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some applications.
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Introduction. In [Ko1,Ko2], Kottwitz has

given a thorough treatment of the stable trace formula

and related endoscopy theory. Among other things,

some cohomological treatments given there play an

essential role in his theory. Then, in [Bo2], Borovoi

has given an abstract approach to some invariant

introduced by Kottwitz and developed the theory of

abelianized Galois cohomology. Also, in [CT], Colliot-

Thélène has extended many important arithmetic

invariants available in the case of characteristic 0

(among them some due to Borovoi and Kottwitz) to

the arbitrary case. We briefly recall some of them,

which are our main concerns in this note.

Let G be a connected (smooth) reductive group

defined over a field k with a maximal k-torus T . Let

ks be a separable closure of k, � :¼ Galðks=kÞ the

absolute Galois group and let M be a (discrete) �-

module; we denote Hiðk;MÞ :¼ Hið�;MÞ the Galois

cohomology group in degree i. Denote by ĜG the

Langlands dual of G, �0ð:Þ the group of connected

components of ð:Þ and by ð:ÞD :¼ Homðð:Þ;Q=ZÞ,
the Pontryagin dual. We denote H1ðk;GÞ :¼
H1ð�; GðksÞÞ. Let ~GG be the simply connected cover-

ing of the semisimple part G0 ¼ ½G;G� of G, p : ~GG!
G0 ,! G the canonical morphism, ~TT :¼ p�1ðT Þ, a

maximal k-torus of ~GG. Let X�ð:Þ (resp. X�ð:Þ) denote

the group of characters (resp. co-characters) of ð:Þ.
We denote �B1 ðGÞ :¼ X�ðT Þ=p�ðX�ð ~TT ÞÞ, the algebra-

ic fundamental group of G (after Borovoi [Bo2]),

where p� denotes the induced homomorphism.

If X is a sheaf of groups over a scheme S, then

considered as a functor, ZðXÞ (or sometime ZX for

short) denotes the center of X, and Hi
�ðS;XÞ

denotes the cohomology of X, where � stands for

‘‘étale’’, ‘‘fppf’’ or ‘‘fpqc’’.

In [Ko1,Ko2], Kottwitz considers the case when

G runs over the category C of connected reductive

groups with normal homomorphisms, the func-

tors from C to Sets given by G 7! H1ðk;GÞ, and

G 7! AðGÞ :¼ �0ðZðĜGÞ�ÞD.

0.1. Theorem [Ko1, Section 6, Prop. 6.4]

(resp. [Ko2, Section 1, Thm 1.2]). If k is a local

field of characteristic 0, then there exists a mor-

phism of functors

’G : H1ðk;GÞ ! AðGÞ;

which is an isomorphism of functors if k is non-

archimedean.

(Later on, the assumption with respect to

normal homomorphisms has been relaxed by

[Mi, Appendix B]. See also [Shi, Lem. 2.3]. Thus

0.1 holds when G runs over the category of all

connected reductive groups.)

If k is a global field with the set V of all

places, �kk an algebraic closure of k, let A be the

adèle ring of k, �AA ¼ A�k �kk. Denote by III1ðk;GÞ :¼
KerðH1ðk;GÞ !

Q
v2V H1ðkv;GÞÞ, the Shafarevich-

Tate ‘‘group’’ of G. Then we have the following

0.2. Theorem. Let k be a number field.

1) (see [Ko1, 4.2.2]) There exists an isomorphism of

functors

III1ðk;GÞ ’ III1ðk; ZĜGÞ
D

when G runs over C.
2) [Ko2, Theorem 2.2] We have the following exact

sequence of pointed sets, which is functorial when G

runs over C
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H1ðk;GadÞ !�G H1ð�; Gð �AAÞ=ZGð�kkÞÞ !
�G AðGÞ;

where Gad :¼ G=ZG the adjoint group of G and � is

induced from the following composition map

Gadð�kkÞ ¼ Gð�kkÞ=ZGð�kkÞ ,! Gð �AAÞ=ZGð�kkÞ:

3) [Ko2, Corol. 2.5, Prop. 2.6.] The composition map

�G : H1ðk;Gð �AAÞÞ !�G H1ðk;Gð �AAÞ=ZGð�kkÞÞ !
�G AðGÞ

is equal to the composition of the following sequence

of maps

H1ðk;Gð �AAÞÞ ’ �vH1ðkv;GÞ !
! �vAvðG�k kvÞ ! AðGÞ:

There is an exact sequence of pointed sets

1! III1ðGÞ ! H1ðk;GÞ ! �vH1ðkv;GÞ ! AðGÞ

and the local map H1ðkv;GÞ ! AðGÞ is obtained as

the composition

H1ðkv;GÞ !
’G;v AvðG�k kvÞ !

 v AðGÞ:

In the proof of his many results, Kottwitz

makes use of some results due to Sansuc [Sa]. Let G

be a linear algebraic group defined over a field k

with the set V of all places. For v 2 V let kv be the

completion of k at v. We say that G has weak

approximation property with respect to a finite

subset S � V if GðkÞ is dense in the productQ
v2S GðkvÞ via diagonal embedding, and that G

has weak approximation property over k if the

above holds for any finite set S � V . One denotes

the obstruction to weak approximation at S (resp.

over k) by AkðS;GÞ :¼
Q

v2S GðkvÞ=ClSðGðkÞÞ (resp.

AkðGÞ :¼
Q

v2V GðkvÞ=ClðGðkÞÞ, where ClSðGðkÞÞ;
ClðGðkÞÞ denote the closure of GðkÞ in

Q
v2S GðkvÞ

(resp.
Q

v2V GðkvÞ). Also, we set

IIIiðGÞ :¼ Ker ðHiðk;GÞ !
Y

v

Hiðkv;GÞÞ; i 	 0;

whenever it makes sense. Let BrðXÞ denote the

usual Brauer group of (equivalent classes of)

Azumaya algebras over a k-variety X, BrðXÞ
denote the cohomological Brauer group of X. For

an extension K=k we denote X �k K the base

change of X from k to K, and if K ¼ �kk, �XX ¼
X �k �kk for short. Then we have natural homo-

morphisms BrðkÞ ! BrðXÞ ! Brð �XXÞ and also

BrðkÞ ! BrðXÞ ! Brð �XXÞ, which are semi-exact se-

quences. We set Br1ðXÞ :¼ KerðBrðXÞ ! Brð �XXÞÞ,
Br0ðXÞ :¼ ImðBrðkÞ ! BrðXÞÞ, BraðXÞ :¼ Br1ðXÞ=

Br0ðXÞ. Let BðXÞ (resp. B!ðXÞ) be the set of all

elements of BraðXÞ which is locally trivial for all

v 2 V (resp. locally trivial for almost all v 2 V ),

with respect to natural homomorphisms BraðXÞ !
BraðX �k kvÞ. We use the same notation for Br .

Quite recently, Colliot-Thélène [CT] has ex-

tended many important arithmetic results, among

them some due to Sansuc [Sa] cited above for con-

nected linear algebraic groups defined over number

fields to fields of characteristic 0, and some of them

to arbitrary characteristic, and also gives another

interpretations (and proofs) of old results. Among

many other things, the following result holds.

0.3. Theorem (see [CT, Sec. 9, Thm 9.4] for

1)–3), [Sa, Corol. 8.14] for 4)).

Let 1! S ! H ! G! 1 be a flasque resolution of

a connected reductive group, all are defined over a

number field k. This sequence induces

1) an isomorphism of finite abelian groups

AkðGÞ ’ CokerðH1ðk; SÞ ! �vH1ðkv; SÞÞ;

2) a bijection III1ðGÞ ’ III2ðSÞ between finite sets;

3) for any smooth k-compactification X of G, an

exact sequence of finite abelian groups

1! AkðGÞ ! ðBrðXÞ=BrðkÞÞD ! III1ðGÞ ! 1;

4) an exact sequence of finite abelian groups

1! AkðGÞ ! ðB!ðGÞÞD ! III1ðGÞ ! 1:

Our aim in this note is to investigate a possible

extension of (0.1)–(0.3) to the case of local and

global function fields, since, as one may hope, for

example, (0.1)–(0.3) should have some applications

to the study, which was initiated by Kottwitz in

[Ko1, Ko2], when applied to the function field case.

Also, the results mentioned above, which are of

interest themselves in their own right, should have

counterparts in the case of function fields. The

only problem with 0.3, 3), 4) above is that in

general, we do not know if for any given linear

algebraic group G defined over a field k of charac-

teristic p > 0, there exists a smooth compactifica-

tion X over k for G. It would be so, if we assume

the resolution of singularities over k (however,

see 3.3 below). The details of proofs will appear

elsewhere.

1. Preliminaries. We keep above notation

and assume k to be an arbitrary field. In general

we use the same notation as in [Ko1,Ko2]. In

particular, we denote by ks (resp. �kk) a fixed
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separable (resp. algebraic) closure of k. First we

need the following notion of the algebraic funda-

mental groups �1ðGÞ due to Borovoi [Bo2] (in

characteristic 0) and Colliot-Thélène [CT] (in any

characteristic) and Kottwitz’s group AðGÞ and

relation between them. Let H be a connected linear

algebraic group defined over k, supposed reductive

if char :k > 0. Then H is called quasi-trivial (after

Colliot-Thélène [CT]), if ks½H��=k�s is a permutation

�-module and the Picard group PicðHksÞ ¼ 0, where

ks½H� stands for the affine algebra of H, and A�

stands for the group of invertible elements of the

ring A. Then if Htor denotes the maximal toric

quotient of H, P :¼ Htor is an induced k-torus.

Then we have

1.1. Proposition ([CT, Prop. 3.1, 4.2]). For

any connected linear algebraic k-group G (supposed

to be reductive if char :k > 0)

1) There exists a flasque k-torus S, a quasi-trivial

connected linear algebraic k-group H (which is also

reductive, if G is), with the following exact sequence

1! S ! H ! G! 1.

2) There exists an extension H of G by an induced k-

torus Z, such that ½H;H� is simply connected and

T ¼ H=½H;H� is a coflasque k-torus.

The embedding S ! H induces a morphism

� : S ! P ¼ H=Hder , thus also a homomorphism

�� : X�ðSÞ ! X�ðP Þ, and we called �CT1 ðGÞ :¼
Cokerð��Þ the algebraic fundamental group of G

(after Colliot-Thélène). Let ~TT and T stand for the

tori that we introduce above for the maximal

Levi reductive k-subgroup of G (called the reductive

part of G in the sequel, which is G itself if

char :k > 0). Let G be a connected linear algebraic

group defined over a field k, which is reductive if

char :k > 0. Then, it is no harm if we define the

Langlands dual ĜG of G as that of reductive part of

G. Then we have

1.2. Proposition. 1) [CT, Prop. A1, A2]

The complexes ½ ~TT ! T � and ½S ! P � are naturally

quasi-isomorphic. Thus the Galois �-modules �B1 ðGÞ
and �CT1 ðGÞ are naturally isomorphic.

2) [Bo2, Prop. 1.10] Let G be a connected reductive

group defined over a field k. Then the Galois

�-modules �B1 ðGÞ and X�ðZðĜGÞÞ are canonically

isomorphic.

(In [Bo2, Prop. 1.10], the proof of 2) is given for the

case char:k ¼ 0, but one can check that it also

extends verbatim to the case char:k > 0. In the

sequel, we use the terminology the algebraic funda-

mental group without referring to Borovoi’s or

Colliot-Thélène’s definition. It is worth also of

mentioning the following

1.3. Proposition. a) [Mi, Remark B.5] We

have a duality of abelian groups of finite type

ð�1ðGÞ�;torsÞ
D ’ A0ðGÞ :¼ �0ðZðĜGÞ�Þ:

b) [CT, Prop. 6.3.] We have the following isomor-

phism

ð�1ðGÞ�;torsÞ
D ’ PicðGÞ:

The original proof of a) above also works in the

case char :k > 0.

1.4. Proposition ([Ko1], Sec. 2.4). Let k be

any field, G a connected reductive k-group. Then

there are isomorphisms of functors

�0ðZðĜGÞ�Þ ’ PicðGÞ; H1ðk; ZðĜGÞÞ ’ BraðGÞ;

which is functorial in G when G runs over C.
Thus, one may also write Picð:ÞD instead of Að:Þ.

1.5. z-extensions. Let G be a connected

reductive group defined over a field k. A z-extension

of G is a connected reductive k-group H such that

the semisimple part of H (the derived subgroup of

H) is simply connected and H is an extension (in

the sense of algebraic groups) of G by means of an

induced k-torus Z, i.e., we have an exact sequence

of k-groups

1! Z ! H ! G! 1:

This notion was introduced (and the existence of

such extensions for any given G was proved) by

Langlands in the case of characteristic 0, but one

checks that the same also holds in the case of

positive characteristic.

2. Extensions of some of Kottwitz results

to function fields. First we proceed to extend

the first result (0.1) obtained by Kottwitz [Ko2].

We have the following

2.1. Theorem. Let k be a local function

field, G a connected reductive group defined over

k. Then there exists an isomorphism of functors

’G : H1ðk;GÞ ’ AðGÞ :¼ �0ðZðĜGÞ�ÞD ’ PicðGÞD:

The proof follows the same scheme as in [Ko1],

where we need also the following ingredients.

2.2. Lemma ([Ko1, Lemma 6.1]). Let G be a

connected reductive group defined over a field k. Let

DG :¼ ½G;G� the semisimple part of G, ~GG the simply

connected covering of DG over k, S :¼ ðZðGÞÞ
 the
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identity component of the center of G, C :¼ S \DG
(the schematic intersection), C0 be the inverse image

of C via natural k-morphism p : ~GG! DG, and let

i : C0 ! Z be a k-embedding into a k-torus Z. Then

there exists a central extension G1 of G by Z such

that DG1 is simply connected.

2.3. Lemma. 1) [Th1, Lemma 2.1] Let G be

a semisimple group defined over a local function field

k. Then there exist maximal k-tori of G which are

anisotropic over k and thus have trivial Galois

cohomology in degree 2.

2) Let k be a global function field, G a semisimple

k-group, S any finite set of places of k. Then there

exists a maximal k-torus T of G such that T is

kv-anisotropic for all v 2 S.

3) Let k be a global function field, G a semisimple

k-group. Then there exists a maximal k-torus T of G

such that III2ðT Þ ¼ 0.

2.4. Lemma. Let k be a local function field

of characteristic p, A a finite k-group scheme of

multiplicative type. Then A can be embedded over k

into an anisotropic k-torus Z.

This is the function field analog of [Ko1, Lemma 6.2],

which was stated for the case k is a p-adic field.

2.5. Proof of Theorem 2.1.

2.5.1. First proof. The proof of Theorem 2.1

follows the same line as in [Ko1], where the corre-

sponding lemmas are stated as above. �

2.5.2 Second proof. Basically, the proof

given in [CT] of Theorem 9.1, (ii), still holds in

our case and we give more details since it was a bit

sketchy there. Let 1! S ! H ! G be a flasque

resolution of G, P :¼ H=½H;H� is an induced k-

torus (see Section 1). We need the following

2.5.2.1. Lemma. Let k be a local or global

function field. Then above resolution induces a

natural bijection � : H1ðk;GÞ ’ KerðH2ðk; SÞ !
H2ðk; P ÞÞ.
To proceed with the proof, we recall the following

results due to Colliot-Thélène [CT]. Let 1! S !
H ! G! 1 be a flasque resolution of G, all defined

over k, P ¼ H=H 0 ¼ Htor the torus quotient of H,

which is an induced k-torus.

2.5.2.2. Theorem. We keep the above no-

tation, except that k may be any field. Let X be any

k-scheme.

a) (See [CT, Prop. 3.3.]) There exists an exact

sequence of abelian groups

X�ðP Þ� ! X�ðSÞ� ! PicðGÞ ! 0:

b) (See [CT, Prop. 8.2.]) There exists following

commutative diagram

H2
etðX;SÞ � X�ðSÞ� !p BrðXÞ

# " #¼

H2
etðX;P Þ � X�ðP Þ� !q BrðXÞ

The proof of 2.1 follows by using

Lemmas 2.5.2.1, Theorem 2.5.2.2 combined with

an argument given in [CT]. �

2.5.3. Some applications. As a consequence of

the proof we give a new proof of the following

important result on the finiteness of Galois coho-

mology of connected reductive groups over local

fields. In the case k is a local field of characteristic 0,

this finiteness result, which holds for any linear

algebraic k-group, is well-known and is due to

Borel-Serre (see [Se, Chap. III]). In the case

char :k > 0, it is necessary to restrict to the case of

connected reductive groups only. The original proof

(loc. cit) makes use of Bruhat-Tits theory [BrT].

2.5.3.1. Theorem (Tits, see [Se, Chap. III,

p. 148]). If k is a local function field and G is

a connected reductive k-group, then H1ðk;GÞ is

finite.

Proof. Since there is a bijection H1ðk;GÞ ’
KerðH2ðk; SÞ ! H2ðk; P ÞÞ (Lemma 2.5.2.1), while

the latter is isomorphic to ðCokerðX�ðP Þ� !
X�ðSÞ�ÞÞD ’ PicðGÞD, by Theorem 2.5.2.2, which

is finite, so H1ðk;GÞ is finite. �

The following result was proved by Borovoi in

[Bo1, Corollary 6.4] in the case k is a local non-

archimedean field of characteristic 0. We apply the

Kottwitz’s group AðGÞ to give a new proof, which

also is valid in the function field case, for connected

reductive groups Gi.

2.5.3.2. Corollary (see [Bo1, Corollary 6.4]

for char :k ¼ 0). Let k be a non-archimedean local

field (of any characteristic). Assume that 1! G1 !
G2 ! G3 ! 1 is an exact sequence of (smooth)

connected reductive groups all are defined over k,

where G1 is semisimple. Then the natural map of

Galois cohomology

AðG2Þ ’ H1ðk;G2Þ ! H1ðk;G3Þ ’ AðG3Þ

is surjective.

Next we have the following analog of Theorem 0.2.

2.6. Theorem. Let k be a field, G a con-

nected reductive k-group. For a group scheme X, let

denote ZX the center of X.
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1) Let k be a global function field. There exists an

isomorphism of functors

III1ðk;GÞ ’ III1ðk; ZðĜGÞÞD:

2) Let k be a global function field. We have the

following exact sequence of pointed sets, which is

functorial in G

H1
fppfðk;GadÞ !�G H1

fppfðk;Gð �AAÞ=ZGð�kkÞÞ !
�G AðGÞ;

where Gad :¼ G=ZG is the adjoint group of G and �G
is induced from the following composition map

Gadð�kkÞ ¼ Gð�kkÞ=ZGð�kkÞ ,! Gð �AAÞ=ZGð�kkÞ:

3) Let k be a global function field. The composition

map (denoted by �G)

H1
fppfðk;Gð �AAÞÞ !

�G
H1
fppfðk;Gð �AAÞ=ZGð�kkÞÞ !

�G AðGÞ
is equal to the composition of the following sequence

of maps

H1
fppfðk;Gð �AAÞÞ ’ �vH1

fppfðkv;GÞ
! �vAvðG�k kvÞ ! AðGÞ:

There is an exact sequence of pointed sets

1! III1ðGÞ ! H1
fppfðk;GÞ ! �vH1

fppfðkv;GÞ
! AðGÞ

and the local map H1ðkv;GÞ ! AðGÞ is obtained as

the composition

H1
fppfðkv;GÞ !

� AvðG�k kvÞ ! AðGÞ:

4) Let k be a global field. For any connected

reductive group G over a global field k, we set

CðGÞ :¼ Cokerð�vAvðG� kvÞ ! AðGÞÞ:

The group CðGÞ can be computed as follows. Let ~GG

be the simply connected covering of the semisimple

part G0 of G, F :¼ Kerð ~GG! GÞ, Gtor :¼ G=G0 the

maximal torus quotient of G and let IIIPicðGÞ :¼
KerðPicðGÞ !

Q
v PicðG�k kvÞÞ. Then we have

CðGÞ ’ IIIPicðGÞ ’ III2ðGtorÞ:
In particular, we have the following exact sequence

1! III1ðGÞ ! H1
fppfðk;GÞ ! �vH1

fppfðkv;GÞ !
! AðGÞ ! III2ðGtorÞ ! 1:

The proof is lengthy and makes use of 2.1, and the

method of z-extensions due to Kottwitz.

3. Weak approximation and related in-

variants over function fields. Our aim in this

section is to extend some of results due to Colliot-

Thélène and [Sa] mentioned in Introduction to the

case of local and global fields of positive character-

istic, which were not considered in [CT] and [Sa].

We have

3.1. Theorem (Cf. [CT, Sec. 9], [Sa, Sec. 2,3],

[Th4, Th5] and reference therein in the case of

number fields). Let k be a global field.

1) For any z-extension 1! Z ! H ! G! 1 of

a connected reductive k-group G, T ¼ Htor ¼
H=½H;H�, and finite set S of valuations, we have

canonical isomorphisms of finite abelian groups

AkðS;GÞ ’ AkðS;HÞ ’ AðS; T Þ;
AkðGÞ ’ AkðHÞ ’ AkðT Þ:

For any flasque resolution 1! F ! H ! G! 1 of

G, where F is a flasque k-torus, we have

AkðGÞ ’ Coker ðH1ðk; F Þ !�
Y

v

H1ðkv; F ÞÞ:

2) AkðS;GÞ is a finite abelian group. There exists a

well-defined finite set S0 of valuations of k, such that

for any other finite set S of valuations, we have

AkðS;GÞ ¼ AkðS \ S0; GÞ:

In particular, for any S � S0, we have

AkðS;GÞ ¼ AkðS0; GÞ ¼ AkðGÞ:

3) For any finite extension l=k, let Gl ¼ G�k l be the

base change of G from k to l, Sl be the extension of S

to l. Then we have natural norm homomorphisms of

finite abelian groups NS;l=k : AkðSl; GlÞ ! AkðS;GÞ,
and Nl=k : AkðGlÞ ! AkðGÞ, which are functorial in

G, and for a tower of finite separable extensions

E=K=k, the norm homomorphisms satisfy

NSE;E=k ¼ NSK;K=k 
NSE;E=K:

We have the following relations with Shafarevich-

Tate ‘‘group’’ III.

3.2. Theorem (Cf. [CT, Sec. 9, Thm 9.4] for

1)–3), [Sa, Corol. 8.14] for 4) for the case of number

fields). Let 1! S ! H ! G! 1 be a flasque

resolution of a connected reductive group, all are

defined over a global field k. Then this sequence

induces

1) a bijection III1ðGÞ ’ III2ðSÞ between finite sets;

2) for any smooth k-compactification X of G, an

exact sequence of finite abelian groups

1! AkðGÞ ! ðBr1ðXÞ=BrðkÞÞD ! III1ðGÞ ! 1;

3) an exact sequence of finite abelian groups
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1! AkðGÞ ! ðB!ðGÞÞD ! III1ðGÞ ! 1:

Note that in 3.2, 2), we have to assume the

existence of a smooth compactification X of G over

k. Without such assumption, if G is a k-torus, such

X always exist over any field ([CTHS]), and we have

the following

3.3. Theorem (Cf. [Th2, Th3] if k is a num-

ber field). Let k be a global function field, G a

connected reductive k-group. Take any z-extension

1! Z ! H ! G! 1 of G and set T ¼ H=½H;H�.
1) There are bijections of finite sets

IIIðGÞ ’ IIIðHÞ ’ IIIðT Þ:

2) We may choose the above z-extension to be also

a co-flasque resolution of G and choose a smooth

k-compactification X of T. Then we have the

following exact sequence

1! AkðGÞ ! H1ðk;Picð �XXÞÞ� ! IIIðGÞ ! 0;

which is independent of the choice of coflasque z-

extension of G.
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un corps local. Chapitre III. Compléments et
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