1
u

| u ∈
Z, 1 ≤ u ≤ n}. �

REMARK 2.5. At a point of indeterminacy, equation (2.14) does not hold in general
even if one takes regular values, reverse values, or central values. But the identity

ζ(s1; a)ζ(s2; a) = ζC
2 (s1, s2; a) + ζC

2 (s2, s1; a) + ζ(s1 + s2; a)

holds except on the poles.

PROOF OFCOROLLARY 2. (i) It is well known thatζ1(0; a) = 1/2 − a. By (2.14),
we have

ζ(0; a)ζn−1(0; a) = nζn(0; a) + (n − 1)ζn−1(0; a) ,

soζn(0; a) satisfies the recurrence relation

ζn(0; a) = 1

n

(
3

2
− a − n

)
ζn−1(0; a) . (2.15)

Hence we obtain

ζn(0; a) =
n∏

k=2

1

k

(
3

2
− a − k

)
ζ1(0; a)

=
n∏

k=1

1

k

(
3

2
− a − k

)

= (−1)n

n!
n∏

k=1

(
k + a − 3

2

)
.

(ii) Let u be a natural number. By Theorem 1, we have

nζn(−2u; 1) =
n∑

k=1

(−1)k+1ζn−k(−2u; 1)ζ(−2ku; 1) . (2.16)

The right-hand side of (2.16) becomes 0 sinceζ(−2m; 1) = ζ(−2m) = 0 for a natural
numberm. �
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3. A generalization of Lerch’s formula

In this section, we prove Theorem 3 of §1. In the proof, we use the identity

1

n!
n∏

k=1

(
k + x − 1

2

)
=

n∑
k=0

1

k!
k−1∏
m=0

(
m + x − 1

2

)
(3.1)

for anyn ∈ Z≥0, which is obtained by induction onn.

PROOF OFTHEOREM 3. We definefn(a) by ζ ′
n(0; a) = fn(a) log Γ (a)√

2π
for n ≥ 0. If

n = 0, thenf0(a) = 0 sinceζ0(s; a) = 1. To obtain the result, it suffices to show the identity
for n ≥ 1:

fn(a) = (−1)n−1

(n − 1)!
n−1∏
k=1

(
k + a − 1

2

)
. (3.2)

By Theorem 1, we have

ζ ′
n(s; a) = 1

n

n∑
k=1

(−1)k+1(ζ ′
n−k(s; a)ζ(ks; a) + k ζn−k(s; a)ζ ′(ks; a)) . (3.3)

Then, by Corollary 2 (i) and Lerch’s formula, we obtain

ζ ′
n(0; a) = 1

n

n∑
k=1

(−1)k+1(ζ ′
n−k(0; a)ζ(0; a) + k ζn−k(0; a)ζ ′(0; a))

= 1

n
log

Γ (a)√
2π

×
n∑

k=1

(−1)k+1
{(

1

2
− a

)
fn−k(a) + k

(−1)n−k

(n − k)!
n−k∏
m=1

(
m + a − 3

2

)}
.

Then we obtain

fn(a) = 1

n

{ n∑
k=1

(−1)k+1
(

1

2
− a

)
fn−k(a)

+ (−1)n+1
n∑

k=1

k

(n − k)!
n−k∏
m=1

(
m + a − 3

2

)}

= (−1)n

n

n−1∑
k=0

{
(−1)k

(
a − 1

2

)
fk(a) − n − k

k!
k−1∏
m=0

(
m + a − 1

2

)}
.
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We prove (3.2) by induction onn. It holds forn = 1 by Lerch’s formulaζ ′(0, a) =
log Γ (a)√

2π
. Assume that (3.2) holds fork ≤ n − 1, then we get

fn(a) = (−1)n

n

n−1∑
k=1

{
(−1)k

(
a − 1

2

)
(−1)k−1

(k − 1)!
k−1∏
m=1

(
m + a − 1

2

)

− n − k

k!
k−1∏
m=0

(
m + a − 1

2

)}
+ (−1)n

n
· (−n)

= (−1)n

n

n−1∑
k=1

{−n

k!
k−1∏
m=0

(
m + a − 1

2

)}
+ (−1)n−1

= (−1)n−1
n−1∑
k=0

1

k!
k−1∏
m=0

(
m + a − 1

2

)
.

Then, by (3.1), we have

fn+1(a) = (−1)n

n!
n∏

k=1

(
k + a − 1

2

)
,

which concludes the proof. �
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