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Abstract: We first announce our recent result on adjunction and inversion of adjunction.

Then we clarify the relationship between our inversion of adjunction and Hacon’s inversion of

adjunction for log canonical centers of arbitrary codimension.

Key words: Adjunction; inversion of adjunction; minimal model program.

1. Introduction. In [9], we established the

following adjunction and inversion of adjunction for

log canonical centers of arbitrary codimension in

full generality.

Theorem 1.1 (Adjunction and Inversion of

Adjunction, see [9]). Let X be a normal variety

and let � be an effective R-divisor on X such that

KX þ� is R-Cartier. Let W be a log canonical

center of ðX;�Þ and let �:Z !W be the normal-

ization of W . Then there exist a b-potentially nef

R-b-divisor M and an R-b-divisor B on Z such that

BZ is effective with

��ðKX þ�Þ ¼ KZ þMZ þBZ:

More precisely, there exists a projective birational

morphism p:Z0 ! Z from a smooth quasi-projective

variety Z0 such that

(i) M ¼MZ0 and MZ0 is a potentially nef R-divi-

sor on Z0,
(ii) KþB ¼ KZ0 þBZ0 ,

(iii) Supp BZ0 is a simple normal crossing divisor on

Z0,
(iv) � � pðB>1

Z0 Þ ¼W \ NlcðX;�Þ holds set theoret-

ically, and

(v) � � pðB�1
Z0 Þ ¼W \ ðNlcðX;�Þ [

S
W 6�W yW yÞ,

where W y runs over log canonical centers of

ðX;�Þ which do not contain W , holds set

theoretically.

For the details of Theorem 1.1, see [9]. On the

other hand, Hacon introduced a b-divisor, which is

denoted by BðW ;X;�Þ, and formulated his inver-

sion of adjunction for log canonical centers of

arbitrary codimension in [10], and the b-divisor is

also studied in the context of generalized pairs in

[3, Theorem 6.7]. We note that the definition of

BðW ;X;�Þ is different from our definition of B in

Theorem 1.1. The goal of this paper is to prove that

BðW ;X;�Þ ¼ B always holds. The following theo-

rem is the main result of this paper.

Theorem 1.2. Let X be a normal variety

and let � be an effective R-divisor on X such that

KX þ� is R-Cartier. Let W be a log canonical

center of ðX;�Þ. Then Hacon’s BðW ;X;�Þ coin-

cides with the R-b-divisor B on Z in Theorem 1.1,

where Z is the normalization of W . Hence our

adjunction and inversion of adjunction for log

canonical centers of arbitrary codimension com-

pletely generalizes Hacon’s inversion of adjunction.

By Theorem 1.2, Hacon’s inversion of adjunc-

tion for log canonical centers of arbitrary codimen-

sion in [10] now becomes a very special case of

Theorem 1.1. We think that the definition of B

in [8] and [9] is more natural than Hacon’s definition

of BðW ;X;�Þ in [10]. However, BðW ;X;�Þ seems

to be easier to compute than B. Hence Theorem 1.2

is important and useful.

Remark 1.3. In [10], Hacon defined BðW ;

X;�Þ under the extra assumption that � is a

boundary Q-divisor on X such that KX þ� is

Q-Cartier. However, his definition works for effec-

tive R-divisors � such that KX þ� is R-Cartier

without any modifications. By definition, it is

obvious that BðW ;X;�Þ � B always holds.

Let us quickly explain the proof of Theorem 1.1

for the reader’s convenience. First we take a

suitable resolution of singularities of the pair

ðX;�Þ. Next, by using the framework of quasi-log

schemes (see [6, Chapter 6]), we construct a natural

quasi-log scheme structure on Z (see [7]). Then we
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apply the theory of basic R-slc-trivial fibrations

and obtain B and M satisfying (i), (ii), (iii), and (v)

(see [9]). Finally, we prove (iv) with the aid of the

minimal model program for log canonical pairs

(see [8]). We strongly recommend the interested

reader to see [7], [8], and [9].

In this paper, we will only use the minimal

model program at the level of [2]. We will freely use

the standard notation and definitions of the mini-

mal model program as in [5] and [6] (see also [7]).

2. BðW ;X;�Þ and B. Let us recall the

definition of BðW ;X;�Þ and B.

Definition 2.1 (BðW ;X;�Þ and B). Let X

be a normal variety and let � be an R-divisor on X

such that KX þ� is R-Cartier and that � is

effective in a neighborhood of the generic point of

a closed subvariety W . Assume that W is a log

canonical center of ðX;�Þ. Let �:Z !W be the

normalization of W . For any proper birational

morphism �: ~Z ! Z from a normal variety ~Z, we

consider prime divisors T over X such that

aðT ;X;�Þ ¼ �1 and that the center of T on X is

W . We take a suitable resolution f :Y ! X with

KY þ�Y ¼ f�ðKX þ�Þ so that �Y is a simple

normal crossing divisor on Y , T is a prime divisor on

Y , and the induced map fT :T --K ~Z is a morphism.

We put �T ¼ ð�Y � T ÞjT . For any prime divisor P

on ~Z, we shrink ~Z and assume that P is Cartier.

Then we define a real number �P;T by

�P;T ¼ sup � 2 R

ðT;�T þ �f�TP Þ is sub

log canonical over the

generic point of P

�������

8>><
>>:

9>>=
>>;:

It is easy to see that �P;T is independent of the

resolution f :Y ! X and is well-defined. The trace

B ~Z of B on ~Z is defined by

B ~Z ¼
X
P

ð1� inf
T
�P;T ÞP

where P runs over prime divisors on ~Z and T runs

over prime divisors over X such that aðT;X;�Þ ¼
�1 and that the center of T on X is W .

We choose and fix one prime divisor T over X

such that aðT ;X;�Þ ¼ �1 and that the center of T

on X is W . The trace BðW ;X;�Þ ~Z of BðW ;X;�Þ is

defined by

BðW ;X;�Þ ~Z ¼
X
P

ð1� �P;T ÞP

where P runs over prime divisors on ~Z. By

definition, BðW ;X;�Þ � B always holds.

Remark 2.2. Although it is not obvious, we

can check that B is a well-defined R-b-divisor on

Z. On the other hand, we can easily see that

BðW ;X;�Þ is a well-defined R-b-divisor on Z, but

it is not clear whether BðW ;X;�Þ is independent of

the choice of T or not. In Theorem 1.2, we prove

that B ¼ BðW ;X;�Þ holds. This implies that

BðW ;X;�Þ is independent of the choice of T .

Moreover, by the proof of Theorem 1.2, the well-

definedness of B is clear.

Precisely speaking, Hacon claims that

BðW ;X;�Þ is independent of the choice of the

divisor T without proof in [10]. In this paper, we

prove it in a slightly more general setting.

3. Proof of Theorem 1.2. In this section,

we prove Theorem 1.2. Before the proof of Theo-

rem 1.2, we prepare three lemmas.

Lemma 3.1. Let X be a normal variety and

let � be an R-divisor on X such that KX þ� is

R-Cartier. Let f :X ! Y be a projective surjective

morphism onto a smooth curve Y such that

KX þ� �R;f 0. Let P be a closed point of Y such

that ðX;�Þ is divisorial log terminal over Y n P . We

take the log canonical threshold bP of ðX;�Þ with

respect to f�P . Let F be a connected component of

f�1ðP Þ. Assume that F contains a log canonical

center of ðX;�þ bPf�P Þ. Let S be an irreducible

component of ð�hÞ¼1, that is, S is a codimension

one log canonical center of ðX;�Þ which is domi-

nant onto Y by f. Then S \ F always contains a log

canonical center of ðX;�þ bP f�P Þ. Hence, if

�:S� ! S is the normalization of S and �S� is the

R-divisor on S� defined by KS� þ�S� ¼ ��ðKX þ
�Þ, then ðS�;�S� þ bP��ðfjSÞ

�P Þ has a log canonical

center mapping to P .

Proof. Without loss of generality, we may

assume that Y is quasi-projective by shrinking Y

around P . By replacing � with �þmf�P for some

sufficiently large positive integer m, we may assume

that � is effective with � � f�P . In this situation,

the log canonical threshold bP is a nonpositive

number. We take a resolution of singularities of X

suitably and run a minimal model program with

scaling of an ample divisor as in the proof of

[7, Theorem 3.9]. Then we have a dlt blow-up

g:Z ! X of ðX;�Þ with KZ þ�Z ¼ g�ðKX þ�Þ
such that

. Z is Q-factorial,
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. g is small over Y n P , and

. the pair ðZ;�<1
Z þ Supp ��1

Z Þ is divisorial log

terminal.

For the details of the construction of g:Z ! X, see

[7, Theorem 3.9]. By replacing f : ðX;�Þ ! Y and F

with f � g: ðZ;�ZÞ ! Y and g�1ðF Þ respectively, we

may assume that X is Q-factorial and ðX;�<1 þ
Supp ��1Þ is divisorial log terminal. Hence ðX; ð�þ
bPf

�P Þ>0Þ is a Q-factorial divisorial log terminal

pair. Note that

KX þ ð�þ bPf�P Þ>0 �R;f �ð�þ bPf�P Þ<0 � 0:

If Suppð�þ bP f�P Þ¼1 	 F , then it is obvious that

�þ bPf�P is effective in a neighborhood of F and

that S \ F contains a log canonical center of

ðX;�þ bP f�P Þ. Therefore, from now on, we assume

that Suppð�þ bPf�P Þ¼1 6	 F . Let F ¼
P

i Fi be

the irreducible decomposition of F . If Fi 6�
Suppð�þ bPf�P Þ¼1, then we take 0 < "i 
 1. If

Fi � Suppð�þ bPf�P Þ¼1, then we put "i ¼ 0. Let

f:X�!h �Y ! Y be the Stein factorization. Then

ðX; ð�þ bP f�P Þ>0 þ
P

i "iFiÞ is a Q-factorial divi-

sorial log terminal pair with

KX þ ð�þ bP f�P Þ>0 þ
X
i

"iFi

�R;h �ð�þ bPf�P Þ<0 þ
X
i

"iFi � 0:

We shrink �Y around hðF Þ and run a minimal model

program of KX þ ð�þ bP f�P Þ>0 þ
P

i "iFi over �Y

with scaling of an ample divisor. Then, after finitely

many steps, we get X0 with the following commu-

tative diagram:

X

h

φ
X ′

h′

Ȳ

such that �0 þ bP ðf 0Þ�P is effective in a neighbor-

hood of F 0 and that ð�0 þ bP ðf 0Þ�P Þ¼1 � F 0, where

f 0:X0 ! �Y , �0 ¼ ���, and F 0 ¼ ��F . For the de-

tails of the above minimal model program, see [4]

(see also the techniques of very exceptional divisors

discussed in [1, Section 3]). This means that S0 \ F 0
contains a log canonical center of ðX0;�0 þ
bP ðf 0Þ�P Þ, where S0 ¼ ��S as usual. Hence there

exists a prime divisor E over S0 such that

aðE; S0;�S0 þ bP ðf 0jS0 Þ
�P Þ ¼ �1 and E maps to P ,

where KS0 þ�S0 ¼ ðKX0 þ�0ÞjS0 . By the construc-

tion of �:X --K X0, we have aðE; S;�S þ

bP ðf jSÞ
�P Þ ¼ �1. We note that ðX;�<1 þ

Supp ��1Þ is divisorial log terminal. Hence S \ F
always contains a log canonical center of ðX;�þ
bPf

�P Þ. �

Remark 3.2. In Lemma 3.1, we assume that

F contains no log canonical center of ðX;�þ
bPf

�P Þ. Then ðX;�þ ðbP þ "Þf�P Þ is log canonical

in a neighborhood of F for 0 < "
 1. In this

situation, ðS�;�S� þ ðbP þ "Þ��ðf jSÞ
�P Þ is log can-

onical by adjunction. Hence ðS�;�S� þ bP ��ðf jSÞ
�P Þ

has no log canonical center mapping to P .

Lemma 3.3. Let X be a normal quasi-pro-

jective variety and let W be a closed subvariety of X.

Let ’: eW !W be a projective birational morphism

from a normal variety eW . Then we can construct a

projective birational morphism  : eX ! X from a

normal variety eX such that  is an isomorphism

over the generic point of W with the following

commutative diagram:

˜W

ι̃

ϕ
W

ι

X
ψ

X,˜

ð3:1Þ

where � and e� are closed embeddings.

Proof. By [11, Chapter II, Theorem 7.17],

there exists a coherent ideal sheaf I on W such

that ’: eW !W corresponds to the blow-up of I .

We put J ¼ KerðOX ! OW ! OW=IÞ. Then J is a

coherent ideal sheaf on X. Let  0:X0 ! X be the

blow-up of J . Then we obtain the following

commutative diagram by [11, Chapter II, Corol-

lary 7.15]

˜W

ι′

ϕ
W

ι

X ′
ψ′ X:

By construction,  0 is an isomorphism over the

generic point of W . Let �: eX ! X0 be the normal-

ization of X0. Since eW is normal by assumption,eW ! X0 factors through eX. Then we get the desired

diagram (3.1) such that eW ! eX is a closed embed-

ding and that  : eX ! X is an isomorphism over the

generic point of W . �

Lemma 3.4. Let ðY ;�Y Þ be a Q-factorial

divisorial log terminal pair and let f :Y ! X be a

projective morphism with f�OY ’ OX and KY þ
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�Y �R;f 0. Let V be a reduced divisor on Y such that

V � �¼1
Y and fðViÞ is independent of i 2 I, where

V ¼
P

i2I Vi is the irreducible decomposition of V .

We set W ¼ fðViÞ. Suppose that W ( X and that no

log canonical center of ðY ;�Y � V Þ maps into W by

f. Then f�OV ’ OW holds.

Proof. We can take a projective birational

morphism g:Z ! Y from a smooth variety Z such

that g is an isomorphism over the generic point of

any log canonical center of ðY ;�Y Þ and that

ExcðgÞ [ Supp g�1
� �Y is a simple normal crossing

divisor on Z. Then we can write KZ þ�Z ¼
g�ðKY þ�Y Þ þ E with �Z ¼ g�1

� �Y such that dEe
is effective and g-exceptional. Let VZ be the

strict transform of V on Z. We have �VZ þ
dEe �R;f�g KZ þ�Z � VZ þ f�Eg. By the vanish-

ing theorem of Reid–Fukuda type (see [6, Theorem

3.2.11]), Rig�OZð�VZ þ dEeÞ ¼ 0 for every i > 0.

We note that g�OZð�VZ þ dEeÞ ’ OY ð�V Þ holds

since dEe is effective and g-exceptional. We consider

the following long exact sequence:

0 �! f�OY ð�V Þ �! f�OY �! f�OV
�!� R1f�OY ð�V Þ �! � � � :

By [5, Theorem 6.3 (i)] (see also [6, Theorem

3.16.3 (i)]), there exists no associated prime of

R1f�OY ð�V Þ ’ R1ðf � gÞ�OZð�VZ þ dEeÞ in W ¼
fðV Þ. Hence the above connecting homomorphism

� is zero. Therefore, OX ’ f�OY ! f�OV is surjec-

tive. Thus the natural map OW ! f�OV is an

isomorphism. �

Let us start the proof of Theorem 1.2.

Proof of Theorem 1.2. We will prove B ¼
BðW ;X;�Þ under a slightly weaker assumption

that � is only effective in a neighborhood of the

generic point of W .

Step 1. We take an arbitrary projective

birational morphism ~Z !W from a normal variety
~Z. We have to prove B ~Z ¼ BðW ;X;�Þ ~Z. By taking

an affine open cover of X, we may assume that X

is quasi-projective. By applying Lemma 3.3 to
~Z !W and W ,! X, we get the following commu-

tative diagram:

Z̃ W

X
ψ

X,˜

where  : eX ! X is a projective birational morphism

from a normal variety such that  is an isomor-

phism over the generic point of W . We put

KeX þ e� ¼  �ðKX þ�Þ. Since  is an isomorphism

over the generic point of W , e� is effective in a

neighborhood of the generic point of ~Z and ~Z is a log

canonical center of ð eX; e�Þ. By replacing ðX;�Þ and

W with ð eX; e�Þ and ~Z, respectively, we may further

assume that W is normal. By this reduction, all we

have to do is to prove BW ¼ BðW ;X;�ÞW .

Step 2. We take an effective Cartier divisor

D on X such that W 6� SuppD and Supp �<0 �
SuppD. We consider the pair ðX;�þmDÞ for some

sufficiently large positive integer m such that

�þmD is effective. We take a projective birational

morphism f:Y ! X from a smooth quasi-projective

variety Y such that f�1ðW Þ and ExcðfÞ are divisors

on Y such that the union of f�1ðW Þ, ExcðfÞ,
Supp f�1

� �, and Supp f�1
� D is contained in a simple

normal crossing divisor. We put KY þ�Y ¼
f�ðKX þ�Þ and KY þ�Y þmf�D ¼ f�ðKX þ�þ
mDÞ. We define V ¼

P
i2I Vi, where Vi runs over

components of �¼1
Y with fðViÞ ¼W . By construc-

tion, there exists no log canonical center of

ðY ;�Y � V Þ mapping to W over a neighborhood

of the generic point of W . Let T be the prime divisor

over X which was chosen in order to define

BðW ;X;�Þ. Let S be any prime divisor over X

such that aðS;X;�Þ ¼ �1 and that the center of S

on X is W . We may assume that S and T are

components of V by taking f :Y ! X suitably. To

prove Theorem 1.2, it is sufficient to check that

�P;Vi is independent of the choice of i 2 I.
Step 3. By running a minimal model pro-

gram with scaling of an ample divisor as in the proof

of [7, Theorem 3.9], we get a dlt blow-up f 0:Y 0 ! X

of ðX;�þmDÞ with the following commutative

diagram

Y

f

φ
Y ′

f ′

X :

We put KY 0 þ�Y 0 ¼ ðf 0Þ�ðKX þ�Þ, and we define

� to be the sum of ð�Y 0 þ ðf 0Þ�mDÞ<1 and

Suppð�Y 0 þ ðf 0Þ�mDÞ�1. By construction, Y 0 is

Q-factorial and ðY 0;�Þ is divisorial log terminal.

For the details, see [7, Theorem 3.9]. Therefore,

f 0: ðY 0;�Y 0 Þ ! ðX;�Þ is a dlt blow-up over a

neighborhood of the generic point of W . By

construction again, � does not contract any compo-
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nents of V . We put V 0 ¼ ��V and V 0i ¼ ��Vi for

every i 2 I. We note that ðY 0; V 0Þ is divisorial log

terminal since V 0 � Suppð�Y 0 þ ðf 0Þ�mDÞ�1. In par-

ticular, V 0i is normal for every i 2 I. We can take a

Zariski open neighborhood U of the generic point

of W over which f 0: ðY 0;�Y 0 Þ ! ðX;�Þ is a dlt blow-

up and no log canonical center of ðY 0;�Y 0 � V 0Þ
maps to W by f 0. By applying Lemma 3.4 to

f 0: ðY 0;�Y 0 Þjðf 0Þ�1ðUÞ ! U , we obtain that the natural

map OW ! f 0�OV 0 is an isomorphism on U . On the

other hand, since every irreducible component of

V 0 is dominant onto W , we see that SpecWf
0
�OV 0 is a

variety. Therefore, since W is normal, the finite

birational morphism SpecWf
0
�OV 0 !W is an iso-

morphism by Zariski’s main theorem. This implies

that f 0:V 0 !W has connected fibers. We put KV 0
i
þ

�V 0i
¼ ðKY 0 þ�Y 0 ÞjV 0i and f 0i ¼ f 0jV 0i :V

0
i !W for ev-

ery i 2 I. We shrink W and assume that P is

Cartier. Then we set

�P;V 0i ¼ sup � 2 R

ðV 0i ;�V 0i
þ �ðf 0iÞ

�P Þ is

sub log canonical over

the generic point of P

�������

8><
>:

9>=
>;:

It is easy to see that �P;Vi ¼ �P;V 0i holds for every

i 2 I. Therefore, to prove that �P;Vi is independent

of the choice of i 2 I, it is sufficient to prove that

�P;V 0
i

is independent of the choice of i 2 I.
Step 4. We take a prime divisor P on W . By

cutting down X by general hyperplanes, we assume

that W is a smooth curve and P is a closed point. By

shrinking X suitably around P , ðV 0i ;�V 0i
Þ is diviso-

rial log terminal over W n P for every i 2 I. We put

cP ¼ sup � 2 R

ðV 0i ;�V 0
i
þ �ðf 0iÞ

�P Þ is

sub log canonical for

every i 2 I

�������

8><
>:

9>=
>;:

By definition, there exists i0 2 I such that �P;V 0i0
¼

cP holds. From now on, we will prove that �P;V 0i ¼
cP holds for every i 2 I. If #I ¼ 1, then there is

nothing to prove. Hence we may assume that

#I � 2. To obtain �P;V 0i ¼ cP for every i 2 I, it is

sufficient to prove the following claim.

Claim. Let F be any connected component of

f 0�1
i ðP Þ and let B be any irreducible component of

ð�h
V 0i
Þ¼1 for some i 2 I. Then B \ F contains a log

canonical center of ðV 0i ;�V 0i
þ cP ðf 0iÞ

�P Þ.
Proof of Claim. We note that for any j 2 I

there exists some k 2 I with k 6¼ j such that V 0j \
V 0k 6¼ ; and that some irreducible component of V 0j \
V 0k is dominant onto W by f 0 since f 0:V 0 !W has

connected fibers and every irreducible component of

V 0 is dominant onto W by f 0. We take an irreducible

component A of V 0j \ V 0k with j 6¼ k such that A is

dominant onto W by f 0. We note that A is an

irreducible component of ð�h
V 0j
Þ¼1 and ð�h

V 0
k
Þ¼1 by

adjunction. Let Gj be a connected component of

ðf 0jÞ
�1ðP Þ. Then A \Gj contains a log canonical

center of ðV 0j ;�V 0j
þ cP ðf 0jÞ

�P Þ if and only if A \Gk

contains a log canonical center of ðV 0k;�V 0
k
þ

cP ðf 0kÞ
�P Þ, where Gk is the connected component

of ðf 0kÞ
�1ðP Þ containing A \Gj. We first apply

Lemma 3.1 to f 0i0 : ðV
0
i0
;�V 0i0

þ cP ðf 0i0Þ
�P Þ !W and

then use the connectedness of the fibers of f 0:V 0 !
W . By repeating this argument, we finally obtain

that B \ F always contains a log canonical center of

ðV 0i ;�V 0
i
þ cP ðf 0iÞ

�P Þ. �

As we mentioned above, we see that �P;V 0i is

independent of i 2 I. This is what we wanted.

The above arguments show that BW ¼ BðW ;

X;�ÞW holds. We finish the proof of Theorem 1.2.

�

Remark 3.5. In Step 3 in the proof of The-

orem 1.2, we proved that f 0:V 0 !W has connected

fibers. Note that W is normal by the reduction

argument in Step 1 in the proof of Theorem 1.2.

However, it is not clear whether f 0:V 0i !W has

connected fibers or not. Hence we need a somewhat

artificial formulation in Lemma 3.1.
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