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On the topology of arrangements of a cubic and its inflectional tangents

By Shinzo BANNAL* Benoit GUERVILLE-BALLE,™) Taketo SHIRANE*™* and Hiro-o TOKUNAGA™***)

(Communicated by Heisuke HIRONAKA, M.J.A., May 12, 2017)

Abstract:

A k-Artal arrangement is a reducible algebraic curve composed of a smooth

cubic and k inflectional tangents. By studying the topological properties of their subarrange-
ments, we prove that for k = 3,4,5,6, there exist Zariski pairs of k-Artal arrangements. These
Zariski pairs can be distinguished in a geometric way by the number of collinear triples in the set
of singular points of the arrangement contained in the cubic.
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1. Introduction. In this article, we contin-
ue to study Zariski pairs for reducible plane curves
based on the idea used in [3]. A pair (B',B?) of
reduced plane curves in P? is said to be a Zariski
pair if (i) both B' and B* have the same combina-
torics and (ii) (P2 B') is not homeomorphic to
(P2, B%) (see [2] for details about Zariski pairs). As
we have seen in [2], the study of Zariski pairs,
roughly speaking, consists of two steps:

(i) How to construct (or find) plane curves with
the same combinatorics but having some
different properties.

(i) How to distinguish the topology of (P?, B') and
(P2, B%).

As for the second step, various tools such as
fundamental groups, Alexander invariants, braid
monodromies, existence/non-existence of Galois
covers and so on have been used. In [3], the first
and last authors considered another elementary
method in order to study Zariski k-plets for
arrangements of reduced plane curves and showed
its effectiveness by giving some new examples. In
this article, we study the topology of arrangements
of a smooth cubic and its inflectional tangents along
the same line.

1.1. Subarrangements. We here reformulate
our idea in [3] more precisely. Let B, be a (possibly
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empty) reduced plane curve B,. We define Curvefc”d

to be the set of the reduced plane curves of the form
B, + B, where B is a reduced curve with no common
component with B,.

Let B=DB;+ -+ B, denote the irreducible
decomposition of B. For a subset Z of the power
set 2{-1t of {1,... 7}, which does not contain the
empty set (), we define the subset Sub;(B,,B) of

Curvei"d by:
Sub,(B,, B) := {Bo +Y Bi|Ie I}.
el
For Z =20-7\0 we denote Sub(B,,B)=

Suby (B,, B).
Let A be a set and suppose that a map

. B,
®p, : Curve sy — A

with the following property is given: for B, +
BB, + B ¢ Curvefgd, if there exists a homeo-
morphism  h : (P%, B, + B') — (P2, B, + B?) with
h(B,) = B,, then ®p (B, + B') = &g, (B, + B?).

We denote by ®p, 5 the restriction of ®p, to
Sub(B,, B). Note that if there exists a homeomor-
phism h: (P? B, + B") — (P2, B, +B*) for B, +
B',B, + B> € Curve™, with h(B,) = B,, then we
have the induced map hy: Sub(B,,B') —
Sub(B,, B*) such that i)BmBl = éBU'BZ o hy:

Sub(B,, B')

hy

Sub(B,, B%) — A

‘550,52

Remark 1.1. In §2 we give four explicit
examples for ®p and P, allowing to distinguish
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the k-Artal arrangements (see §1.2 for the defini-
tion), using the Alexander polynomial, the exis-
tence of Dg-covers, the splitting numbers and the
linking set.

If D, + D', D, + D* € Curve’,
combinatorics, then any homeomorphism
h:(T',D,+D") — (7% D, +D*) with h(D,) =D,
induces a map h; : Sub(D,, D') — Sub(D,, D?),
where 77 is a tubular neighborhood of D, + D' for
i=1,2. Let (D, + D', D, + D?) be a Zariski pair of
curves in CurveD oy such that

e it is distinguished by ®p, : Curveer — A, ie.,

any homeomorphism h : (Tl,D + DY — (77,

D, 4+ D?) necessarily satisfies h(D,) = D, and

®p, (D, + D) # ®p, (D, + D?), and

e the combinatorial type of D, + D' and D, + D?

is C.

Assuming the existence of such a Zariski pair
for the combinatorial type C, we construct Zariski
pairs with glued combinatorics. We first note that
the following proposition is immediate:

Proposition 1.2. Choose B, + B, B, + B> €
Curveg"Gl with the same combinatorial type. Let
SubC(BO,BJ) (j=1,2) be the sets of subarrange-
ments of B, + B’ having the combinatorial type C
(j=1,2), respectively. If

(i) any homeomorphism h: (T*,B,+B') — (T?,

B, + B?) necessarily satisfies h(B,) = By,

where T is a tubular neighborhood of B, + B'

fori=1,2, and
(ii) for some elements a; € A,

°. have the same

8(®s g1 (a1) N Subg(B,, B))
# 8(®5" 2 (a1) N Subg(B,, B%)),

then (B, + B', B, + B*) is a Zariski pair.

Remark 1.3. If for all automorphism o of
the combinatorics of B, + B, o(B,) =B, then
hypothesis (i) of Proposition 1.2 is always verified.
In particular, it is the case if deg(B,) # deg(B;), for
1=1,...,r

1.2. Artal arrangements. In this article, we
apply Proposition 1.2 to distinguish Zariski pairs
formed by Artal arrangements. These curves are
defined as follows:

Let E be a smooth cubic, let P; (1 <i<9) be
its 9 inflection points and let Lp be the tangent
lines at P, (1 <14 < 9), respectively.

Definition 1.4. Choose a subset [ C
{1,...,9}. We call an arrangement C=FE+
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> icr Lp, an Artal arrangement for I. In particular,
if k=4(I), we call C a k-Artal arrangement.

The idea is to apply Proposition 1.2 to the case
when B, =F and B=3Y, ;Lp. Let C' and C* be
two k-Artal arrangements. Note that if there exists
a homeomorphism h : (P?,C") — (P%,C?), h(E) = F
always holds. In [1], E. Artal gave an example of a
Zariski pair for 3-Artal arrangements. Based on this
example, we make use of our method to find other
examples of Zariski pairs of k-Artal arrangements
and obtain the following

Theorem 1.5. There exist Zariski pairs for
k-Artal arrangements for k = 4,5,6.

Remark 1.6. Note that the case of k=75 is
considered in [4], where it is shown that there exists
a Zariski pair for 5-Artal arrangements.

2. Some explicit examples for ®5,. We
here introduce four examples for ®p. The last
two were recently considered by the second author
and J.-B. Meilhan [4] and the third author [6],
respectively.

2.1. Dyp-covers. For terminologies and
notation, we use those introduced in [2, §3], freely.

Let Dy, be the dihedral group of order 2p. Let
Covy,(P?,2B, Dy,) be the set of isomorphism classes
of Dsy,-covers branched at 2B.

We now define @’ Do : Curve®™, — {0,1} as fol-
lows:

o2 (B, 1 By ) 1 1 Cov(P*, 2(B, + B), Day) #0
B e 0 if Covy(P2,2(B, + B), Dy,) = 0.

Note that &, Do satisfies the required condition
described in the Introductlon Thus, we define the
map (I>B:73 as the restriction of @g: to Sub(B,, B).

2.2. Alexander polynomials. For the
Alexander polynomials of reduced plane curves,
see [2,82]. Let A:Curvei”deC[t] be the map
assigning to a curve of CurveBd its Alexander
polynomial. We define the map @Ale" : Curve?

{0,1} by:

-]

LUIVe, g —

1 if A(B,+B) #1
0 if A(B,+B)=1.

As previously, we define @Alex as the restriction of
<I>A1°X to Sub(B,, B).

2.3. Splitting numbers. Let B, + B be a
reduced curves such that B, is smooth, and let m
be the degree of B. Let 75 : X — P? be the unique
cover branched over B, corresponding to the
surjection of 71 (P?\ B) — Z/mZ sending all meri-
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dians of the B; to 1. The splitting number of B, for
73, denoted by $q,(B,) is the number of irreducible
components of the pull-back 7B, of B, by ms
(see [6] for the general definition). By [6, Propo-
sition 1.3], the application:

ol Curvefgd — N*
B, Bo + B — SWB(BO)

verify the condition of Proposition 1.2, where N* is
the set of integers more than 0. We can then define
the map <I>§pht Sub(B,,B) — N* as the restriction
of tbgphf to Sub(Bo,B)

2.4. Linking set. Let B, be a non-empty
curve, with smooth irreducible components. A cycle
of B, is a S* embedded in B,. For B, + B € Curveled,
we define the linking set of B,, denoted by lksp(B5,),
as the set of classes in H;(P?\ B)/Inds, of the
cycles of B, which do not intersect B, where Indp, is
the subgroup of H;(P?\B) generated by the
meridians in B, around the points of B, N B. This
definition is weaker than [4, Definition 3.9]. By
[4, Theorem 3.13], the map defined by:

Plks . Curvel, — N*U{oc}
51 Bo+B +— tlkss(B,)

verify the condition of Proposition 1.2. We can thus
define the map @}, as the restriction of @} to
Sub(B,, B). |

3. The geometry of inflection points of a
smooth cubic. Let E C P? be a smooth cubic
curve and let O € F be an inflection point of E. In
this section we consider the elliptic curve (E,O).
The following facts are well-known:

(a) The set of inflection points of E can be
identified with (Z/3Z)%* C E, the subgroup
of three torsion points of E. This identification
comes from the cubic group law with neutral
element, a flex.

(b) Let P,Q, R be distinct inflection points of E.
Then P,Q,R are collinear if and only if
P+Q+R=0 € (Z/32)*.

From the above facts we can study the
geometry of inflection points and the following
proposition follows:

Proposition 3.1. Let E be a cubic curve and
{Pi,...,P.} € E be a set of distinct inflection
points of E. Let n be the number of triples
{P,,P,,P,} C{P,..., Py} such that they are col-
linear. Then the possible values of n for k=3,...,9
are as in the following table:

)
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3 4 5 6 7 9
n 0,1 0,1 1,2 2,3 5 12

4. Proof of the main theorem.

4.1. The case of 3-Artal arrangements.
Using the four invariants introduced in §2, we can
prove the original result of E. Artal. Let I =
{il,ig,ig} C {1, . ,9} and L; = Zie[ LR.

Theorem 4.1. For a 3-Artal arrangement
C=FE+>,.Lp=FE+L;, we have:

1 if P,,P,, P, are collinear
(a) (I)1E)651(C) - { z§ P:,PZ,P are not collinear
if P, P, P, are collinear
if P, P, P, are not collinear

29

if P, P, P, are collinear

if P, P, P, are not collinear

if P, P, P, are collinear
if P, P, P, are not collinear

(b) % (©)

WHE = Ww O+

-{
© a2 - {
@ 0 =

Proof.

(7).
(b) This is the result of E. Artal ([1]).

(c) By [6, Theorem 2.7], we obtain ®¥(C) = 3 if
the three tangent points are collinear, and
P(C) = 1 otherwise.

(d) Using the same arguments as in [5], we can
prove that, in the case of 3-Artal arrange-
me.nts, @Ep’lg] (C) = m Using the previous
point we obtain the result. ([l
Remark 4.2. It is also possible to consider

é%‘jE(E) But in this case, we have no method to
compute it in the general case. But, if F is the cubic
defined by 2° —z2> —3y?2=0, the computation
done in [4] implies the result.

Corollary 4.3. Choose {i1,19,13,%4} C
{1,...,9} such that P, P, P, are collinear, while
P, P“,P are not collinear. Put C = E+ L; +
L22 + L, andCo = E+ L;, + L;, + L;,. Then (C1,C2)
is a Zariski pair.

4.2. The other cases. Choose a subset J of
{1,...,9} such that 4 <#J < 6 and let

(a) This is the result of the last author

C:= E+£J, ,CJ :ZLPJ’
jeJ
be a k-Artal arrangement. To distinguish these
arrangements in a geometric way (as the collinear-
ity in the case of 3-Artal arrangements), let us
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introduce the type of a k-Artal arrangement.

Definition 4.4. For k=4,5,6, we say an
arrangement of the form C = E+ Lp +---+ Lp, to
be of Type I if the number n of collinear triples
in {P,..., P} is n=Fk— 3, while we say C to be
of Type II if the number n of collinear triples in
{P,...,P:}isn=k—4.

Theorem 4.5. Let C; be an arrangement of
Type I and Cy be an arrangement of Type II. Then
(P?,C1) and (P?,Cy) are not homeomorphic as pairs.

Furthermore if C; and Cy
combinatorics, C1,Cy form a Zariski pair.

Proof. Let C be a k-Artal arrangement (k=
4,5,6). We denote by Sub(E, L), the set of 3-Artal
arrangements contained in Sub(E,L;). Let @gg,

have the same

(I)CAl?fex7 <I>5p%1t and @2‘3 be the restrictions of <I>E£ ,
(I)éleﬁx, ol it ond @%} to Sub(E, L),, respectively.

Then by Theorem 4.1, we have
-1

(1))

Alex

B(00,

f@fe (1))
a(quht '(3))
(@)

k(1))
k—3 if Cis Type 1
{ k—4 if Cis Type IL
If a homeomorhism A : (P?,C;) — (P?,Cy) exists, it
follows that hy(Sub(C;)s) = Sub(Cs),. This contra-
dicts the above wvalues. Hence our statements
follow. O
Remark 4.6. Here are two remarks:
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(i) If the j-invariant of the cubic E is not equal
to 0, no three inflectional tangent lines are
concurrent. Hence C; and Cs have only double
points as their singularities and their combi-
natorics are the same.

(ii) We note that for k=1,2,7,8,9 it can be
proved that there do not exist Zariski pairs
consisting of k-Artal arrangements with only
double points as their singularities.
Acknowledgement. The second author is
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