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Abstract: We study an inverse problem to determine a nonlinearity of an autonomous

equation from a blow-up time of solutions of the equation. A local well-posedness of the inverse

problem near a nonlinearity of the type u1þ�, � > 0, is established. The paper also suggests that

the inverse problem has a good, mathematical structure from a viewpoint of the Wiener-Hopf

theory in integral equations.
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1. Problem and result. Let a 2 R and

consider an initial value problem

d2u

dt2
¼ fðuÞ; 0 < t <1;

uð0Þ ¼ h; a < h <1;

du

dt
ð0Þ ¼ 0;

8>>>><
>>>>:

ð1:1Þ

where f is a continuous, positive function on the

interval ða;1Þ. We impose on f the super-linearity

condition Z 1
b

duffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiR u
b fð�Þd�

q <1ð1:2Þ

for each b > a. A typical example of functions

satisfying (1.2) is given by fðuÞ ¼ u1þ�, � > 0 or

those behaving like u1þ� as u!1.

Because of f > 0, the solution of (1.1) is given

by an inverse function of tðuÞ determined by

dt

du
¼ 1ffiffiffi

2
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiR u

h fð�Þd�
q ; tðhÞ ¼ 0

for h > a. Therefore, under the condition (1.2), the

solution of (1.1) for each h 2 ða;1Þ blows up at the

time

TfðhÞ :¼
1ffiffiffi
2
p
Z 1
h

duffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiR u
h fð�Þd�

qð1:3Þ

for each h 2 ða;1Þ. We call Tf the blow-up time

function associated with f, and let B be a map

assigning the blow-up time function Tf to f ,

namely, B : f 7! Tf .

We now pose an inverse problem discussed in

the present paper:

Problem 1.1. Given a function T ¼ T ðhÞ,
a < h <1, determine a nonlinearity f of equation

(1.1) so that Bf ¼ T .

We assume that a ¼ 1 without loss of general-

ity because the shift ~u :¼ u� aþ 1, ~h :¼ h� aþ 1
and setting ~fð~uÞ ¼ fð~uþ a� 1Þ change (1.1) to

d2 ~u

dt2
¼ ~fð~uÞ; 0 < t <1;

~uð0Þ ¼ ~h; 1 < ~h <1;

d~u

dt
ð0Þ ¼ 0;

8>>>>><
>>>>>:

where ~f is a continuous, positive function on the

interval ð1;1Þ. Therefore, throughout the paper,

we fix a as a ¼ 1. Then Problem 1.1 is equivalent to

finding a solution f of

1ffiffiffi
2
p
Z 1
h

duffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiR u
h fð�Þd�

q ¼ T ðhÞ; 1 < h <1;ð1:4Þ

where T ðhÞ is a prescribed, positive function on the

interval ð1;1Þ.
For the typical case f0ðuÞ ¼ cu1þ� with c; � > 0,

the blow-up time function is calculated as

T0ðhÞ ¼ c0h�
�
2 ;

where

c0 ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2cð2þ �Þ
p B

�

2ð2þ �Þ
;
1

2

� �
:

In the present paper we discuss Problem 1.1 near

this correspondence

B : f0ðuÞ ¼ cu1þ� 7! T0ðhÞ ¼ c0h�
�
2 :ð1:5Þ
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To define function spaces for f and for T in a

unified manner, we introduce a function space. Let

I � ð0;1Þ be an interval, � 2 ð0; 1�, � 2 R, and let

C�ðIÞ� ¼ f� 2 CðIÞ : j�j� þ j�j�;� <1g;ð1:6Þ

where j � j� and j � j�;� are semi-norms defined by

j�j� :¼ sup
x2I

j�ðxÞj
jxj� ;

j�j�;� :¼ sup
x;y2I
x6¼y

jx����ðxÞ � y����ðyÞj
jx� yj�

:

Equipped with the norm k�k�;� :¼ j�j� þ j�j�;�, the

space C�ðIÞ� is a Banach space. When I is an open

interval such as I ¼ ð1;1Þ, we omit the bracket of

C�ðIÞ� such as C�ð1;1Þ�.
We can now state our main result (Fig. 1):

Theorem 1.2. Let � be any number fixed

such that 0 < � < 1
2. Then B maps a sufficiently

small neighborhood of f0 in C�ð1;1Þ1þ� homeo-

morphically onto a neighborhood of T0 in

C�þ
1
2ð1;1Þ��2 .

Problem 1.1 is motivated by a use of blowing

up solutions to various types of differential equa-

tions. We explain it in an aspect of a comparison

method. Let R > 0 and consider positive C2-solu-

tions uðxÞ of the elliptic inequality

�u � gðuÞ in Bð0; RÞ;

where � is the N-dimensional Laplace oper-

ator, N � 2; Bð0; RÞ ¼ fx 2 RN : jxj < Rg, and g :
ð0;1Þ ! ð0;1Þ is a continuous function satisfying

gðþ0Þ 2 ½0;1Þ. We want to get upper bounds to

uðxÞ under the assumption that there is a strictly

increasing, locally Lipschitz continuous function

g� : ½0;1Þ ! ½0;1Þ satisfying 0 < g�ðuÞ � gðuÞ in

ð0;1Þ,Z 1
1

GðuÞ�
1
2du <1; and

Z 1

0

GðuÞ�
1
2du ¼ 1:

Here GðuÞ :¼
R u

0 g�ðvÞdv. It is known (see Keller [3],

Usami [5]) that there is a positive, monotonically

increasing C2-solution vðrÞ to the problem

r1�N d

dr
rN�1 dv

dr

� �
¼ g�ðvÞ; 0 < r < R,

dv

dr
ð0Þ ¼ 0; and vðrÞ ! 1 as r! R.

8>><
>>:ð1:7Þ

(The constant R is the ‘‘blow-up time’’ of vðrÞ.) So

the function vðjxjÞ satisfies

�v ¼ g�ðvÞ; in Bð0; RÞ,
lim
jxj!R

v ¼ 1:

(

Noting the inequality �ðu� vÞ � g�ðuÞ � g�ðvÞ,
we can show that uðxÞ � vðjxjÞ in Bð0; RÞ as in

Usami [6]. On the other hand, the monotonicity of

vðrÞ implies that

dv

dr
ðrÞ � g�ðvðrÞÞ

Z r

0

s

r

� �N�1

ds;

and so, 1
r
dv
dr �

g�ðvÞ
N . Returning to (1.7), we find that

d2v

dr2
�
g�ðvÞ
N

:

Note that this is an inequality version of the form

(1.1). By the same computations as for (1.3) we

obtain Z 1
vð0Þ

dzffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
GðzÞ �Gðvð0ÞÞ

p �
ffiffiffiffiffi
2

N

r
R:

This is equivalent to vð0Þ � ~G�1ð
ffiffiffiffi
2
N

p
RÞ, where

~GðuÞ ¼
R1
u

dzffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
GðzÞ�GðuÞ
p . Since uðxÞ � vðjxjÞ as seen

above, we have uð0Þ � ~G�1ð
ffiffiffiffi
2
N

p
RÞ. If x0 2 Bð0; RÞ,

then �u � gðuÞ in Bðx0; R� jx0jÞ. Therefore argu-

ing as above, we have an upper estimate

uðx0Þ � ~G�1

ffiffiffiffiffi
2

N

r
ðR� jx0jÞ

 !
:

Our success in getting this estimate depended on

the existence of the solution vðrÞ that blows up at

the time R. In view of this observation, a general

question arises: in what situation a prescribed time

u, h1

f, T

T (h)

f (u)

B B−1

Fig. 1. Local homeomorphism.
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becomes the blow-up time. This question leads to

Problem 1.1.

The present paper is organized as follows: In

Section 2, we give our strategy for proving Theorem

1.2, that is, we show it is enough to prove a mapping

F defined by (2.2) maps a small neighborhood of a

constant function c in C�ð0; 1Þ0 homeomorphically

onto a neighborhood of
ffiffiffi
2
p

c0 in C�þ
1
2ð0; 1Þ0. To

prove this, we apply an inverse mapping theorem to

the mapping F . Proposition 3.1 in Section 3 shows

that our function spaces setting is appropriate.

Proposition 4.1 shows that the Fréchet derivative

of F at c is a homeomorphism of C�ð0; 1Þ0 onto

C�þ
1
2ð0; 1Þ0. The proof of Theorem 1.2 is given at the

end of Section 4.

Throughout the paper, we use the notation

A . B, which implies that there exists a positive

constant M independent of variables of A;B such

that A �MB.

2. Reduction. Via a change of variables

x ¼ h�1, u ¼ y�1, equation (1.4) can be recast as

1ffiffiffi
2
p
Z x

0

Z x

y

f 1
�

� � d�
�2

� ��1
2 dy

y2
¼ T ð1

x
Þ; 0 < x < 1:

By using a change of variables y ¼ xr, � ¼ xt, and

introducing a new function

’ðxÞ :¼ x1þ�f
1

x

� �
; 0 < x < 1; where � > 0;

this equation can be written as

1ffiffiffi
2
p

Z 1

0

Z 1

r

’ðxtÞ
t3þ�

dt

� ��1
2 dr

r2
x
�
2 ¼ T 1

x

� �
:

Moreover we set

 ðxÞ ¼
ffiffiffi
2
p

x�
�
2T 1

x

� �
:

Then the resultant equation becomesZ 1

0

Z 1

r

’ðxtÞ
t3þ�

dt

� ��1
2 dr

r2
¼  ðxÞ; 0 < x < 1:ð2:1Þ

By defining a mapping F by

F’ðxÞ :¼
Z 1

0

Z 1

r

’ðxtÞ
t3þ�

dt

� ��1
2 dr

r2
;ð2:2Þ

where 0 < x < 1, equation (2.1) is written simply as

F’ ¼  :ð2:3Þ

Let � denote a transformation defined by

��ðxÞ ¼ �ð1xÞ for a function �, and let mx‘� denote

the multiplication operator by the function mx‘.

Then the reduction procedure described above is

illustrated by the following commutative diagram:

ð2:4Þ

f ∈Cα (1,∞)1+σ Cα+ 1
2 (1,∞)− σ

2
T

B

Cα (0, 1)−1−σ Cα+ 1
2 (0, 1) σ

2
T ∗f ∗ ∈

Cα (0, 1)0ϕ ∈ Cα+ 1
2 (0, 1)0 ψ

F

∗ ∼= ∗ ∼=

x1+σ· ∼=
√

2 x− σ
2 · ∼=

�

�

�

:

The vertical arrows in the diagram (2.4) are

homeomorphisms, which is guaranteed by

Lemma 2.1. Let C�ðIÞ� be the function space

defined by (1.6) for each � 2 ð0; 1�, � 2 R. Then:

(1) The multiplication operator by x‘ gives a

homeomorphism of C�ðIÞ� onto C�ðIÞ�þ‘ for each

‘ 2 R.

(2) A transformation � : ��ðxÞ ¼ �ð1xÞ gives a ho-

meomorphism of C�ð1;1Þ�� onto C�ð0; 1Þ�.
Proof. Because (1) is direct from the definition

(1.6), we shall prove only (2). Let � 2 C�ð1;1Þ��.
Then, by a change of variables x ¼ h�1, y ¼ k�1, we

obtain

j��j�;� ¼ sup
0<x;y<1
x6¼y

jx�����ðxÞ � y�����ðyÞj
jx� yj�

¼ sup
1<h;k<1
h6¼k

jk�h��ðhÞ � h�k��ðkÞj
jh� kj�

� 2j�j�� þ j�j�;��;
because jh� � k�j � jh� kj� for 1 < h; k <1,

0 < � � 1. This shows that �� 2 C�ð0; 1Þ� and the

correspondence � 7! �� : C�ð1;1Þ�� ! C�ð0; 1Þ� is

continuous. In a similar way we can show that the

inverse �� 7! � gives a continuous map from

C�ð0; 1Þ� to C�ð1;1Þ��. �

Thus we have:

Proposition 2.2. There is a commutative

diagram (2.4), where the vertical arrows are homeo-

morphisms.

Proposition 2.2 tells us that the proof of

Theorem 1.2 is reduced to showing that F defined

by (2.2) maps a sufficiently small neighborhood of

a positive, constant function c in C�ð0; 1Þ0 homeo-

morphically onto a neighborhood of
ffiffiffi
2
p

c0 in

C�þ
1
2ð0; 1Þ0.
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3. Mapping F . In this section we study the

mapping F to establish the following

Proposition 3.1. Let 0 < � < 1
2, � > 0 and

set

U :¼ f’ 2 C�ð0; 1Þ0 : inf
0<x<1

’ðxÞ > 0g:

Then F defined by (2.2) is a C1-mapping of U to

C�þ
1
2ð0; 1Þ0. The Fréchet derivative F 0ð’0Þ of F at a

function ’0 2 U is given by

F 0ð’0Þ’ðxÞð3:1Þ

¼ �
1

2

Z 1

0

’ðxtÞ
t3þ�

dt

Z t

0

Z 1

r

’0ðxsÞ
s3þ� ds

� ��3
2 dr

r2
;

where 0 < x < 1. In particular, the Fréchet deriva-

tive F 0ðcÞ of F at a constant function c with c > 0 is

written as

F 0ðcÞ’ðxÞ ¼ �
Z 1

0

�ðtÞ’ðxtÞdt;ð3:2Þ

where �ðtÞ is a function defined by

�ðtÞ :¼ ð2þ �Þ
3
2

2 c
3
2

1

t3þ�

Z t

0

s1þ3
2�

ð1� s2þ�Þ
3
2

ds:ð3:3Þ

The proof of Proposition 3.1 is a combination

of four lemmas.

Lemma 3.2. If ’ 2 U then the function

 ðxÞ :¼ ðF’ÞðxÞ ¼
Z 1

0

Z 1

r

’ðxtÞ
t3þ�

dt

� ��1
2 dr

r2

belongs to C�þ
1
2ð0; 1Þ0.

Proof. By ’ 2 U, ð
R 1
r
’ðxtÞ
t3þ� dtÞ

�1
2 .

r
1þ�

2ffiffiffiffiffiffi
1�r
p . This

yields j j0 <1. To prove j j
�þ1

2;0
<1, we assume

x > y without loss of generality. Since

x�þ
1
2 ðxÞ � y�þ

1
2 ðyÞ

¼ ðx�þ
1
2 � y�þ

1
2Þ ðxÞ þ y�þ

1
2ð ðxÞ �  ðyÞÞ

and jðx�þ1
2 � y�þ1

2Þ ðxÞj . jx� yj�þ
1
2 , it suffices to

show that jy�þ1
2ð ðxÞ �  ðyÞÞj . jx� yj�þ

1
2 .

By an elementary calculation with an inter-

change of the order of integration, we get

 ðxÞ �  ðyÞ

¼
Z 1

0

d�
d

d�

Z 1

0

Z 1

r

�’ðx�Þ þ ð1� �Þ’ðy�Þ
�3þ� d�

� ��1
2 dr

r2

¼ �
1

2

Z 1

0

d�

Z 1

0

Z 1

r

� � � d�
� ��3

2 dr

r2

Z 1

r

’ðxtÞ � ’ðytÞ
t3þ�

dt

¼ �
1

2

Z 1

0

d�

Z 1

0

’ðxtÞ � ’ðytÞ
t3þ�

dt

Z t

0

Z 1

r

� � � d�
� ��3

2 dr

r2
:

Therefore, by putting

�ðx; y; tÞ :¼ �
1

2t3þ�
ð3:4Þ

	
Z t

0

dr

r2

Z 1

0

Z 1

r

�’ðx�Þ þ ð1� �Þ’ðy�Þ
�3þ� d�

� ��3
2

d�;

we obtain

 ðxÞ �  ðyÞ ¼
Z 1

0

�ðx; y; tÞð’ðxtÞ � ’ðytÞÞdt:

This leads to

y�þ
1
2ð ðxÞ �  ðyÞÞ

¼ y�þ
1
2

Z 1

0

�ðx; y; tÞð’ðxtÞ � ’ðyÞÞdt

� y�þ
1
2

Z 1

0

�ðx; y; tÞð’ðytÞ � ’ðyÞÞdt

¼ I1 þ I2;

where

I1 :¼ y�þ
1
2

Z x

y

� x; y;
s

x

� �
ð’ðsÞ � ’ðyÞÞ

ds

x
;

I2 :¼ y�þ
1
2

Z y

0

1

x
� x; y;

s

x

� �
� 1

y
� x; y;

s

y

� �� �
ð’ðsÞ � ’ðyÞÞds:

Since, in (3.4), �’ðx�Þ þ ð1� �Þ’ðy�Þ � inf ’ > 0,

�ðx; y; tÞ satisfies

j�ðx; y; tÞj . 1

t3þ�

Z t

0

r1þ3
2�

ð1� r2þ�Þ
3
2

drð3:5Þ

. t
�
2�1ð1� tÞ�

1
2 :

Moreover it follows from (3.4) that the derivative

�0ðx; y; tÞ of �ðx; y; tÞ with respect to t satisfies

jtð1� tÞ�0ðx; y; tÞj . t
�
2�1ð1� tÞ�

1
2 :ð3:6Þ

Because of ’ 2 C�ð0; 1Þ0, ’ satisfies

j’ðsÞ � ’ðyÞj . 1�
y

s

� ��
; y � s:ð3:7Þ

Hence, by (3.5) and a substitution s ¼ yþ �ðx� yÞ,
we have

jI1j . y�þ
1
2

Z x

y

s

x

� ��
2�1

1�
s

x

� ��1
2

1�
y

s

� ��ds
x

¼ ðx� yÞ�þ
1
2
y

x

� ��þ1
2

	
Z 1

0

yþ �ðx� yÞ
x

� ��
2���1 ��

ð1� �Þ
1
2

d�:
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Because of x� � yþ �ðx� yÞ � x, y=x � 1, we get

I1 . ðx� yÞ�þ
1
2 . Moreover, I2 is rewritten as

I2 ¼ y�þ
1
2

Z 1

0

Z 1

y=x

d

d�
ð��ðx; y; �tÞÞd� ð’ðyÞ � ’ðytÞÞdt;

which can be evaluated by using (3.5), (3.6), (3.7)

and the substitution t ¼ ð1� sÞ=ð1� �sÞ so that

jI2j . y�þ
1
2

Z 1

0

Z 1

y=x

ð�tÞ
�
2�1ð1� �tÞ�

3
2d� ð1� tÞ�dt

¼ y�þ
1
2

Z 1

y=x

�
�
2�1d�

Z 1

0

t
�
2�1ð1� �tÞ�

3
2ð1� tÞ�dt

¼ y�þ
1
2

Z 1

y=x

�
�
2�1ð1� �Þ��

1
2 d�

Z 1

0

s�ð1� sÞ
�
2�1

ð1� �sÞ
�
2þ��

1
2

ds:

Taking the assumption � < 1
2 into account, we get

jI2j . y�þ
1
2

Z 1

y=x

�
�
2�1ð1� �Þ��

1
2 d�

. y�þ
1
2 1�

y

x

� ��þ1
2

� ðx� yÞ�þ
1
2 :

Thus j j
�þ1

2;0
<1, and so,  2 C�þ

1
2ð0; 1Þ0. �

In order to show that F is Fréchet differenti-

able, the following generalization of Lemma 3.2 is

useful.

Lemma 3.3. Let �0 2 U, �1; �2 2 C�ð0; 1Þ0,

and let �ðxÞ be a function defined by

�ðxÞ ¼
Z 1

0

Z 1

r

�0ðxsÞ
s3þ� ds

� ��5
2 Y2

i¼1

Z 1

r

�iðxtÞ
t3þ�

dt

� �
dr

r2
:

Then � belongs to C�þ
1
2ð0; 1Þ0 with the norm

k�k
�þ1

2;0
. k�0k�;0 k�1k�;0 k�2k�;0:

Proof. This lemma can be proved by the same

method as in the proof of Lemma 3.2. �

Lemma 3.4. Let ’0 2 U and let F 0ð’0Þ be an

operator defined by (3.1). Then:

(1) For each ’ 2 C�ð0; 1Þ0,

lim
�!0

F ð’0 þ �’Þ � F’0

�
¼ F 0ð’0Þ’

in the norm of C�þ
1
2ð0; 1Þ0.

(2) For ’1 2 U near ’0, the operator norm of

F 0ð’1Þ � F 0ð’0Þ is evaluated as

kF 0ð’1Þ � F 0ð’0Þk . k’1 � ’0k�;0:

In particular, F 0ð’0Þ is continuous in ’0 in the sense

of the operator norm.

Proof. Let � be so small that ’0 þ �’ 2 U and

let 	iðx; �Þ, i ¼ 0; 1; 2, be functions defined by

Z 1

0

Z 1

r

ð’0 þ �’ÞðxsÞ
s3þ� ds

� ��1
2�i Z 1

r

’ðxtÞ
t3þ�

dt

� �i
dr

r2
:

Then, by (2.2), for each x 2 ð0; 1Þ,
Fð’0 þ �’ÞðxÞ � F’0ðxÞ

¼
Z �

0

d

d

	0ðx; 
Þd
 ¼ �

1

2

Z �

0

	1ðx; 
Þd
:

On the other hand, if we define F 0ð’0Þ by (3.1) then,

by an interchange of the order of integration,

F 0ð’0Þ’ðxÞ ¼ �
1

2
	1ðx; 0Þ:ð3:8Þ

Hence

Fð’0 þ �’ÞðxÞ � F’0ðxÞ
�

� F 0ð’0Þ’ðxÞ

¼ �
1

2�

Z �

0

d


Z 


0

d

d!
	1ðx; !Þd!

¼ 3

4�

Z �

0

d


Z 


0

	2ðx; !Þd!:

In view of Lemma 3.3, the norm of 	2ð�; !Þ in

C�þ
1
2ð0; 1Þ0 is bounded uniformly with respect to !

near 0. This proves (1).

By (3.8), we have, for ’0; ’1 2 U , ’ 2 C�ð0; 1Þ0,
F 0ð’1Þ’ðxÞ � F 0ð’0Þ’ðxÞ

¼ 3

4

Z 1

0

d�

Z 1

0

Z 1

r

ðð1� �Þ’0 þ �’1ÞðxsÞ
s3þ� ds

� ��5
2

Z 1

r

ð’1 � ’0ÞðxsÞ
s3þ� ds

� � Z 1

r

’ðxtÞ
t3þ�

dt

� �
dr

r2
:

This, combined with Lemma 3.3, proves (2). �

Lemma 3.5. The mapping F is Fréchet

differentiable. The Fréchet derivative F 0ð’0Þ, which

is given by (3.1), is continuous in ’0.

Proof. We prove the lemma by a standard

discussion (see, e.g., [4, Lemma 1.15]). Lemma

3.4(1) implies that, for small ’ and � 2 ½0; 1�,
d

d�
Fð’0 þ �’Þ ¼ F 0ð’0 þ �’Þ’

in the space C�þ
1
2ð0; 1Þ0. This leads to

F ð’0 þ ’Þ � Fð’0Þ

¼
Z 1

0

F 0ð’0 þ �’Þ’d�

¼ F 0ð’0Þ’þ
Z 1

0

F 0ð’0 þ �’Þ � F 0ð’0Þð Þ’d�

for small ’ 2 C�ð0; 1Þ0. This, together with Lemma

3.4(2), proves the lemma. �
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4. Proof of the main theorem. We first

prove a proposition that is crucial for the proof of

Theorem 1.2.

Proposition 4.1. Let 0 < � < 1
2, � > 0.

Then the operator F 0ðcÞ given by (3.2) is a homeo-

morphism of C�ð0; 1Þ0 onto C�þ
1
2ð0; 1Þ0.

Proof. We define an operator J� by

J�’ðxÞ ¼
Z 1

0

�ðtÞ’ðxtÞdt:ð4:1Þ

Then F 0ðcÞ ¼ �J�.

The operator J� of the form (4.1) is a multi-

plicative Wiener-Hopf integral operator. The rea-

son for the use of this terminology and a general

theory of the operator may be found in Iwasaki and

Kamimura [2, p. 115] and [1]. We here use a result

for a singular multiplicative Wiener-Hopf integral

operator:

Lemma 4.2 (Theorem B in [1]). Let

�ðtÞ ¼ At��1ð1� t�Þ�1 þ RðtÞ; �; � > 0; 0 <  < 1

with A 6¼ 0 satisfy

RðtÞ 2 Cð0; 1� \ C2ð0; 1Þ; jRðtÞj . t��1;

jR0ðtÞj . t��2ð1� tÞ��1; jR00ðtÞj . t��3ð1� tÞ��2;

with �; � > 0, and let 0 < � < 1� . Then J�, which

is a bounded linear operator from C�ð0; 1Þ0 to

C�þð0; 1Þ0, is a homeomorphism of C�ð0; 1Þ0 onto

C�þð0; 1Þ0 if and only ifZ 1

0

�ðtÞtzdt 6¼ 0; Re z � 0:ð4:2Þ

Let us verify that � defined by (3.3) satisfies

conditions in the lemma. By means of the hyper-

geometric function F ð�; �; �; �Þ, we can computeZ t

0

s1þ3
2�

ð1� s2þ�Þ
3
2

ds ¼
2t

�
2

2þ �

	
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� t2þ�
p � 1

� �

þ 1� F
1

2
;

�

4þ 2�
;
4þ 3�

4þ 2�
; t2þ�

� �� �

:

Therefore the function �ðtÞ in (3.3) is expressed as

�ðtÞ ¼ A
t
�
2�1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� t2þ�
p þ RðtÞ; A :¼

ffiffiffiffiffiffiffiffiffiffiffi
2þ �
p

c
3
2

;

in terms of a function RðtÞ with

RðtÞ 2 Cð0; 1� \ C2ð0; 1Þ; jRðtÞj . t
�
2�1;

jR0ðtÞj . t
�
2�2ð1� tÞ�

1
2 ; jR00ðtÞj . t

�
2�3ð1� tÞ�

3
2 :

To prove that �ðtÞ in (3.3) satisfies the con-

dition (4.2), we employ the following (see [1, Lemma

1.9]): If �ðtÞ 2 L1ð0; 1Þ \ C1ð0; 1Þ satisfies

�ðtÞ; ðt�ðtÞÞ0 � 0; t 2 ð0; 1Þ; �ðtÞ 6
 0;ð4:3Þ

then (4.2) is fulfilled.

In what follows, we shall show that ðt�ðtÞÞ0 � 0
for t 2 ð0; 1Þ. By the definition (3.3) and an elemen-

tary computation, we have

2 c
3
2

ð2þ �Þ
3
2

ðt�ðtÞÞ0 ¼
1

t2þ�

Z t

0

s1þ3
2�

ð1� s2þ�Þ
3
2

ds

 !0

¼
1

t2þ�

Z t

0

s1þ3
2�

ð1� s2þ�Þ
3
2

ds

 !0

¼
2þ �
t3þ�

Z t

0

1

ð1� t2þ�Þ
3
2

�
1

ð1� s2þ�Þ
3
2

 !
s1þ3

2�ds

þ
�

4þ 3�

t
�
2�1

ð1� t2þ�Þ
3
2

:

Since, for 0 < s < t, 1

ð1�t2þ�Þ
3
2
� 1

ð1�s2þ�Þ
3
2
> 0, we get

ðt�ðtÞÞ0 > 0 for t 2 ð0; 1Þ. Thus � defined by (3.3)

satisfies (4.3), and so (4.2). �

Proof of Theorem 1.2. By Propositions 3.1, 4.1

we can apply the implicit function theorem (see,

e.g., [4, Theorem 1.20]) to conclude that F maps a

sufficiently small neighborhood of a positive, con-

stant function c in C�ð0; 1Þ0 homeomorphically onto

a neighborhood of
ffiffiffi
2
p

c0 in C�þ
1
2ð0; 1Þ0. This, togeth-

er with Proposition 2.2, proves Theorem 1.2. �
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