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Abstract:

The aim of this paper is to study, in the framework of the Vi interface model,

the macroscopic behavior of microscopic interfaces under the finite volume Gibbs measures with
self potentials, especially by establishing the large deviation principle. We consider the case
where the self potential depends on the position and on both macroscopic and microscopic heights
of the interfaces as well. The assumption on the upper bound for the self potential required by

[10] is relaxed.
Key words:

1. Introduction and result. In this paper,
we are interested in a macroscopic behavior of
microscopic interfaces distributed under the finite
volume Gibbs measures. In general, the interfaces
are hypersurfaces which separate different phases
like vapor and water. It is known that, at the
macroscopic level, the most probable shape of a
crystal surrounded by an interface having a definite
total volume is characterized as a minimizer of the
total surface tension and such shape is called Wulff
shape. Mathematically, this can be shown as a
consequence of large deviation principle. We prove
the large deviations for the V¢ interface model
under the scaling limit for microscopic interfaces
with self potentials. A survey on the V¢ interface
model is in [8], while a review of the results on the
Ising model together with some explanations on the
physical background can be found in [2].

The large deviation principle for the Ve inter-
face model was first studied by Ben Arous and
Deuschel [1]. They considered the Gibbs measure
with quadratic potential having 0-boundary con-
ditions. Deuschel, Giacomin and Ioffe [5] general-
ized the results to the non-Gaussian setting under
the 0-boundary conditions. Then, taking an effect of
self potentials into account, Funaki and Sakagawa
[10] extended them for the Gibbs measure added a
weak self potential under general Dirichlet boun-
dary conditions, but they required that the self
potentials take values between two limits as the
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height variables tends to oo, i.e. the condition
(W2) below with vy = a Vv §.

In our case, the self potentials may depend on
microscopic and macroscopic height variables, and
also on the macroscopic position of the interfaces.
The values of our self potentials may be larger than
two limits of them as the height variable tends to
+00. In other words, our self potentials are rather
free from the upper bound and therefore admit a
wide class of functions.

We now formulate our problem more precisely.
Let D be a bounded domain in R? with a piecewise
Lipschitz boundary and set Dy = NDNZ! The
location of the interface is described by a height
variable ¢ = {¢(x) € R;z € Dy}, which measures
the vertical distance between the interface and the
reference hyperplane Dy. We denote 0t Dy = {z ¢
Dy;lz —y| =1 for some y € Dy} and Dy = Dy U
Ot Dy.

The Hamiltonian of ¢ on Dy with a boundary
condition ¢ = {¢(z); z € 0T Dy} and a self potential
S is given by

HYS () = HY () + S(?% 6 )
VO =10+ 3 85y olehot)
where

Hy(¢)= >

@y€Dy z—y=1

V(e V) (z) = (o V) (y))

and ¢ V v is the height variable on Dy determined
by (¢ V¥)(x) = ¢(x) for x € Dy and = ¢(z) for x €
0T Dy. The interaction potential V satisfies the
following three conditions:
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(V1) (smoothness) V € C*(R),

(V2) (symmetry) V(n) = V(—n) for every n € R,

(V3) (strict convexity) there exist c_,c; > 0 such
that ¢ < V"(n) < ¢, for every n € R.

The self potential S': D x R x R — R is of the form

S(0,s,r) =Q(0,s)W(r), where Q : D xR — [0,00)

and W: R — R. We assume the following condi-

tions on ) and W, respectively:

(Q1) Q is non-negative, bounded and piecewise
continuous,

(Q2) |Q8,s) — Q8,5 <c(f)|s— 51, withe: D —
[0, 00) satistying ||c|;2(p) < oo,

(W1) W is measurable,

(W2) the limits a=Ilim, e W(r), [=
lim,,_o W(r) exist, ~=sup,.gW(r) < oo,
and W(r) > a A § for every r € R.

Remark 1.1. Note that Funaki and Sakagawa
[10] considered the case where S is decomposed into
S(0,s,7) = QOW(r) andy = oV 3 in the condition
(W2).

The macroscopic boundary condition will given
by glyp for g € C*(RY). We assume the following
conditions for the corresponding microscopic boun-
dary condition ¢ € R?" PV,

(PS].) maXgeh+Dy |'L/)($)| < CN,

(PS2) 3,50, [1e) — Ng(3)
C >0 and py > 2.

The corresponding finite volume Gibbs meas-
ure on RP" is now defined by

< CN? for some

3 (dg) = exp{ H (o)} [] do(=)
z€Dy
where Z}{’; is the normalization factor. The finite

volume Gibbs measure without self potential is
denoted by ,u}),

Our scaled random interface {h"¥(0);0 € D} is
defined by a polilinear interpolation of the macro-
scopically scaled height variables, i.e., h'V(0) =
+ ¢(z) for § =% 2 € Dy and

Vo) = > hY (MTJFA>

Ae{0,1}¢

d
X [H()\z‘{]\mi} + (=) - {Nez}))]’
i=1
for general 0 € D, where [] and {-} denote the
integral and the fractional parts, respectlvely (cf.
[5]). We define another scaled profile {h (0);0 €
D} by a step function, i.e., EN( 0) = + o([NY]) for
0 e D.
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For h € H'(D), define a surface free energy by

S(h) = /D o (Vh(6))do,

where o(u) is the surface tension with the tilt u €
R? (cf. [5,8]).

Now we state our main theorem Wthh ebtab—
lishes the large deviation principle for ,uJN with
weak self potentials in a wider class than those
treated by Funaki and Sakagawa [10].

Theorem 1.1. The family of mndom sur-
faces {hN(0);0 € D} distributed under uy 5 satisfies
the large deviation principle on L*(D) with speed N4
and the rate functional I°(h), that is, for every
closed set C and open set O of L*(D) we have
that

lim SUp =5 log u“ S(RY € C) < —inf I8 (h),
N—oo heC

S(hN € 0) > — inf I°(h).

lim inf — log %
Voo Nd CBHN heo

The functional I°(h) is given by
5

+00,

where Hy(D) = {h € H'(D);h — g|p € Hy(D)} and

+/ Q(0, h(0))(al )=o)
D
+ B1in@)<oy + (@ A B)L{ng)=0y)db-

It is well known that, once the large deviation
principle is established, we immediately obtain the
law of large numbers for A" under ,u}‘f;s, that is, if
the rate functional ¥° has a unique minimizer h* in
H,(D), we have

—infyp) %%, if h € H)(D),

otherwise,

(1) 25(h) =%(h

Jim (Y = 1) > 6) = 0
for every 6 > 0.

The law of large numbers under the situation
that the rate functional has two distinct minimizers
for the model motivated by the V¢ interface model
with self potentials in one dimension was discussed
by [9] and [11]. The law of large number under the
Gaussian Gibbs measures with 6-pinning, especially
under the rate functional of the corresponding large
deviation principle has two minimizers in one
dimension was studied by [3]. In particular, they
proved that two minimizers coexist in Free boun-
dary case. The é-pinning potential is defined from a
certain limit of the square well pinning potential.
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The large deviation principle for the square well
pinning potential has not been proven yet. Dunlop
et al. [7] first proved the localization under the
Gaussian Gibbs measures with the square well
pinning potential and 0-boundary conditions in
two dimension. The result of [7] was extended for
general convex potential by Deuschel and Velenik
[6].

In the next section, we will give the Proof of
Theorem 1.1.

2. Proof of Theorem 1.1. In this section,
we only consider the case where § < a. The case
a < (3 can be treated in a similar way. We decom-
pose the self potential S into S =~Q + Q(W — 7).
Then, W = W — v satisfies the condition (W2'),
which is the condition (W2) with v = 0.

Remark 2.1. If Q does not depend on ¢(z),
since the contribution of the first term ~vQ in
exp{—H}f,’S(q/))} of uf;s cancels with the normaliza-
tion factor, we can prove Theorem 1.1 in a similar
way to the proof of [10, Theorem 2.1]. However,
since Q of our self potential depends on ¢(x), we
cannot prove Theorem 1.1 by tracing the method
used for the proof of [10, Theorem 2.1]. The follow-
ing proposition recovers the thread.

The following proposition is for the finite Gibbs
measure ,uﬁ/ff/Q with S = Q.

Proposition 2.1. The family of random sur-
faces {h(0);0 € D} distributed under ,LL?\)[’A/Q satisfies
the large deviation principle on L*(D) with speed N?
and the rate functional given by

PO = {Ew(h) —infyyp) X9, if h € HY(D),
400, otherwise,

where

) = S() + 7 [ Q(O.h(6))dp
D

To prove Proposition 2.1, we prepare the
following Lemma.

Lemma 2.2. Assume the conditions (Q1) and
(Q2) on Q(0,s). Let g€ L*(D) and 0 <6< 1 be
fiwed. If WY € By(g,6) = {h € L*(D); |h = gllp2(p) <
6} for N large enough, then there exists some

€Dy

constant C > 0 such that
o)) = [ @o.nar
< (6,

i 25y
for every N sufficiently large.
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Proof. If h™ € By(g,6), then HﬁN—gHLz(D) <
C16 + an, where C) is a positive constant and ay s
tends to 0 as N — oo and k — o0, see (3.2) in [10].
Therefore, by, (Q1) and (Q2), if AN € By(g,6), then
the left hand side of the desired inequality can be
bounded by

< W(Ci6 + ani)llell 2y D]+ [7|Ca6 < C8,

for every N and k large enough, where Cy and C' are
positive constants. ([l

Proof of Proposition 2.1.

Stepl (lower bound). Let g€ L*(D) and
6>0. Then, by Lemma 2.2 and the large
deviation principle bound for ;f]/(, (cf.
[10, Proposition 3.1]), we have

lower

ZJ%WQ vyQ 3, N
z py (b € Ba(g,6))

1
hNHL 1Drolf N log

>— inf I(h /Q
heBs(g,6)

—{I(g) +7/DQ(979(9))d9
where

-2

))do — Cé

}—Cé,

if he H)(D),

otherwise.

— HlfH;(D) Z,

is the rate functional of the large deviation principle
for ,u%.

Now let us take an arbitrary open set O of
L*(D). Then, for every h € O and 6 > 0 such that
By(h,6) C O,

(L0 </ 0/ N
- by
thrLloréfm log—— v (R € 0)

> —{I(h) + W/DQ(G,h(G))dH} _ cs.

Letting 6 | 0, since h € O is arbitrary, we have the
lower bound
pQ
ZJLV7 Y@y,
(R
ZN

2  =- gg{f(h)ﬂ /D Q(e,hw))de}-

Step2 (upper bound). Let g € L?*(D) and § >
0 be fixed. Then, by Lemma 2.2 and the large
deviation principle upper bound for #7\/ (cf.
[10, Proposition 3.1]), we have

Ne o)

hNHLiQf Vi log
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1 ;l\f["/Q PP (2) Let X% (h) be the functional defined by (1) with
hzr\? sup — N 10{-’2 Zw iy (B € By(g,6)) Lin@)<oy replaced by 1yn9)<0y- Then, for every open
o set O of L*(D), we have that
< - inf I(h / Q(0,9(8))db + Cé. inf ©9(h) = inf ¥ (h).
heBy(g,6) he® heO

Then, by using the lower semi-continuity of I(h),
we see that for every g € L?(D), there exists 6 > 0
small enough such that

1 Z%WQ ¢ Q3 N
hmsup - log (R € Bay(g,90))
N—oo N

{19+ [ @.s0na0};

The standard argument in the theory of large
deviation principle (cf. [4]) yields the upper bound

YQ

i L2y
ms — 1o
Nl N

®  <-nt{rw s [ Qo))

p e (N e c)

for every compact set C of L?(D). However, the
exponential tightness for py 99 was proved in [10].
Thus, (3) holds for every closed set C of L*(D).

Taking O = C = L*(D) in (2) and (3), we have
the conclusion. O

To prove Theorem 1.1, we also prepare the
following lemmas. For a,b,c,d,je € R and g€
L?(D), we set

Q(a,b,c;d,e) :=

/Qﬁg

In particular, we write Q(a, b, ¢;d) :=
Lemma 2.3.

a+bliypzvay + Cl{g<a>s—ﬁ})d9~

Q(a,b,c;d, d).
Assume the conditions (Q1),
)-

(Q2), (W1) and (W2') on 5(6,s,r) = Q(6, s)W(r
Let geL*(D) and 0<6<1 be fized. If
hN € Bg(g, (5) = {h S LQ(D), ||h - g||L2(D) < 6} with

N large enough, then there exists some constant
C > 0 such that

> s(Fw
r€DN
< CN,
for every N sufficiently large.
Lemma 2.4. Assume the conditions (Q1),
(Q2), (W1) and (W2') on S(0,s,r) = Q(6,s)W(r).

(1) The functional X°(h) is lower semi-continuous
on L*(D).

(=), qs(x)) ~N'9(0,0, 5 8)

Lemmas 2.3 and 2.4 are very similar to
Lemmas 3.1 and 3.2 of [10], respectively. Therefore,
we only give some remarks instead of completely
proving the lemmas.

Remark 2.2. [In the proof of Lemma 2.4 (2),
by replacing h'™(0) which was defined in the proof of
[10, Lemma 3.2] with

W )= {h(e), if h(6) > 0

where f* € C3*(D) are functions such that f"(0) = 1
on D,, = {0 € D; dist(§,0D) > 1} and |V ()| < C
with C' > 0, we can get the conclusion in a similar
way to the proof of [10, Lemma 3.2 (2)]. Moreover,
the case a < B can be proved in a similar way

replacing (4) by

o h),
hi(8) = {hw) T ),

Proof of Theorem 1.1.

Stepl (lower bound). Let g€ L?*(D) and
6 > 0. Then, by Lemma 2.3 and the large deviation
principle lower bound for m/(f/Q (Proposition 2.1),
we have

it h(0) < 0,
if h(6) >0

A o
ZwﬁQ N}I/)\; (hN € BQ(Q? 6))
N

h]{zri i£f Vi log

>— inf I9(h)— -7, B8—76) —
2= ,.nf (h) =9(0,a —~,8—17;6) —Cé
> —{D9g) +Q(0,a —v,3 -6} — C8.

Now let us take an arbitrary open set O of L?(D).
Then, we have

8

ZN uSN
h]vnili.}fﬁ log Z}i’,’"’Q py” (R € 0)

- inf{P’Q(h) +
heO

/ Q(0, h(6))
D

(5) x ((a =) Liney0p + (B — 7)1{h(9)<0})d9}
in a similar way to the proof of the lower bound of
Proposition 2.1.

However, by Lemma 2.4 (2), one can replace
1{h(0)<0} with 1{h(¢9)§0} on the right hand side of (5).
Therefore, we get
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1,5

AN wSN
hNHBorifN logzde/L (k" €0)

S Q
(6) > — }ngcfoE (h) + hei’%{D) 379 (h).

Step2 (upper bound). Let g€ L*(D) and
6> 0 be fixed. We define Ly = N{0 € D;g(0) >
V6} N Z¢. By the assumption (W2) on W, for every
€ > 0 there exists K = K, > 0 such that W(r) —~v >
—(a—=p—e)ly<gy +a—vy—¢e for reR.
Therefore, we have

exp{ pRLI R )>(W(¢(x))—v)}
§exp{( a+vy+e) IEED: Q(N ;[éf’( ))}

ACDy zeA
Now, if ¢(z) < K for x € Ly, then & ¢(z) — ()<
\/— for N large enough. Thus, since ||h

g ||Lz 0 <5 0+1g=9"I2p), if ¢(z) <K for
every r € A C Ly on {h" € By(g,6)}, then we have
for N large enough

5 3 (o -o(5)) >

namely, |[A| < Sjg;‘s, where Cj

any

A16
ANd’

= Cy(d,p) > 0 is the

constant, see in’ [10,p.188]. Combining these all

facts and Lemma 2.2

ézd’s S N
Zq/,.YQ :u;V (h‘ € BQ(ga 6))

< eQCNd(5+N‘lQ(7a+'y+€,().,ryﬂ375;0‘(5)

SNI(S
x (el — 1) T pr9(nY € Ba(g.0))
x [{A C Ly : |A| < 8NY6C;2}).
On the other hand, by using Stirling’s formula, we
see that
{A C Ly : |A] < 8N96C; 2}
C CN%
< <6> N1+ o0(1))
as N — oo, for some constant C' > 0 independent
of N and 6 (cf. [10,p.189]). Hence, by the large

deviation principle upper bound for ,u}/\)ﬂQ
(Proposition 2.1), we obtain
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1 z%
hglsup Nd 7log Ziiva 13 (WY € Ba(g,6))

< — inf I'“(h)+C(6)

heBs(g,6)
+Q(—a+v+¢,0,a—0—¢0,0),
where C(6) is a constant independent of N and
converges to 0 as § — 0. Then, by using the lower
semi-continuity of I7?(h), we see that for every g €
L*(D) and ¢ > 0, there exists § > 0 small enough
such that

1 ZuS
h]r\]/ﬂ sup = - log ZU7Q MN S(hN € By(g,6))
—00
< —{I"?(g9) + Qe — 7,0, — ;0)} + [ DI[|Ql

Therefore, the standard argument in the theory of
large deviation principle yields

(e

S
NdlomeQ ,u}/v' (AR
N

/ Q6. 1(6))
D

—Nneysop + (6 — 7)1{}1(9)<0})d0}a

hm sup

heC

< —mf{PQ(h) +

x ((a

for every compact set C of L*(D). The exponential
tightness for uN can be proved in a similar way to
those for ,uN (cf. Remark 4.1 of [10]). Thus, for every
closed set C of L?(D), we get

25" s

707 py” (B €C)

lim sup —
N—»oop Nd

(7) < —inf¥5(h) + inf ¥79,
hec HL(D)

log

Taking O = C = L*(D) in (6) and (7), we have the
conclusion. O
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