No. 4]

Proc. Japan Acad., 88, Ser. A (2012) 59

Milnor K-groups modulo p” of a complete discrete valuation field
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Abstract:

For a mixed characteristic complete discrete valuation field K which contains a

p"-th root of unity, we determine the graded quotients of the filtration on the Milnor K-groups
Ké”(K) modulo p" in terms of differential forms of the residue field of K.
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In higher dimensional local class field theory
of K. Kato ([5,6] and [7]) the Galois group of an
abelian extension field on a g¢-dimensional local
field K is described by the Milnor K-group Ké”(K)
for ¢ > 1*Y. The information on the ramification is
related to the natural filtration U™ K, := U’"Ké”(K)
which is by definition the subgroup generated by
{I1+m, K*,...,K*}, where mg is the maximal
ideal of the ring of integers Ok. So it is important
to know the structure of the graded quotients
gr" K, :=U"K,/U""'K,. In this short note, we
study the filtration on ky, = K} (K)/p"K} (K)
the Milnor K-group modulo p" induced by the
filtration U™K,. More precisely, for a mixed
characteristic complete discrete valuation field K,
define the filtration U™ky, on k,,, by the image
of the filtration U™K, on k,,. Our objective is
to determine the structure of its graded quotient
gt kg = Umky, /U "’Hkqm in terms of differential
forms of the residue field of K under the assumption
that K contains a primitive p"-th root of unity (.
(Thm. 2).

It should be mentioned that J. Nakamura
described gr'™ k,, after determining gr'” K, for all
m when K is absolutely tamely ramified ([10],
Cor. 1.2). Although it is easy in the case of ¢ =1,
the structure of gr'™ K, is still unknown in general.
In particular, when K has mixed characteristic and
(absolutely) wildly ramification, it is known only
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There is another approach to higher dimensional local
class field theory developed by A. N. Parshin and I. B. Fesenko
([12], [2] and [3]). They adopted the topological Milnor K-group
a quotient of the ordinal Milnor K-group.

doi: 10.3792/pjaa.88.59
©2012 The Japan Academy

Milnor K-groups; complete discrete valuation field.

some special cases ([9], see also [11]). As mentioned
in [1], Remark 6.8, such structure is closely related
to the number of roots of unity of p-primary orders
in K. In fact, Kurihara treated a wildly ramified
field with (¢ K in [9]. However, under the
assumption ¢ € K, the structure of gr™k,, can
be described by gr™ K, only for lower m which is
known by Bloch-Kato [1].

Let K be a complete discrete valuation field of
characteristic 0, and k its residue field of character-
istic p > 0. Let e = vg(p) be the absolute ramifica-
tion index of K and ey :=¢/(p —1). For m > 1, let
U™K, be the subgroup of Ké‘/[(K) defined as above.
Put U'K, = K/(K) and gr" K, := U" K, /U™ K,
Let Qf := Q}f/z be the module of absolute Kéhler
differentials and Qf the ¢-th exterior power of Q}
over the residue field k. Define the subgroups B and
Z! for i > 0 of Qf such that

0=BicB{Cc---cZlcZ=9Q]

by the relations BY:=Tm(d: Q" — Qf), Z¢:=
Ker(d: Qf — QZH), C1:B! — B!,/B!, and
C~t:z! — Z{ /B, where C-1: Q! = Z!/B? is

i+
the inverse Cartier operator defined by
d d d d
(1) xﬂ/\.../\ﬁ,_)xpﬂ/\.../\ﬁ.
hn Yq Y1 Yq

We fix a prime element 7 of K. For any m,
we have a surjective homomorphism p,, : szl &)
92—2 — gr'™ K, defined by

d dy,— o~ -
(xﬂ/\-~-/\ yq1,0)»—>{1+7rmx,y1,...yq_1},
n Yg—1

d dy,— ~ ~
(()733&/\.../\ Ya 2)!—){1+7Tm1',y1,...yq—2,77}7
U Yq—2
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where = and y; are liftings of x and y;. For any
m < e+ ey, the kernel of p,, is written in terms
of differential forms of k. Hence we obtain the
structure of the graded quotient gr™ K, ([1], see
also [11]) and also g™ k,, ([1], Rem. 4.8). Recall
that the filtration U™k,, on k;, = Ké”(K)/
p”KC])’I(K) is defined by the image of the filtration
UK, on kyp and gr'™ kg, = U™k, /U™ 'k, .. From
the following lemma, we can investigate gr'™k,,
for m > e + ey by its structure for m < e + ¢y.

Lemma 1. For n>1 and m > e+ ey, the
multiplication by p induces a surjective homomor-
phismp : UM °kyn_1 — U"kgn. If we further assume
G € K, then the map p is bijective.

Proof. The surjectivity of p:U" kg1 —
U™k,, follows from the surjectivity of p:
U “kip-1 — U"k1,. To show the injectivity,
for € U™ °K,, assume that pr=p"z’ is in
P'K)(K)NU"K, for some 2’ e K)'(K). Thus
x —p" 12’ is in the kernel of the multiplication
by p on Ké”(K). It is known that its kernel is
= {Cp}Kﬁl(K), where (, is a primitive p-th
root of unity. This fact is a byproduct of the
Milnor-Bloch-Kato conjecture (due to Suslin, cf. [8],
Sect. 2.4), now is a theorem of Voevodsky, Rost,
and Weibel ([13]). Hence, for any ye K, (K),
we have {(,y}=p"""{{»,y} and thus =z €
pnflKé\fI(K). O

We determine gr' k, ,, for any m and n when
is in K. It is known also U"k,1 = 0 for m > e+ e
([1], Lem. 5.1 (i)). So we may assume m > e+ ey
and n > 1. For such m, we have an isomorphism
gr™ kg po1 2 gr’” ky, from the above lemma. By
induction on n, we obtain the following

Theorem 2. We assume (» € K. Let m and
n be positive integers and s the integer such that
m =p*m/, (m',p) = 1. Putc; :=ie + ey fori > 1 and
Cy = 0.

(i) If c; < m < ¢iq1 for some 0 < i < n, then gr'™ kq,
is isomorphic to

Coker(Q 2 5 QI /B @ Q4B ) n—i > s,
0z e 2

n—i’

n—1t<s,
where 0 is defined by
w i (C%dw, (-1)(m —ie) /p°C™*w).

(ii) If m = ¢; for some 0 < i <mn, then grieteo kqn 18
isomorphic to

QU1 +a0)Z7 ) @ (2 /(1 +aC) 2072,

n—i n—i
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where C is the Cartier operator defined by
d dyg— d dy,—
oW vy dyg

Y1 Yq—1 I Yg—1

and a is the residue class of pm—©.

(iii) If m > ¢, then U™k,, = 0.
Corollary 3. If k is separably closed (may
not assume (y € K), then gr'™ k,,, =0 fori > 1.
Proof. The assertion follows from gret® k,; =
0 ([1], Lem. 5.1 (ii)), Lemma 1, and the induction
on n. (]
We conclude this note to give a remark:
If we further assume K has a structure of a
higher dimensional local field, we have Ké”(K)/
p”Ké”(K) ~ K;OP(K)/])"K:;OP(K), where KZOP(K) is
the topological Milnor K-group. The structure of
the later group has been fully studied by using the
Vostokov symbol in [2] and [4].
Acknowledgments. The author thanks
Prof. Masato Kurihara for his comments on the
results in this note. The author has been partially
supported by JSPS KAKENHI #21740015.

References
[ 1] S. Bloch and K. Kato, p-adic étale cohomology,
Inst. Hautes Etudes Sci. Publ. Math. No. 63
(1986), 107-152.
[ 2] I B. Fesenko, Class field theory of multi-

dimensional local fields of characteristic 0
with residue field of positive characteristic,
(Russian) Algebra i Analiz 3 (1991), no. 3,
165-196; translation in St. Petersburg Math.
J. 83 (1992), no. 3, 649-678.

[ 3] L B.Fesenko, Sequential topologies and quotients
of Milnor K-groups of higher local fields,
(Russian) Algebra i Analiz 13 (2001), no. 3,
198-221; translation in St. Petersburg Math. J.
13 (2002), no. 3, 485-501.

[ 4 ] I Fesenko, Topological Milnor K-groups of higher
local fields, in Invitation to higher local fields
(Minster, 1999), 61-74 (electronic), Geom.
Topol. Monogr., 3, Geom. Topol. Publ.,
Coventry, 2000.

K. Kato, A generalization of local class field
theory by using K-groups. I, J. Fac. Sci. Univ.
Tokyo Sect. TA Math. 26 (1979), no. 2, 303—
376.

K. Kato, A generalization of local class field
theory by using K-groups. II, J. Fac. Sci. Univ.
Tokyo Sect. IA Math. 27 (1980), no. 3, 603—
683.

K. Kato, A generalization of local class field
theory by using K-groups. III, J. Fac. Sci.
Univ. Tokyo Sect. IA Math. 29 (1982), no. 1,
31-43.

O. Izhboldin, p-primary part of the Milnor K-

[5]

[6]

[ 7]

[8]



No. 4] Milnor K-groups modulo p" of a complete discrete valuation field 61

groups and Galois cohomologies of fields of (2000), 151-200 (electronic).

characteristic p, in Invitation to higher local ~[11] J. Nakamura, On the structure of the Milnor K-

fields (Miinster, 1999), 19-41 (electronic), groups of complete discrete valuation fields, in

Geom. Topol. Monogr., 3, Geom. Topol. Publ., Invitation to higher local fields (Miinster, 1999),

Coventry, 2000. 123-135 (electronic), Geom. Topol. Monogr., 3,
[ 9] M. Kurihara, On the structure of Milnor K-groups Geom. Topol. Publ., Coventry, 2000.

of certain complete discrete valuation fields, [12] A. N. Parshin, Local class field theory, Trudy

J. Théor. Nombres Bordeaux 16 (2004), no. 2, Mat. Inst. Steklov. 165 (1984), 143-170.

377-401. [13] C. Weibel, The norm residue isomorphism theo-
[10] J. Nakamura, On the Milnor K-groups of com- rem, J. Topol. 2 (2009), no. 2, 346-372.

plete discrete valuation fields, Doc. Math. 5



	c_rf1
	c_rf2
	c_rf3
	c_rf4
	c_rf6
	c_rf7
	c_rf8
	c_rf9
	c_rf10
	c_rf11
	c_rf12
	c_rf13
	c_rf14

