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Abstract:

Let k and ¢ be distinct nonzero integers. We show that in every congruence

class modulo an integer m > 1, there exist infinitely many integers n such that the Mordell-Weil
rank over Q of the elliptic curve E(kn,fn) : 4> = z(x + kn)(z + fn) is at least two. We also find
that for sufficiently large T', the number of square-free integers n with |n| < T for which the
elliptic curve E(kn,fn) has rank at least two is at least O(T%7).
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Let M and N be nonzero
integers. Euler’s problem on concordant forms asks
whether there are integer solutions (X,Y,Z, W)
with ged(X,Y) =1 to the system

(1.1) X2+ MY?=27% X 4+ NY?>=W2%.

1. Introduction.

Following [7], a pair of integers (M, N) such that
MN #0 and M # N is called a concordant pair if
the system (1.1) has a solution (X,Y,Z, W) with
XYZ #0. We note that in studying the system
(1.1), we may further assume that ged(M,N) is
squarefree. It is well known [10] that (M,N) is a
concordant pair if and only if the elliptic curve

E(M,N):y* =12+ (M + N)2*> + MNz

has a nontrivial rational point of order different
from 2. In particular, solutions to (1.1) which
correspond to torsion points on E(M, N) have been
classified completely ([10], Main Corollary 1).

When M = —N, we are reduced to the con-
gruent number problem and an integer NN is called
a congruent number if (1.1) has a nontrivial solu-
tion; equivalently, IV is the area of a right triangle
with rational sides. Bennett [2] proved the existence
of infinitely many congruent numbers in any con-
gruence class modulo an integer m > 1. In [9],
Johnstone and Spearman proved a similar result
where the rank of the associated elliptic curve is at
least two.
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When M =(s+7r)n and N = (s—r)n with
relatively prime integers r and s such that r >
|s| >0, we have the more general 6-congruent
number problem, which was considered by
Fujiwara [6]. An integer n is said to be a 6-
congruent number if there is a triangle with
rational sides of angle # such that cos(f) = s/r
and area A=nVr2—s2 Abe, Rajan and
Ramaroson [1] proved the existence of infinitely
many 6-congruent numbers in congruence classes
modulo an integer m > 1, represented by an
integer a such that ged(a,m) is squarefree. They
further proved that for sufficiently large T, the
number of integers in the interval [1,7] that are
f-congruent numbers belonging to the residue
class a (mod m) is at least O(v/T). In the case
where A is rational, Davis and Spearman [4]
proved the existence of infinitely many 7-congru-
ent numbers in any congruence class modulo an
integer m > 1. Later, Davis [3] proved a similar
result where the rank of the associated elliptic
curve is at least two.

In this note, we consider concordant pairs in
given ratios. In [7], Im has proved that for a positive
integer m > 1 and an integer k, there are infinitely
many concordant pairs (M, N) such that M, N =
k (mod m). Im [8] subsequently provided a para-
metrization of infinitely many concordant pairs of
the form (kn,fn) where n is squarefree and used it
to obtain a formula for the density of #-congruent
numbers. In this note, we expand upon the above-
mentioned results to concordant pairs (kn,¢n) such
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that the Mordell-Weil rank of E(kn,¢n)(Q) is at

least two.

Theorem 1.1. Let k and ¢ be distinct non-
zero integers and let m be a positive integer. Then:

(i) Any congruence class modulo m contains in-
finitely many integers n, inequivalent modulo
squares, such that the rank of E(kn,fn) is at
least two. In particular, there are infinitely
many concordant pairs (M,N) with M =
k (mod m) and N =¢ (mod m) such that the
rank of E(M, N) is at least two.

(ii) Moreover, there exist positive real numbers Cy
and Cy, which depend on k and ¢, such that if
T > C4, then the number of square-free inte-
gers n with |n| < T for which the elliptic curve
E(kn,¢n) has rank at least two is at least
CyT?7.

This gives the following consequence for §-con-
gruent numbers.

Corollary 1.2. Let 0<f< that
cos(0) = s/r with relatively prime integers r and s
such that r > 0. Let m be an integer with m > 1.
Then

(i) Any congruence class modulo m contains in-
finitely many 6-congruent numbers n, inequi-
valent modulo squares, such that the eliptic
curve E((s+7)n,(s —r)n) has rank at least
two.

(ii) There exist positive real numbers Cy and Cs,
which depend on 6, such that if T > Cy, then
the number of square-free 6-congruent numbers
n in the interval [1,T] for which the elliptic
curve E((s+71)n,(s—r)n) has rank at least
two is at least CoT?/7.

2. A parametrization of concordant pairs
in ratios. Henceforth, we fix distinct nonzero
integers k and ¢. If d is a squarefree rational
number, the elliptic curve

E(kd td) : y* = 2* + (k + {)da® + kbd*x

such

is Q-isomorphic to the elliptic curve
E(k,0)" :

which is the d-quadratic twist of E(k,¢). We
eliminate the quadratic term in the right-hand side
and clear denominators to obtain the following
alternative model of E(k, £)*:

EZ,b cdy? = (x+a)(z+b)(z—(a+D)),

dy? = 2% + (k+ 0)2® + klx,

where
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a:=302k—¢) and b:=3(20-k).

Clearly, a and b are distinct and a/b ¢ {—2,—1/2}.

We use a well-known method for constructing
infinitely many d such that the Mordell-Weil group
of the d-quadratic twist Efll“b has rank at least two.
This method is based upon the idea of finding a
suitable polynomial d(t) and considering the elliptic
curve

EN - d(t)y? = (x + a)(@ + 0)(x — (a + 1))

over Q(t). If Ejflf)(Q(t)) has a non-torsion point P,
then for all but finitely many rational numbers t,
the quadratic twist E(a, b)d(t”) will have a non-
torsion point upon specializing the variable t to %
([11], Theorem 11.4 p. 271). The parametrization
that we will use is derived from [12]. Put

D(t) = t(t+1)(t* + t + 1) f(t)g(t)h(t),
where
f@) = (a—Db)t+ (2a +b),
9(t) = (a+20)t+ (b —a),
h(t) = (2a + b)t + (a + 2b).
Then
D(t) = 3%(t),
where
(2.1)  d(t) =t +1D)E +t+1)((k— Ot + k)
x (bt + (L —k))(kt + ),
and we see that the elliptic curve E is Q(¥)-
isomorphic to the elliptic curve E
Lemma 2.1. Let t¢ { F k;—£7
/ -k 0

_E} be a rational number and consider the quad-

ratic twist of Eqp by d(t), where d(t) is as in (2.1).
Then EZ(;)(Q) has rank greater than or equal to 2,
for all but finitely many values of t.

Proof. Put

P ((a+b)t* + 2bt — a) 1

b 2+t+1 (24t 4 1)°
P (=bt? + 2at +a +b) 1

2 2+t+1 @4t +1)?7)

The proof of Theorem 4 of [12] shows that P, and
P, are independent points in Efét)(Q(t)). The
conclusion is obtained by specialization. O
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3. The proof of the theorem. We prove
statement (i) of Theorem 1.1. Suppose e and m are
integers with m > 1. Define the set S by

S={s€Z]|s=e (mod m)}.
Put c=kl({—k) and let s€S. For x =1,2,...,

2,2

define n := % That is,
cz*m

(3.1) n = s(scx’m? + 1)afys,

where

o = sl(l — k)*2*m? +1,

B = sk®z*m? + 1,

v = sl — k)k*z*m? + 1, and

6 = s*catm! + sca’m? + 1.
By considering all the possibilities of the signs of k
and ¢, we notice that n > 0 if and only if s > 0. By
Lemma 2.1, we know that E(a,b)"(Q) has rank at

least two with at most finitely many exceptions.
Moreover, we have

n=-e (mod m).

It remains to verify that infinitely many of these
integers n are inequivalent modulo (QX)Q. Indeed, if
not, then we can find a finite set of nonzero rational
numbers, say {n; : i =1,..., g} which are inequiva-
lent modulo (Q*)?, such that for each z in (3.1), we
have

2

d(scz*m?)

(32) = niil/27

x?m?
with rational numbers y and n; that depend on =.
Note that for each i =1,...,¢, Eq. (3.2) defines a
hyperelliptic curve

d(scX*m?)

Ci:inY?=
2 X?m?

(3.3)
of genus 5. The infinitely many distinct values of z
that we took give infinitely many distinct rational
points on the set {C;:i=1,...,g}. On the other
hand, a theorem of Faltings [5] implies that each C;
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has only finitely many rational points. We arrive at
a contradiction. This completes the proof of (i).

To prove statement (ii), we consider the binary
form F(X,Y)=Y"d(X/Y) of degree 7. We know
that F' has nonzero discriminant since the polyno-
mial d(¢) has distinct roots. The largest degree of
an irreducible factor of F'is 2, which is less than 5.
Thus, the hypotheses of Theorem 1 of [12] are
satisfied, giving the desired result. This concludes
the proof of Theorem 1.1.
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