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Abstract:

In connection with Nevanlinna’s five-value theorem ([2]), the author showed

in [3] that two meromorphic functions sharing five one-point or two-point sets IM are Mdbius
transforms of each other. Now, we consider n + 1 meromorphic functions sharing some finite sets

M.
Key words:

1. Introduction. For nonconstant mero-
morphic functions f and g on C and a finite set S
in C = CU{oo}, we say that f and g share S IM
(ignoring multiplicities) if f~1(S) = g~ (S). In par-
ticular if S is a one-point set {a} IM, then we say
also that f and g share a IM.

In [2], R. Nevanlinna showed the following
theorem:

Theorem A. Let f and g be two nonconstant
meromorphic functions on C sharing distinct five
points in C IM, then f = g.

Let n,q be two positive integer such that
g>n+1+2/n. We can easily see, by the same
method as the proof of Theorem A, that if n+1
meromorphic functions on C share ¢ pairwise
disjoint n-point sets IM, then at least two of them
are identical (see, also, Theorem 4).

On the other hand, the author proved in [3]:

Theorem B. Let Si,---,55 be one-point or
two-point sets in C. Assume that Si,---,S5 are
pairwise disjoint. If two nonconstant meromorphic
functions f and g on C share Sy, -, S5 IM, then f is
a Mobius transform of g.

In the proof of Theorem B, we can see that
there is a Mobius transformation 7 such that
T(f)+T(g) =0 if f+# g, and that the case where
the number of two-point sets is one and the case
where it is greater than one slightly differ. In this
paper we consider n + 1 meromorphic functions on
C' sharing some finite sets, and we show the
following two theorems:

Theorem 1. Letn be a positive integer and
let Si,- -+, Sprq be pairwise disjoint non-empty finite
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sets in C with at most n + 1 elements, where p and q
are non-negative integers with ¢ > 2. Let m; = 45
be the number of elements of S;. Assume thatm; <n

for j=1,---,p and mj=n+1 for j=p+1,---,
p+q, and assume that n+1 mutually distinct
nonconstant meromorphic functions fi,---, fax1 on
C share Sy, -+, Spiqg IM. If my + - - +m, + <"+1> >

n(n+ 1)+ 2, then there exists a Mobius tmnsfor-
mation T such that T(f1) + -+ T(fns1) = 0.
Theorem 2. Letn be a positive integer and
let Sy,---,S5 be pairwise disjoint non-empty finite
sets in C such that S, = --- =4S, = 1,45 = n + 1.
Assume that n+ 1 mutually distinct nonconstant
meromorphic functions fi,--+, for1 on C share
S1,-+,85 IM. Then there exists a Mdbius trans-
formation T such that T(f1) +---+ T (fos1) =0.
We assume that the reader is familiar with the
standard notations and results of the value distri-
bution theory (see, for example, [1]). In particular,

we express by S(r,f) quantities such that
lim¢ES(r, £)/T(r,f) =0, where E is a subset of

(0, 00) with finite linear measure and it is variable in
each cases.

2. A lemma. Before beginning the proofs of
Theorems, we show the following

Lemma 3. Let &, ---,&, and n1,---,m, be
mutually distinct points in C, where m and n are
positive integers with m +n > 3. Then there exists a
Mébius tmnsformation T such that all T(&5),T(n;)

are in C and that ZT(@)/m ZT n;)/n.
Proof We mziy assume that all points are in

C.If Z &/m = Z nj/n, then let T be the identity.

Now we assume that Z &/m # Z n;j/n. Define
J=1 =1
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the polynomials P(z)=(z2—&) - - (2 —&,) and
(z — n,), and we consider Mobius

Qz) =(z—m)-
L Since

transformations of the form 7T(z)=—.

m z+d
P'(2)/P(2) = 3 ¢, we see that
=1 g

and similarly,

T(n;) = — "
2. (m;) 0—d)

5 7(6)/m = 21 T(€;)/n is equivalent to
pa

Hence,

the cond1t1on
1 P'(=d) _1Q(=d)
m P(—d) n Q(—d)’
Therefore it is enough to show that the equation
nP()Q(z) - mP()Q(2) = 0
has a solutlon dlstlnct from &j,7m;. The assumption
that Z &/m # Z n;/n implies that the degree of

the léft hand s1de polynomial is m +n —2(> 0),
and we see that any of {; and 7, is not solution of the
equation since j,n; are mutually distinct. There-
fore we complete the proof. O

3. Proof of Theorem 1 and Corollar-
ies. For the proof we may assume that any S
does mnot contain oco. Put N =my+ - +my.
Then we have N > 3 and we can see, by the second
fundamental theorem, that there is no need to
distinguish S(r, f;). So we express them by S(r).
Put =[] (f;— fu)(#0). Now, we consider

1<j<k<n+1 -
the reduced counting functions Np(r,S;) and

Ng(r,S;). The former counts the points z€
J1(S;) such that fi(2), -, far1(2) are all distinct,
and the latter counts the points z € f;'(S;) such
that at least two of fi(2), -, fut1(2) are equal.
Then we have, by the first main theorem,

ptg
> Nu(r,9) <
=1

n+1

<n) T(r,f)+0(1)

J=1

(3.1) N(r,1/®)

and, by this and the second main theorem,

(N =2)T(r, fr)
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ptq

<> (Np(r,8)) + Np(r,5)) + S(r)

n+1

< S N 8) 403 Tl f) + 50

J=1
for k=1,---,n+ 1. By adding the above inequal-
ities for k=1, ---,n 4+ 1, we obtain

n+1

{N=2-nn+1)}> T(r fi)

ptq

< (4 1) Y Nolr,5) + S0

= (1) Y No(r,Spey) + 5(r).

Then we may assume that there exists a Borel

subset I of [1,400) whose measure |I| = 400 and
2{N -2—-n(n+1)} } aR
3.2 T(r

2
<Y Np(r,Spey) (rel),
J=1
by rearranging Spii1,---,S4¢, if necessary. By
Lemma 3, we can take a Mobius transformation T
such that T'(Sp41), T(Sp+2) are subsets in C and the

sum of all elements of each T'(S;) is the origin for
n+1

j=p+1,p+2 Put V=) To f;. Assume that
=1

U £0. If f1(2), -, far1(2) are distinct elements of
Sp+1 U Spta, then U(2) = 0. Hence we have, by (3.2),

2{N -2 —-n(n+1)} }f
T(r, f;)
n+1

(n+1)g
<N 1/9) <3 T, f;) +0(1) (re D).

Therefore we obtain the estimate
2{N -2 —-n(n+1)} < (n+1)q,
which is equivalent to

(n+1)q

my+ -+ m,+ <nmn+1)+2.

So by assumption we conclude ¥ = 0, which implies
the conclusion of Theorem 1. O

Remark. If we (3.1),
Ng(r,S;) (j=p+1,---,p+q), then by the second
main theorem we have

omit, in terms
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(m1+~~+

r i) < i S(r)

n+1

nY T(r,f;) +5r)

< N(r,1/®) + S(r) <

<.
—

for k=1,---,n4 1, and hence

n+1

my = 2) 3 T )

(r, 1/@) + S(r)
n+1

n(n+1)Y T(r, f;) + S(r).

j=1

(my+---+

<(n+1)N

Therefore we obtain the inequality

my+---+m, <n(n+1)+2.

In the above remark the last inequality holds
under the assumption ® # 0. Therefore we have

Theorem 4. Let n be a positive integer and
let Si,---,S, be pairwise disjoint non-empty finite
sets in C with at most n elements, where p is a
positive integer. Let mj; =4S; be the number of
elements of Sj. Assume that n+1 nonconstant
meromorphic functions fi, -, fax1 on C share
Sty Sy IM. If my + - +my, >n(n+1) + 2, then
at least two of fi1,---, fas1 are identical.

Also, we get the following corollaries of Theo-
rem 1:

Corollary 5. Letn be a positive integer and
let S1,- -, Spiq be pairwise disjoint finite sets in C,
where p and q are integers with p >0 and q > 2.
Assume that §S; =n for j=1,---,p, 1S =n+1
for j=1,---,q and np+ ("H)q >n(n+1)+2. If
n+ 1 mutually distinct nonconstant meromorphic
functions fi,---, fay1 on C share Sy, -, Sp4q IM,
then there exists a Mobius transformation T such

Corollary 6. Letn be a positive integer and
let S1,- -+, Sprq be pairwise disjoint finite sets in C,
where p and q are integers with p >0 and q > 2.
Assume that §5; =1 for j=1,---,p, 1S =n+1
for j=1,---,q and p+ ("H)q >n(n+1)+2. If
n+ 1 mutually distinct nonconstant meromorphic
functions fi,---, foy1 on C share Sy, -, Sp4q IM,
then there exists a Mobius transformation T such

Corollary 7. Letn be a positive integer and
let Si,---,Sy be pairwise disjoint (n+ 1)-point sets
in C, where q is a positive integer. Assume that
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q>2n+ 7+1 If n + 1 mutually distinct nonconstant
meromorphic functions fi, -+, fas1 on C share
Si,--+,Sy IM, then there exists a Mdbius trans-
formation T such that T(f1) + -+ T(fus1) =0.

4. Proof of Theorem 2. For the proof we
may assume that any S; does not contain oco. Let
a; be the unique element of S; (j=1,---,4). If
1<k l<n+1and k#1I, then by the second main
theorem and by the first main theorem

" i) < ZN( ) 450, )

SN( : ) +5(r, fi)
“fo—fi

<T(r, fu) + T(r, f1) + S(r, fi)-
Hence we have T(r,f;) <T(r,f1)+ S(r, fr) and

fr—a

T(r, f;)) <T(r, fr) + S(r, fr). It follows that
S(r, fx) = S(r, fi) and
(41) T(T‘, fl) = T(Tv fk) +S(T)a

where S(r) = S(r
Also, we have

, fr) as in the proof of Theorem 1.

4
(4.2) r fr) = Zﬁ(r ) + S(r)
J= fe—aj
N< ! >+5( )
= r, T).
fe— fi
Put S5 = {as, -+, a,15}, then we have
n+5
(n+3)T(r, fr) <ZN( >+S(r)
k — ay
n+5
v, fi) + ZN( ) + 5(r)
k — ay
< (n+3)T(r, fr) +S(r)
for k=1,---,n+ 1. It follows from this that
n+5
(4.3) ZN( — ) = (n+1)T(r, fr) + S(r).
Ji— Jj
Take distinct k,I with 1<k lI<n+1. Let

No(r 5 f) be the reduced counting function of
the zeros of fi — f; outside f; (S U Sy). Then
we get, by (4.2),

(44) N (’r, f;ﬁ)

<fk_fl> Ji; (T,fk_a)

(r).

I
ZI

I
N
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Let Np(r,Ss5) be the reduced counting function
which counts the points z € f;!(S;) such that
fi(2), -+, fus1(2) are all distinct. Then, we have,
by (4.3),

o Tl+5_ 1
ND(T, 55) S N ry——
=5 f/c —aj

() e

=5 fr—a; 1<l<m<n+1 Ji=Jm
= (n+1)T(r, fr) + S(r).

Therefore

(4.5) Np(r,Ss5) = (n+ 1T (r, fr) + S(r)

is obtained. Also, from the second main theorem for
fiand ay, -, a4, we may assume that there exists a
Borel set I C [1,+00) whose measure |I| = +o0 and
that

(4.6) N(r, flial)

> ST ) +o(T(r ) (re D)

by rearranging ai, - - -, a4, if necessary. By Lemma 3,
we can take a Mobius transformation T such that
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n+5

T(ay) = 3. T(a;) =0, and put ¥ =T(f)+ -+
J=5

T(fus1). Assume that ¥ 2 0. Then by (4.1) we have

n+1

T(r,¥) <Y T(r, fi) + O(1)
k=1
=n+1D)T(r fi)+o(T(r, f1)) (rel)

and

_ — 1
ND(T‘,Sg,)—i-N(T,
fi—a

) < N(r,1/).

Therefore we obtain, by (4.5), (4.6) and these
inequalities,

(n+ VT, ) + 5 TG, )+ o(T(r, 1)

< N(r,1/®) + o(T(r, f1)) < T(r,®) + o(T(r, f1))
<(n+ 1T fi)+o(T(r, f1)) (rel),

which is a contradiction. Hence W =0, which

implies the conclusion of Theorem 2. (I
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