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Abstract: We prove that the distribution of the Borel radii (indirect Borel points) and

that of Borel radii (indirect Borel points) concerning the small functions of a meromorphic

function are the same. Furthermore, some equivalent conclusions on the Borel radii (indirect

Borel points) of meromorphic functions of order 0 < � <1 are established. This is a continuous

work of Tsuji [4,5].
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1. Introduction and results. We suppose

that the readers are familiar with the basic notions

of value distribution of meromorphic functions

such as nðr; f ¼ aÞ; Nðr; f ¼ aÞ; Sðr; fÞ and T ðr; fÞ
(see [2,4,8]). The singular points of a meromorphic

function on the unit circle has been a popular topic

in the study of value distribution. Tsuji [4,5]

studied the Borel rays of a meromorphic function

from two aspects, the first being the rays through

the origin directed outward of the unit disk, and

the second being the rays through a point on the

unit circle fz : jzj ¼ 1g directed inward of the unit

disk.

Given a sector � ¼ fz : � < arg z < �; jzj < Rg,
for a function fðzÞ meromorphic in �, define

Nðr;�; f ¼ aÞ ¼
Z r

r0

nðt;�; f ¼ aÞ
t

dt;

where nðt;�; f ¼ aÞ is the number of the roots of

fðzÞ ¼ a in � \ fr0 < jzj < tg counted according to

the multiplicities, 0 < r0 < r < R.

Definition 1.1. Let fðzÞ be a meromorphic

function in the disk CR ¼ fz : jzj < Rgð0 < R � 1Þ.
The order of fðzÞ is defined as follows:

lim sup
r!R�

logT ðr; fÞ
log R

R�r
¼ �:

A radius Lð�Þ : arg z ¼ � is called a Borel radius of

order � for fðzÞ, if for any " > 0,

lim sup
r!R�

logNðr; Z"ð�Þ; f ¼ aÞ
log R

R�r
¼ �

or

lim sup
r!R�

lognðr; Z"ð�Þ; f ¼ aÞ
log R

R�r
¼ �þ 1

holds for any complex value a except at most

two complex values, where Z"ð�Þ ¼ fz : �� " <
arg z < �þ "g.

We collect together three characteristic func-

tions:

(I) Ahlfors-Shimuzi characteristic function (see

[4]):

Sðr;�; fÞ ¼ 1

�

Z Z
�\f0<jzj<rg

jf 0ðtei�Þj2

ð1þ jfðtei�ÞjÞ2
tdtd�;

T ðr;�; fÞ ¼
Z r

0

Sðt;�; fÞ
t

dt;

where � is an angular domain whose vertex is the

origin or a point on the unit circle fz : jzj ¼ 1g.
(II) The Nevanlinna angular characteristic

function (see [2,3]):

S�;�ðr; fÞ ¼ A�;�ðr; fÞ þB�;�ðr; fÞ þ C�;�ðr; fÞ;

where

A�;�ðr; fÞ ¼
�

�

Z r

r0

1

t�
�
t�

r2�

� �
flogþ jfðtei�Þj

þ logþ jfðtei�Þjg
dt

t
;

B�;�ðr; fÞ ¼
2�

�r�

Z �

�

logþ jfðrei�Þj sin�ð�� �Þd�;

C�;�ðr; fÞ ¼ 2
X

r0<jbnj<r

1

jbnj�
�
jbnj�

r2�

 !
sin�ð�n � �Þ;
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� ¼ �=ð� � �Þ:

(III) (see [2,3])

_SS�;�ðr; fÞ ¼
�

�

Z r

r0

Z �

�

1

t�
�
t�

r2�

� � jf 0ðtei�Þj2

ð1þ jfðtei�Þj2Þ2

� sin�ð�� �Þtd�dt;
where 0 < r0 < r < R;R ¼ f1;1g.

In 1989, Pang [6] discussed some equivalent

relations and obtained a theorem as follows:

Theorem A. Let fðzÞ be a meromorphic

function of order � in the whole complex plane,

�ðrÞ be its precise order, UðrÞ ¼ r�ðrÞ. Then the

following properties are equivalent.

1) For any " > 0,

lim sup
r!1

nðr; Z"ð�Þ; f ¼ aÞ
UðrÞ

> 0

holds for any a 2 C, with two exceptions at most.

The half line Lð�Þ : arg z ¼ � is called the Borel

direction of maximal kind.

2) For any " > 0,

lim sup
r!1

T ðr; Z"ð�Þ; fÞ
UðrÞ

> 0:

3) For any " > 0 and any meromorphic function

aðzÞ with T ðr; aÞ ¼ oðUðrÞÞ

lim sup
r!1

nðr; Z"ð�Þ; f ¼ aðzÞÞ
UðrÞ > 0

holds for any meromorphic function aðzÞ, with two

exceptions at most. The half line Lð�Þ : arg z ¼ � is

called the Borel direction of maximal kind respect to

small functions.

For meromorphic functions of infinite order,

Chuang [1] proved the following result.

Theorem B. Let fðzÞ be a meromorphic

function of infinite order in the complex plane,

�ðrÞ be a precise order. A half line Lð�Þ : arg z ¼ � be

a �ðrÞ order of Borel direction if and only if for any

0 < " < �,

lim sup
r!1

logS��";�þ"ðr; fÞ
�ðrÞ log r

¼ 1:

Zhang [9] established the following theorem:

Theorem C. Let fðzÞ be a meromorphic

function of order � 2 ð0;þ1Þ in the complex plane.

Then Lð�Þ : arg z ¼ � is a � order Borel direction, if

and only if for any 0 < " < �,

lim sup
r!1

log T ðr; Z"ð�Þ; fÞ
log r

¼ �:

Motivated by Theorems B and C, we establish

the following:

Theorem 1.1. Let fðzÞ be a meromorphic

function of order � 2 ð12 ;þ1Þ in the complex plane.

Assume that � ¼ fz : � < arg z < �gð� �
2 � � < � <

3�
2 Þ is an angular domain such that

� � � > �

�
:

Then the angular domain � possesses a Borel

direction of fðzÞ of order � if and only if

lim sup
r!1

logS�;�ðr; fÞ
log r

¼ ��
�

� � � ;ð1:1Þ

or

lim sup
r!1

logS�;�ðr; fÞ
�� �

���

� �
log r

¼ 1:ð1:2Þ

Example 1. The function fðzÞ ¼ ez has two

Borel directions Lð�2Þ ¼ fz : arg z ¼ �
2g, Lð� �

2Þ ¼
fz : arg z ¼ � �

2g of order � ¼ 1.

Now we will show that fðzÞ ¼ ez supports

Theorem 1.1.

Consider the angular domain � ¼ fz : � <

arg z < �gð� �
2 < � < 0; � < � < 3�

2 Þ. Then, � � � >
�=�; � ¼ 1. � satisfies the condition of Theorem

1.1 and contains a Borel direction Lð�2Þ. Noticing

that

logþ jfðrei�Þj ¼ logþ jerei� j ¼ logþðer cos �Þ

¼
r cos �; cos � > 0,

0; cos � � 0

�
and cos� > 0; cos � < 0, it follows that

A�;�ðr; ezÞ

¼
1

� � �

Z r

1

1

t�þ1
�
t��1

r2�

� �
t cos�dt

¼
cos�

� � �
2�

1� �2
r1�� �

1

1� � þ
r�2�

�þ 1

� �
and

B�;�ðr; ezÞ

¼
2

ð� � �Þr�
Z �=2

�

r cos � sin�ð�� �Þd� ¼
2r1��

� � � J;

where J ¼
R �=2
� cos � sin�ð�� �Þd�. Therefore,

S�;�ðr; ezÞ ¼ Oðr1��Þ; r!1:
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This coincides with (1.1) or (1.2).

Regarding the Borel direction of maximal kind,

we have the following theorem.

Theorem 1.2. Let fðzÞ be a meromorphic

function of order � 2 ð12 ;þ1Þ in the complex plane.

Assume that � ¼ fz : � < arg z < �gð� �
2 � � < � <

3�
2 Þ is an angular domain such that

� � � >
�

�
:

Then the angular domain � possesses a Borel

direction of maximal kind for fðzÞ if and only if

lim sup
r!1

r
�

���S�;�ðr; fÞ
UðrÞ > 0:ð1:3Þ

Next, by using the above characteristic func-

tions, we establish an equivalent conclusion as

follows:

Theorem 1.3. Let fðzÞ be a meromorphic

function in the unit disk of order 0 < � <1 and z0

be a point on the unit circle and J be a line through

z0, directed inward of the unit disk, which may

coincide with the tangent of jzj ¼ 1. Let ! be an

any small angular domain, which contains J and is

bounded by two lines through z0. Then the following

statements are equivalent.

(1)

lim sup
r!1�

lognðr; !; f ¼ aÞ
log 1

1�r
¼ �þ 1

with two possible exceptional numbers a 2 bCC.

(2)

lim sup
r!1�

logSðr; !; fÞ
log 1

1�r
¼ �þ 1:

(3)

lim sup
r!1�

lognðr; !; f ¼ aðzÞÞ
log 1

1�r
¼ �þ 1;

with two possible exceptional functions aðzÞ satisfy-

ing T ðr; aÞ ¼ oðT ðr; fÞÞ. Here z0 is called an indirect

Borel point of fðzÞ.
If ! is a sector whose vertex is the origin,

Theorem 1.3 is also true. Moreover, we have the

following two theorems.

Theorem 1.4. Let fðzÞ be meromorphic in

the unit disk of order 0 < � <1. Then Lð�Þ :

arg z ¼ � is a Borel radius of order � for fðzÞ if

and only if for arbitrary 0 < " < �,

lim sup
r!1�

logS��";�þ"ðr; fÞ
log 1

1�r
¼ �:ð1:4Þ

Theorem 1.5. Let fðzÞ be meromorphic in

the unit disk of order 0 < � <1 and let f’ðzÞg be a

family of small functions in the unit disk such that

T ðr; ’Þ ¼ oðT ðr; fÞÞ:

Then the Borel radii of fðzÞ respect to complex

numbers and the Borel radii of fðzÞ respect to small

functions ’ðzÞ are common.

2. Some lemmas. We need some lemmas

for the proofs of the theorems.

Lemma 2.1. [2,3] Let f be a nonconstant

meromorphic function in the unit disk. Then for any

complex number a 2 bCC,

S�;�ðr; fÞ ¼ S�;� r;
1

f � a

� �
þOð1Þ; r! 1� :

For any qð� 3Þ complex numbers aj 2 bCCðj ¼
1; 2; . . . ; qÞ,

ðq � 2ÞS�;�ðr; fÞð2:1Þ

�
Xq
j¼1

C�;� r;
1

f � aj

� �
þQ�;�ðr; fÞ;

where

Q�;�ðr; fÞ ¼ ðAþ BÞ�;� r;
f 0

f

� �
þ
Xq
j¼1

ðAþBÞ�;� r;
f 0

f � aj

� �
þOð1Þ:

Let

Qðr; fÞ ¼ A�;� r;
f 0

f

� �
þB�;� r;

f 0

f

� �
:

Then

(1) Qðr; fÞ ¼ Oðlog 1
1�rÞ as r! 1�, when

�ðfÞ <1.

(2) Qðr; fÞ ¼ Oðlog 1
1�r þ logT ðr; fÞÞ as r! 1�

and r =2 E when �ðfÞ ¼ 1, where E is a set such

that
R
E

dr
1�r <1.

The following lemma is well known to us and

we omit the proof of it.

Lemma 2.2. Let hðtÞ be a positive increas-

ing and continuous function defined on 0 < t < 1,

HðrÞ ¼
R r
r0

hðtÞ
t dt; ð0 < r0 < r < 1Þ. Then

lim sup
r!1�

loghðrÞ
log 1

1�r
¼ �þ 1 () lim sup

r!1�

logHðrÞ
log 1

1�r
¼ �:

Lemma 2.3. [7] Let fðzÞ be meromorphic in
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the sector � ¼ fz : � < arg z < �; jzj < 1g. Then the

following hold

S�;�ðr; fÞ �
3�2

r�0
T ðr;�; fÞ þOð1Þ;

S�;�ðr; fÞ � �2 sinð��ÞT ðr;��; fÞ þOð1Þ;
where �� ¼ fz : �þ � < arg z < � � �; jzj < 1g; � ¼
�=ð� � �Þ.

The following two lemmas are from [10].

Lemma 2.4. [10] Let fðzÞ be meromorphic in

the angular domain � ¼ f� < arg z < �g. Then

S�;�ðr; fÞ ¼ _SS�;�ðr; fÞ þOð1Þ;

_SS�;�ðr; fÞ � 2�2 T ðr;�; fÞ
r�

þ �3

Z r

r0

T ðt;�; fÞ
t�þ1

dt

þOð1Þ;

_SS�;�ðr; fÞ � �2 sinð�"Þ
T ðr;�"; fÞ

r�

þ �3 sinð�"Þ
Z r

r0

T ðt;�"; fÞ
t�þ1

dtþOð1Þ;

as r!1, where �" ¼ f�þ " < arg z < � � "g and

� ¼ �
���.

Lemma 2.5. [10] Let T ðrÞ be a non-negative

and non-decreasing function in 0 < r <1. If

lim inf
r!1

T ðdrÞ
T ðrÞ

> d!

for some d > 1 and ! > 0, thenZ r

1

T ðtÞ
t!þ1

dt � K
T ðrÞ
r!
þOð1Þ;ð2:2Þ

as r!1, where K is a positive constant.

3. Proof of Theorems 1.1 and 1.2.

Proof of Theorem 1.1. Sufficiency. Lemma 2.4

yields that

S�;�ðr; fÞ � 2�2 T ðr;�; fÞ
r�

ð3:1Þ

þ �3

Z r

r0

T ðt;�; fÞ
t�þ1

dtþOð1Þ; r!1:

Suppose that the angular domain � contains no

Borel direction of order � for fðzÞ. Using Theorem C

gives

lim sup
r!1

log T ðr;�; fÞ
log r

< �:

Therefore, there exists a number �1 such that � <

�1 < � and

T ðt;�; fÞ � t�1 ; t 2 ðr0; rÞ:
By a simple calculation, we haveZ r

r0

T ðt;�; fÞ
t�þ1

dt �
r�1��

�1 � �
:

Substituting the above to (3.1) yields

S�;�ðr; fÞ � 2�2 þ
�3

�1 � �

� �
r�1�� þOð1Þ;ð3:2Þ

� ¼ �=ð� � �Þ:
This gives

lim sup
r!1

logS�;�ðr; fÞ
log r

� �1 � � < �� �:

This contradicts to (1.1).

Necessary. Lemma 2.4 implies that

S�;�ðr; fÞ � �2 sinð�"Þ
T ðr;�"; fÞ

r�
þOð1Þ;ð3:3Þ

8" 2 0;
� � �

2

� �
:

Suppose that arg z ¼ � 2 ð�; �Þ is a Borel direction

of order � for fðzÞ. We choose " > 0 such that

� 2 ð�þ "; � � "Þ. The fact that �" contains a Borel

direction of order � for fðzÞ gives

lim sup
r!1

log T ðr;�"; fÞ
log r

� �:ð3:4Þ

Combining (3.4) with (3.3), we have

lim sup
r!1

logS�;�ðr; fÞ
log r

� �� �:

By the inequality (3.1), we can obviously find that

lim sup
r!1

logS�;�ðr; fÞ
log r

� �� �:

Theorem 1.1 follows. �

Proof of Theorem 1.2. We use the same nota-

tions in the proof of Theorem 1.1.

Sufficiency. Suppose that � contains no Borel

direction of maximal kind for fðzÞ. Then, Theo-

rem A yields

T ðr;�; fÞ ¼ oðUðrÞÞ:ð3:5Þ

In view of Lemma 2.5 and noticing UðrÞ satisfying

limr!1
UðdrÞ
UðrÞ ¼ d�ðd > 1Þ, � > � ¼ �

���, we getZ r

1

UðtÞ
t�þ1

dt � K
UðrÞ
r�
þOð1Þ;ð3:6Þ
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where K is a positive constant. Combining (3.1),

(3.5) and (3.6), it follows that

S�;�ðr; fÞ ¼ o
UðrÞ
r�

� �
:

This contradicts to (1.3).

Necessary. Suppose that arg z ¼ � 2 ð�; �Þ is a

Borel direction of order � for fðzÞ. We choose " > 0
such that � 2 ð�þ "; � � "Þ. The fact that �" con-

tains a Borel direction of maximal kind for fðzÞ
gives

lim sup
r!1

T ðr;�"; fÞ
UðrÞ

> 0:ð3:7Þ

Combining (3.3) with (3.7), we have (1.3).

Theorem 1.2 follows. �

4. Proof of Theorems 1.3–1.5.

Proof of Theorem 1.3. (1))(2) Suppose that

(2) is false. Then there exist an angular domain !1

and 0 < �1 < �þ 1, such that

Sðr; !1; fÞ <
1

1� r

� ��1

;ð4:1Þ

as r! 1�. Take r ¼ 1� 2�k, and denote by Ek the

set of a which satisfies

n 1�
1

2k
; !; a

� �
� k22k�1 ;

for sufficiently large k. The spherical measure of Ek

is not larger than �k�2, otherwise we have

S 1� 1

2k
; !; f

� �
>

1

�
k22k�1�k�2;

which contradicts to (4.1). Put

E ¼
\1
	¼1

[1
k¼	

Ek:

The spherical measure of E is zero. For any a =2 E
and 1� 2�k � r < 1� 2�ðkþ1Þ, we have

nðr; !1; aÞ � n 1�
1

2kþ1
; !1; a

� �
< ðkþ 1Þ22ðkþ1Þ�1 � ðkþ 1Þ22�1

1

1� r

� ��1

:

Notice that k � log 1
1�r

log 2 , which implies that

nðr; !1; aÞ <
1

1� r

� ��2

; ð�1 < �2 < �þ 1Þ:

Since E has a zero measure, it follows that for

almost every a,

nðr; !1; aÞ <
1

1� r

� ��2

;

as r! 1�. This contradicts to (1).

(2)) (3)

From [4] we gain an inequality as follows:

Sðr; !; fÞ � K
X3

j¼1

n
rþ 255

256
; !0; f ¼ ajðzÞ

� �

þO
Z rþ127

128

0

T ðr; aÞ
ð1� rÞ2

dr

 !
;

where ! � !0 are two sectors, and ajðzÞðj ¼ 1; 2; 3Þ
are small functions of fðzÞ.

Since T ðr; aÞ ¼ oðT ðr; fÞÞ and T ðr; fÞ ¼
Oðð 1

1�rÞ
�þ"Þ, we get T ðr; aÞ ¼ oðð 1

1�rÞ
�þ"Þ. Then we

haveZ rþ127
128

0

T ðr; aÞ
ð1� rÞ2

dr ¼ o
Z rþ127

128

0

1

ð1� rÞ�þ"þ2
dr

 !

¼ o 1

ð1� rÞ�þ1þ"

 !
and

O log

Z rþ127
128

0

T ðr; aÞ
ð1� rÞ2

dr

 ! !

¼ o ð�þ 1þ "Þ log
1

1� r

� �
:

Thus we have

lim sup
r!1�

lognðr; !0; f ¼ aðzÞÞ
log 1

1�r
� �þ 1;

with two possible exceptional for aðzÞ.
On the other hand, the inequality

lim sup
r!1�

lognðr; !0; f ¼ aðzÞÞ
	

log
1

1� r � �þ 1

is obvious. Hence,

lim sup
r!1�

lognðr; !0; f ¼ aðzÞÞ
log 1

1�r
¼ �þ 1:

(3)) (1) is obvious.

Theorem 1.3 follows. �

Proof of Theorem 1.4. In view of Lemma 2.2,

we obtain

lim sup
r!1�

logSðr;�; fÞ
log 1

1�r
¼ �þ 1
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() lim sup
r!1�

log T ðr;�; fÞ
log 1

1�r
¼ �:

From Lemma 2.3, there exit two constants

K1; K2 > 0 such that

S�;�ðr; fÞ � K1T ðr;�; fÞ þOð1Þ;
S�;�ðr; fÞ � K2T ðr;�"; fÞ þOð1Þ; r! 1� :

By using Theorem 1.3, we can get the result.

�

Proof of Theorem 1.5. Suppose that arg z ¼ �
is a Borel radius of fðzÞ respect to constant a of

order �, then we have (1.4).

Let

gðzÞ ¼
fðzÞ � a1ðzÞ
fðzÞ � a2ðzÞ

a3ðzÞ � a2ðzÞ
a3ðzÞ � a1ðzÞ

;

where ajðzÞðj ¼ 1; 2; 3Þ are three small functions.

Then

S�;�ðr; fÞ � oðT ðr; fÞÞ � S�;�ðr; gÞ
� S�;�ðr; fÞ þ oðT ðr; fÞÞ:

Therefore, we have

lim sup
r!1�

logS��";�þ"ðr; gÞ
log 1

1�r
¼ �:

Let bi be 0; 1;1, respectively. Then, we have

Nðr; Z"ð�Þ; g ¼ biÞ ¼ Nðr; Z"ð�Þ; f ¼ aiðzÞÞ
þ oðT ðr; fÞÞ:

Suppose that there exist three small functions

ajðzÞ; j ¼ 1; 2; 3, such that

Nðr; Z"ð�Þ; f ¼ aiðzÞÞ <
1

1� r

� ��1

ð0 < �1 < �Þ:

Note that

C��";�þ"ðr; g ¼ biÞ

� 4�
Nðr; Z"ð�Þ; g ¼ biÞ

r�

þ 2�2

Z r

r0

Nðt; Z"ð�Þ; g ¼ biÞ
t�þ1

dt

¼ OðNðr; Z"ð�Þ; g ¼ biÞÞ; r! 1�;
where � ¼ �

2". In view of Lemma 2.1, we have

S�;�ðr; gÞ <
X3

j¼1

C�;�ðr; g ¼ bjÞ

þO logT ðr; fÞ þ log
1

1� r

� �
:

Then we have

lim sup
r!1�

logS��";�þ"ðr; gÞ
log 1

1�r
< �:

This leads to a contradiction. Theorem 1.5 follows.
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