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Abstract: For a general one-dimensional random walk with state-dependent transition

probabilities, we present weak limits of the empirical moments of conductance along the path of

the random walk. In particular we obtain remarkably simple quenched convergences under

random conductance model.
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1. Introduction. Let X ¼ fXng1n¼0 be a

Markov chain with state space Z and transition

probabilities

pij ¼ E½X1 ¼ jjX0 ¼ i� ¼
pi if j ¼ iþ 1

1� pi if j ¼ i� 1

0 otherwise,

8<
:

where fpigi2Z � ð0; 1Þ. The sequence fpig admits a

parametrization

pj ¼
cj

cj�1 þ cj

with another sequence cj > 0, j 2 Z. The value cj is

interpreted as conductance of the bond connecting

the states j and jþ 1. See [2] for some relations

between random walks and electric networks. This

is also related to the scale function and speed

measure of X, which are used in [5] to show a

generalized arc-sine law under conditions on the

asymptotic behavior of

Xmaxf0;jg

i¼minf0;jg

1

ci
;

Xmaxf0;jg

i¼minf0;jg
ðci�1 þ ciÞ

as jjj ! 1. Random conductance model assumes

fcjgj2Z to be a realization of an exogeneous positive

stationary ergodic random variables fCjgj2Z. If

E½C0� <1 and E½C�1
0 � <1, then by the above

mentioned result of [5], we have a quenched arc-sine

law, that is, for almost every realization of Cj,

1

N

XN�1

n¼0

1fXn�0g ! Að1Þ

in law as N !1, where A is a random variable

with distribution function

FAðaÞ ¼

0 a � 0

2

�
arcsin

ffiffiffi
a
p

0 < a < 1

1 1 � a.

8>><
>>:

ð2Þ

See [1,4] for other results in the study of the ran-

dom conductance model. The random conductance

model is an example of random walks in random

environments, for which see [6].

In this study, we are mainly interested in the

limits of the empirical moments

�
ðkÞ
N ¼

1

N

XN�1

n¼0

cðXn;Xnþ1Þk; k 2 Z

as N !1, where

cði; jÞ ¼
ci if j ¼ iþ 1,

�ci�1 if j ¼ i� 1.

�

The value cði; jÞ is the signed conductance of the

bond connecting the states i and j with ji� jj ¼ 1.

We show their weak convergence under conditions

on the asymptotic behavior of

Xmaxf0;jg

i¼minf0;jg
cki ; k 2 Z

as jjj ! 1. As an application to the random

conductance model, we obtain unexpectedly simple

limits

�
ðkÞ
N !

0 if k is odd

E½C1þk
0 �

E½C0�
if k is even

8<
:ð3Þ

in probability for almost every realization of

fCjgj2Z. The quenched arc-sine law (1) is also

obtained as a corollary.

2. Main results. Let sð0Þ ¼ 0 and for j 2 N,
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sðjÞ ¼
Xj�1

i¼0

1

ci
; sð�jÞ ¼ �

X�1

i¼�j

1

ci
:

We introduce the following conditions for k 2 Z.

A[k;þ]:

lim
j!1

c1þk
j

sðjÞ
¼ 0

A[k;�]:

lim
j!�1

c1þk
j

sðjÞ
¼ 0

B[k;þ]: There exists �þk 2 ð0;1Þ such that

lim
j!1

1

sðjÞ
Xj
i¼1

c1þk
i ¼ �þk

B[k;�]: There exists ��k 2 ð0;1Þ such that

lim
j!�1

1

sðjÞ
X�1

i¼j
c1þk
i ¼ ���k :

We consider the limits of the following sequence.

�
ðkÞþ
N ¼

1

N

XN�1

n¼0

cðXn;Xnþ1Þk1fXn�0g;

�
ðkÞ�
N ¼

1

N

XN�1

n¼0

cðXn;Xnþ1Þk1fXn<0g

and �
ðkÞ
N ¼ �

ðkÞþ
N þ �

ðkÞ�
N .

Theorem 1. Let k be odd and assume

A½�2;�� and B½0;��. Then,

(a) under A½k;þ�,

�
ðkÞþ
N ! 0

in probability as N !1, and

(b) under A½k;��,

�
ðkÞ�
N ! 0

in probability as N !1.

Theorem 2. Let k be even and assume

A½�2;�� and B½0;�� with �þ0 ¼ ��0 . Let A be a ran-

dom variable with distribution function (2). Then,

(a) under B½k;þ�,

�
ðkÞþ
N !

�þk
�þ0

A

in law as N !1,

(b) under B½k;��,

�
ðkÞ�
N !

��k
��0
ð1� AÞ

in law as N !1, and

(c) under the both B½k;��,

ð�ðkÞþN ;�
ðkÞ�
N Þ !

�þk
�þ0

A;
��k
��0
ð1�AÞ

� �

in law as N !1.

Remark 1. In fact we can prove the weak

convergence of the joint distribution

ð�ðk1Þþ
N ;�

ðk1Þ�
N ;�

ðk2Þþ
N ; . . . ;�

ðknÞ�
N Þ

under A[�2;�], B[0;�], B[k1;�], � � �, B[kn;�].

Remark 2. Consider the random conduct-

ance model. Here we assume that fcjg is determined

by a stationary sequence fCjgj2Z which is not

necessarily ergodic. Let I be the set of invariant

events. Then by Birkhoff’s ergodic theorem, al-

most every realization satisfies A[�2;�] and B[k;�]

with

�þk ¼ ��k ¼
E½C1þk

0 jI �
E½C�1

0 jI �
as soon as

E½C�1
0 � <1 and E½C1þk

0 � <1:ð4Þ

Since B[k;�] implies A[k;�] under A[�2;�], we

obtain (3) under (4) plus E½C0� <1 in the case I is

trivial. We may have similar results under ergo-

dicity instead of stationarity.

3. Proofs. Let G ¼ fsðjÞgj2Z � R. Consider

a deformed Markov chain X̂Xn ¼ sðXnÞ with state

space G. Since for all j 2 Z,

P½X̂Xnþ1 � X̂Xn ¼ 1=cjjX̂Xn ¼ sðjÞ� ¼
cj

cj�1 þ cj
;

P½X̂Xnþ1 � X̂Xn ¼ �1=cj�1jX̂Xn ¼ sðjÞ� ¼
cj�1

cj�1 þ cj
;

the Markov chain X̂Xn is a martingale. Next we

embed X̂X ¼ fX̂Xng to a Brownian motion W as

follows. Let � > 0, ��0 ¼ 0, W0 ¼ X̂X0 and define a

sequence of stopping times ��n as

��nþ1 ¼ infft > ��n; Wt 2 G� n fW��ngg;
G� ¼ f�sðjÞgj2Z:

Put W�
n ¼ ��1W��n

for brevity. Then by the optional

sampling theorem, fX̂Xng and fW�
ng have an identi-

cal law for any � > 0. Moreover, by definition,

X̂Xnþ1 � X̂Xn ¼
1

cðXn;Xnþ1Þ
:

So �
ðkÞþ
N and �

ðkÞ�
N have the same distributions as
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�̂�
ðkÞþ
N :¼

1

N

XN�1

n¼0

ðW�
nþ1 �W�

nÞ
�k1fW�

n�0g;

�̂�
ðkÞ�
N :¼

1

N

XN�1

n¼0

ðW�
nþ1 �W�

nÞ
�k1fW�

n<0g

respectively for any � > 0. Notice that sðjÞ ! �1
as j! �1 under B[0;�]. Therefore G� does not

have accumulation points and so, we have ��n !1
a.s. as n!1. From this we conclude that X̂X is

recurrent since so is the Brownian motion. By the

recurrence property we assume without loss of

generality that W0 ¼ X̂X0 ¼ 0. Let

N� ¼ maxfn � 0; ��n � 1g:

Lemma 1. Let k be odd. Then,

(a) under A½�2;��, B½0;�� and A½k;þ�,

�2 max
0�m�N�

Xm
n¼0

ðW�
nþ1 �W�

nÞ
�k1fW�

n�0g

�����
�����! 0

in probability as �! 0, and

(b) under A½�2;��, B½0;�� and A½k;��,

�2 max
0�m�N�

Xm
n¼0

ðW�
nþ1 �W�

nÞ
�k1fW�

n<0g

�����
�����! 0

in probability as �! 0.

Lemma 2. Let k be even. Then,

(a) under A½�2;��, B½0;�� and B½k;þ�,

�2
XN�

n¼0

ðW�
nþ1 �W�

nÞ
�k1fW�

n�0g

! �þk

Z 1

0

1fWt�0gdt

in probability as �! 0, and

(b) under A½�2;��, B½0;�� and B½k;��,

�2
XN�

n¼0

ðW�
nþ1 �W�

nÞ
�k1fW�

n<0g

! ��k

Z 1

0

1fWt<0gdt

in probability as �! 0.

The proofs of these lemmas follow the same lines as

in [3]. We therefore give only a sketch of them in

Appendix.

Proof of Theorem 1. Let �1 ¼ minf�þ0 ; ��0 g
and �2 ¼ maxf�þ0 ; ��0 g. By Lemma 2 with k ¼ 0,

we have for any � 2 ð0; �1Þ and �0 > 0, there exists

�0 > 0 such that for any � 2 ð0; �0Þ,
P½��� > 1� �0; �� :¼ f�1 � � � �2N� � �2 þ �g:

Let �1ðNÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð�1 � �Þ=N

p
and �2ðNÞ ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð�2 þ �Þ=N
p

. Then for N with �2ðNÞ � �0, we have

P½�̂�N � > 1� �0; �̂�N :¼ fN�2ðNÞ � N � N�1ðNÞg:

Notice that on �̂�N ,

j�̂�ðkÞþN j �
1

N�2ðNÞ
sup

0�m�N�1ðNÞ

jm�̂�ðkÞþm j:

Since

�1ðNÞ2 sup
0�m�N�1ðNÞ

jm�̂�ðkÞþm j ! 0

in probability as N !1 by Lemma 1 and

�1ðNÞ2N�2ðNÞ !
�1 � �
�2 þ �

ð�þ0 ÂAþ ��0 ð1� ÂAÞÞ

in probability as N !1 by Lemma 2, where

ÂA ¼
Z 1

0

1fWt�0gdt;

we conclude �̂�
ðkÞþ
N ! 0 in probability, which implies

�
ðkÞþ
N ! 0 in probability since they have a common

distribution. We obtain �
ðkÞ�
N ! 0 in probability by

the same argument. �

Proof of Theorem 2. Put � ¼ �þ0 ¼ ��0 . By

Lemma 2, we have

�2N� ! �

in probability as �! 0. By the same argument as

above, we have that for all � 2 ð0; �Þ and �0 > 0,

there exists �0 > 0 such that for all N with

�2ðNÞ � �0,

P½�̂�N � > 1� �0; �̂�N :¼ fN�2ðNÞ � N � N�1ðNÞg;

where �1ðNÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð�� �Þ=N

p
and �2ðNÞ ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð�þ �Þ=N
p

. On �̂�N , we have

1

N�1ðNÞ

XN�2ðNÞ

n¼0

ðW�
nþ1 �W�

nÞ
�k1fW�

n�0g

� �̂�
ðkÞþ
N

�
1

N�2ðNÞ

XN�1ðNÞ

n¼0

ðW�
nþ1 �W�

nÞ
�k1fW�

n�0g

and

1

N�1ðNÞ

XN�2ðNÞ

n¼0

ðW�
nþ1 �W�

nÞ
�k1fW�

n�0g !
�þk ð�� �Þ
�ð�þ �Þ ÂA;

1

N�2ðNÞ

XN�1ðNÞ

n¼0

ðW�
nþ1 �W�

nÞ
�k1fW�

n�0g !
�þk ð�þ �Þ
�ð�� �Þ ÂA
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in probability as N !1. Since � can be arbitrarily

small, we conclude

�̂�
ðkÞþ
N !

�þk
�
ÂA

in probability as N !1. It is well-known that the

distribution function of ÂA is given by (2). Since

�̂�
ðkÞþ
N and �

ðkÞþ
N have a common distribution, we ob-

tain the result. The convergence of �
ðkÞ�
N is obtained

in the same manner. �

4. Appendix. Here we give a sketch of the

proofs for Lemmas 1 and 2. See [3] for the detailed

estimates. First we recall a simple consequence from

the Lenglart inequality:

Lemma 3. Let fF �
ng
1
n¼0 be a filtration and

fU�
ng
1
n¼0 be an adapted sequence for each � > 0. If

X1
n¼0

E½jU�
nþ1j

2jF �
n� ! 0

in probability as �! 0, then,

sup
0�m<1

Xm
n¼0

ðU�
nþ1 � E½U�

nþ1jF �
n�Þ

�����
�����! 0

in probability as �! 0.

From this lemma, it suffices to treat

�2
Xm
n¼0

G�
nðk;�Þ;

where

G�
nðk;þÞ ¼ E½ðW�

nþ1 �W�
nÞ
�kjF ��n �1fW�

n�0g;

G�
nðk;�Þ ¼ E½ðW�

nþ1 �W�
nÞ
�kjF ��n �1fW�

n<0g

and fF tg is a filtration to which W is adapted.

Further, using again the same lemma, we conclude

that if there exist sequences fH�
ng and fK�

ng
adapted to fF ��n

g such that

G�
nðk;þÞ ¼ E½H�

nþ1jF ��n
� þK�

n;ð5Þ

�4
XN�

n¼0

E½jH�
nþ1j

2jF ��n
� ! 0;ð6Þ

�2 max
0�m�N�

Xm
n¼0

H�
nþ1

�����
�����! 0;ð7Þ

in probability as �! 0, then

�2 max
0�m�N�

Xm
n¼0

G�
nðk;þÞ �

Xm
n¼0

K�
n

�����
�����! 0

in probability as �! 0. Of course we have the same

conclusion for G�
nðk;�Þ as well as G�

nðk;þÞ. For

G�
nðk;þÞ with odd k, we take K�

n ¼ 0 and

H�
nþ1 ¼ ð�kðW�

nþ1Þ ��kðW�
nÞÞ1fW�

n�0g;

where

�kðzÞ ¼ �2

Z z

0

Z y

0

 kðxÞdxdy;

 kðxÞ ¼ ðgkðiþ 1Þ � gkðiÞÞ 3
x� sðiÞ

sðiþ 1Þ � sðiÞ
� 1

� �
ð8Þ

þ gkðiÞ; for x 2 ½sðiÞ; sðiþ 1ÞÞ; i 2 Z

and gkðiÞ, i 2 Z is defined as

X�k�2

m¼0

ðsðiþ 1Þ � sðiÞÞmðsði� 1Þ � sðiÞÞ�k�2�m

if k � �2 and

�
Xk
m¼0

ðsðiþ 1Þ � sðiÞÞ�1�mðsði� 1Þ � sðiÞÞ�k�1þm

otherwise. Here g�1ðiÞ is understood as 0. We have

constructed these functions so that

G�
nðk;þÞ ¼ gkðs�1ðW�

nÞÞG�
nð�2Þ1fW�

n�0g

and Z sðiþ1Þ

sðiÞ
ðsðiþ 1Þ � zÞð kðzÞ � gkðiÞÞdz

¼
Z sðiþ1Þ

sðiÞ
ðz� sðiÞÞð kðzÞ � gkðiþ 1ÞÞdz

¼ 0:

Then by the Itô-Tanaka formula, we have

G�
nðk;þÞ ¼ E½H�

nþ1jF �
n�;

which implies (5). Further, a direct calculation

gives

2

Z sðiþ1Þ

sðiÞ
 kðzÞdz

¼ ðsðiþ 1Þ � sðiÞÞðgkðiþ 1Þ þ gkðiÞÞ
¼ �ðsðiÞ � sðiþ 1ÞÞ�k�1 þ ðsðiþ 1Þ � sðiÞÞ�k�1

�
X�k�3

m¼0

ðsðiþ 2Þ � sðiþ 1ÞÞmþ1

	 ðsðiÞ � sðiþ 1ÞÞ�k�2�m

þ
X�k�3

m¼0

ðsðiþ 1Þ � sðiÞÞmþ1

	 ðsði� 1Þ � sðiÞÞ�k�2�m

when k � �2. We have a similar expression for non-

negative k as well. Notice that the first two terms

cancel if k is odd and the last two terms form a
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telescopic sum in i. This implies �0kðxÞ ¼ oðxÞ as

x!1 for odd k under A[�2;�] and A[k;þ]. This

gives (6) and

�2 max
0�m�N�

j�kðW�
mþ1Þj ! 0

in probability. Noting that

Xm
n¼0

H�
nþ1

¼ �kðsð�1ÞÞ
Xm
n¼0

1fW�
n�0;W�

nþ1
<0g þ�kðW�

mþ1Þ;

we conclude (7) with the aid of Lévy’s downcrossing

theorem. The same argument remains valid for

G�
nðk;�Þ with odd k by using

K�
n ¼ 0; H�

nþ1 ¼ ð�kðW�
nþ1Þ ��kðW�

nÞÞ1fW�
n<0g:

Thus we obtain Lemma 1.

For even k, we replace gk in (9) with

ĝgkðiÞ ¼ gkðiÞ � �þk 1fi�0g � ��k 1fi<0g

to define  ̂ k and �̂�k. Then we get, for example,

G�
nðk;þÞ
¼ ðE½�̂�kðW�

nþ1Þ � �̂�kðW�
nÞjF ��n � þ �

þ
k G

�
nð�2ÞÞ

	 1fW�
n�0g:

Therefore we take

H�
nþ1 ¼ ð�̂�kðW�

nþ1Þ � �̂�kðW�
nÞÞ1fW�

n�0g;

K�
n ¼ �þk G�

nð�2Þ1fW�
n�0g

to get (5). To see (6) and (7), observe that

2

Z sðiþ1Þ

sðiÞ
 ̂ kðzÞdz

¼ ðsðiþ 1Þ � sðiÞÞðĝgkðiþ 1Þ þ ĝgkðiÞÞ
¼ 2ðsðiþ 1Þ � sðiÞÞ�k�1 � 2�þk ðsðiþ 1Þ � sðiÞÞ

�
X�k�3

m¼0

ðsðiþ 2Þ � sðiþ 1ÞÞmþ1

	 ðsðiÞ � sðiþ 1ÞÞ�k�2�m

þ
X�k�3

m¼0

ðsðiþ 1Þ � sðiÞÞmþ1

	 ðsði� 1Þ � sðiÞÞ�k�2�m

when k � �2. We have a similar expression for non-

negative k as well. Notice that the first two terms

become negligible after summing up in i by B[k;þ]

since

1

sðiþ 1Þ � sðiÞ
¼ ci:

The last two terms form a telescopic sum in i as

before. Thus we obtain �̂�0ðxÞ ¼ oðxÞ as x!1
under A[k;þ], which follows from B[k;þ] and

A[�2;�]. This is enough to conclude (6) and (7).

Under A[�2;�],

sup
n�0
j��nþ1 ^ 1� ��n ^ 1j ! 0

and so by Lemma 3,

�2
XN�

n¼0

K�
n ¼ �þk �2

XN�

n¼0

G�
nð�2Þ1fW�

n�0g

¼ �þk
XN�

n¼0

1fW�
n�0gE½��nþ1 � ��njF ��n �

! �þk

Z 1

0

1fWt�0gdt

in probability. The same argument remains valid

for G�
nðk;�Þ by taking

H�
nþ1 ¼ ð�̂�kðW�

nþ1Þ � �̂�kðW�
nÞÞ1fW�

n<0g;

K�
n ¼ ��k G�

nð�2Þ1fW�
n<0g:

Thus we prove Lemma 2.
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