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Abstract: For any subset, which is not always finite, ofCnþ1 � f0g in subgeneral position,

we introduce a weight function and a constant like as Nochka weight function and Nochka

constant which was introduced for a finite subset of Cnþ1 � f0g in subgeneral position.
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1. Introduction. About twenty four years

ago, E. I. Nochka [4] proved the conjecture of H.

Cartan given in [1] by introducing a weight function

and a constant for a finite subset of Cnþ1 � f0g.
Let N , n be integers satisfying N � n � 1 and

X be any subset of Cnþ1 � f0g in N–subgeneral

position. For a finite subset P of X, we denote by

V ðP Þ the subspace of Cnþ1 generated by elements

of P and by dðP Þ the dimension of V ðP Þ. We put

O ¼ fP � X j 0 < #P � N þ 1g.
When 2N � nþ 1 � #X < 1, it is known (see

[2,3,5,6]) that there exist a constant � and a function

! : X ! ð0; 1� with the following properties:

Theorem 1.A.

(1.a) For any a 2 X, 0 < �!ðaÞ � 1;

(1.b) #X � ð2N � nþ 1Þ ¼ �ð
P

a2X !ðaÞ �n� 1Þ;
(1.c) ðN þ 1Þ=ðnþ 1Þ � � � ð2N � nþ 1Þ=ðnþ 1Þ;
(1.d) For any P 2 O,

P
a2P !ðaÞ � dðP Þ.

We call ! the Nochka weight function and � the

Nochka constant. E. I. Nochka [4] succeeded in

solving the Cartan conjecture with these notions.

We used them to obtain some results on holomor-

phic curves extremal for the defect relation [7,8].

But, it is incovenient to apply them to holomorphic

curves with an infinite number of defects since

the weight function is defined only for a finite set.

We would like to delete the condition ‘‘#X < 1’’ in

Theorem 1.A. To that end, we shall generalize !

and � to any subset of Cnþ1 � f0g in N–subgeneral

position to obtain a new weight function and a

constant satisfying properties like those of

Theorem 1.A.

We can apply them to the value distribution

theory of holomorphic curves with an infinite

number of defects directly. Applications will appear

elsewhere.

2. Preliminaries. Let N , n, X etc. be as in

Section 1. From now on throughout the paper #X

is not always finite.

Lemma 2.1 ([3; p.68]). For S1; S2 2 O;

dðS1 [ S2Þ þ dðS1 \ S2Þ � dðS1Þ þ dðS2Þ.
Lemma 2.2 ([3; p.68]). ForR�S ðR;S 2OÞ,

#R� dðRÞ � #S � dðSÞ � N � n.

For R $ S ðR; S 2 OÞ, we put

�ðR;SÞ ¼ ðdðSÞ � dðRÞÞ=ð#S �#RÞ.
Then, by Lemma 2.2 we have the following

Proposition 2.1 ([3; p.67]). 0� �ðR;SÞ � 1.
Lemma 2.3. #fdðSÞ=#S j S 2 Og is finite.

Proof. We have only to prove this lemma when

#X is not finite. For any S 2 O,

1 � dðSÞ � nþ 1 and 1 � #S � N þ 1:ð1Þ

Further, from Lemma 2.2, #S � dðSÞ � N � n,

which reduces to the inequality

1

N � nþ 1
�

dðSÞ
N � nþ dðSÞ �

dðSÞ
#S

� 1:ð2Þ

From (1) and (2), the number dðSÞ=#S can

attain at most ðnþ 1ÞðN þ 1Þ rational numbers

between 1 and 1=ðN � nþ 1Þ. �

From this lemma we can give the following

definition.

Definition 2.1. � ¼ min
S2O

dðSÞ=#S.

Proposition 2.2. It holds that

1=ðN � nþ 1Þ � � � ðnþ 1Þ=ðN þ 1Þ.
Proof. From (2), we have 1=ðN � nþ 1Þ � �.

On the other hand, for S 2 O such that #S ¼
N þ 1, dðSÞ ¼ nþ 1 by the definition of N-subgen-

eral position and we have � � ðnþ 1Þ=ðN þ 1Þ. �
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Lemma 2.4. For a fixed R 2 O,

#f�ðR;SÞ j R $ S 2 Og < 1.

Proof. We have only to prove this lemma

when #X is not finite. As 0 � dðSÞ � dðRÞ � n

and 1 � #S �#R ¼ #ðS �RÞ � N, �ðR;SÞ can

attain at most Nðnþ 1Þ rational numbers between

0 and 1. �

Proposition 2.3. (I) When � � ðnþ 1Þ=
ð2N � nþ 1Þ, for any S 2 O it holds that

dðSÞ=#S � ðnþ 1Þ=ð2N � nþ 1Þ.
(II) When � < ðnþ 1Þ=ð2N � nþ 1Þ, there ex-

ist an integer p ð1 � p < ðnþ 1Þ=2Þ and a subfamily

fTi j 1 � i � pg of O satisfying the conditions:

(i) � ¼ T0 $ T1 $ � � � $ Tp, dðTpÞ < ðnþ 1Þ=2;
(ii) �ðT0;T1Þ < �ðT1;T2Þ < � � � < �ðTp�1;TpÞ
< ðnþ 1� dðTpÞÞ=ð2N � nþ 1�#TpÞ;
(iii) When 1 � i � p, for any U 2 O such that

Ti�1 $ U, if dðTi�1Þ < dðUÞ, then
(a) �ðTi�1;TiÞ � �ðTi�1;UÞ and
(b) �ðTi�1;TiÞ ¼ �ðTi�1;UÞ only if U j Ti;

(iv) For any U 2 O such that Tp $ U,

if dðTpÞ < dðUÞ, then
�ðTp;UÞ � ðnþ 1� dðTpÞÞ=ð2N � nþ 1�#TpÞ.
Proof. (I) This is trivial by the definition of �.

(II) Note that N > n � 2 by Definition 2.1 and

Proposition 2.2. We put T0 ¼ � and

Oð�Þ ¼ fS 2 O j dðSÞ=#S ¼ �g.
Step 1. (a1) Oð�Þ is not empty.

(b1) Let S 2 Oð�Þ: Then,
dðSÞ < ðnþ 1Þ=2 and #S < ð2N � nþ 1Þ=2:ð3Þ

In fact, as dðSÞ=#S ¼ � < ðnþ 1Þ=ð2N � nþ 1Þ,
we obtain (3) by Lemma 2.2.

(c1) If S1, S2 2 Oð�Þ, then S1 [ S2 2 Oð�Þ.
In fact, from Lemma 2.1 and (b1) we obtain the

inequality

dðS1 [ S2Þ þ dðS1 \ S2Þ � dðS1Þ þ dðS2Þ
< ðnþ 1Þ=2þ ðnþ 1Þ=2 ¼ nþ 1;

so that dðS1 [ S2Þ � n. This implies that #ðS1 [
S2Þ � N and so S1 [ S2 2 O. Next, by the definition

of � and by Lemma 2.1,

� � dðS1 [ S2Þ
#ðS1 [ S2Þ

�
dðS1Þ þ dðS2Þ � dðS1 \ S2Þ
#S1 þ#S2 �#ðS1 \ S2Þ

¼ ð�Þ

and by using the inequality �#ðS1 \ S2Þ �
dðS1 \ S2Þ we have

ð�Þ �
�ð#S1 þ#S2 �#ðS1 \ S2ÞÞ
#S1 þ#S2 �#ðS1 \ S2Þ

¼ �:

We obtain that dðS1 [ S2Þ=#ðS1 [ S2Þ ¼ �,

which means that S1 [ S2 2 Oð�Þ.
(d1) #Oð�Þ is finite.
We have only to prove (d1) when #X is not

finite. Suppose to the contrary that #Oð�Þ ¼ 1.

Then, Oð�Þ � fS1; S2; � � � ; Si; � � �g, Si 6¼ Sj if i 6¼ j

and #f
S1

i¼1 Sig ¼ 1.

There exists an integer � satisfying

N þ 1 < #f[�
i¼1Sig:ð4Þ

On the other hand, [�
i¼1Si 2 Oð�Þ by (c1) and

so by (b1)

#f[�
i¼1Sig < ð2N � nþ 1Þ=2:ð5Þ

From (4) and (5) we obtain that nþ 1 < 0,

which is absurd. This imples that #Oð�Þ must be

finite.

(e1) We put T1 ¼
S

S2Oð�Þ S. Then T1 2 Oð�Þ
from (c1), (d1), and if S 2 Oð�Þ, then S � T1.

Moreover, T1 satisfies the following conditions

((i), (ii), (iii) of Proposition 2.3(II) for p ¼ 1):

(i1) � ¼ T0 $ T1, dðT1Þ < ðnþ 1Þ=2;
(ii1)

�ðT0;T1Þ< ðnþ 1� dðT1ÞÞ=ð2N � nþ 1�#T1Þ;
(iii1) For any U 2 O, (a) �ðT0;T1Þ � �ðT0;UÞ

and (b) �ðT0;T1Þ ¼ �ðT0;UÞ only if U j T1.

In fact, (i1) is trivial by (a1), (e1) and (b1).

(ii1) As dðT1Þ=#T1 ¼ � < ðnþ 1Þ=ð2N � nþ 1Þ,
we obtain (ii1) easily.

(iii1) �ðT0;T1Þ ¼ � � dðUÞ=#U for any U 2 O
by the definition of � and T1. If U 2 Oð�Þ then U j

T1 by (e1).

Next, we put

O1 ¼ fS 2 O j T1 � S; dðT1Þ < dðSÞg.
(a2) O1 is not empty.

In fact, as dðT1Þ < ðnþ 1Þ=2, any S such that

T1 � S 2 O and #S ¼ N þ 1 belongs to O1.

(b2) #f�ðT1;SÞ j S 2 O1g is finite.

This follows from Lemma 2.4.

Here, we put �1 ¼ minS2O1
�ðT1;SÞ. Then,

(c2) � < �1.

We prove this inequality. For any S 2 O1, we

have

dðT1Þ=#T1 < dðSÞ=#S:ð6Þ

In fact, by (iii1)

dðT1Þ=#T1 � dðSÞ=#Sð7Þ

and if the equality holds in (7), S j T1, which is

absurd. We obtain (6) and from which we have the
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inequality

� ¼
dðT1Þ
#T1

<
dðSÞ
#S

<
dðSÞ � dðT1Þ
#S �#T1

for any S 2 O1, so that we obtain (c2) due to (b2).

When �1 � ðnþ 1� dðT1ÞÞ=ð2N � nþ 1�#T1Þ.
(iv1) For any U 2 O1,

�ðT1;UÞ � ðnþ 1� dðT1ÞÞ=ð2N � nþ 1�#T1Þ.
This means that our proposition holds for p ¼ 1

and T1.

Step 2. When �1 <
nþ1�dðT1Þ

2N�nþ1�#T1
.

Suppose that there exist the sets T1; � � � ; Ti 2 O
satisfying the following conditions:

(i2) � ¼ T0 $ T1 $ � � � $ Ti, dðTiÞ < ðnþ 1Þ=2;
(ii2) �ðT0;T1Þ < �ðT1;T2Þ < � � � < �ðTi�1;TiÞ
< ðnþ 1� dðTiÞÞ=ð2N � nþ 1�#TiÞ;
(iii2) When 1 � k � i, for any U 2 O such that

Tk�1 $ U, if dðTk�1Þ < dðUÞ, then
(a) �ðTk�1;TkÞ � �ðTk�1;UÞ and
(b) �ðTk�1;TkÞ ¼ �ðTk�1;UÞ only if U j Tk.

Note that from (ii2) we obtain the inequality:

dðT1Þ
#T1

< dðT2Þ
#T2

< � � � < dðTiÞ
#Ti

ð8Þ

< nþ1
2N�nþ1

< nþ1�dðTiÞ
2N�nþ1�#Ti

when i � 2.

We put O0 ¼ O and for 1 � k � i

Ok ¼ fS 2 O j Tk � S; dðTkÞ < dðSÞg.
We note that O � O1 � � � � � Oi. Then, as in

the case of O1, for 2 � i we have the following

(a3) Oi is not empty;

(b3) #f�ðTi;SÞ j S 2 Oig is finite.

We put �i ¼ minS2Oi
�ðTi;SÞ. Then, as in (c2)

we have the following inequality.

(c3) ðdðTiÞ � dðTi�1ÞÞ=ð#Ti �#Ti�1Þ < �i.

In fact, for any S 2 Oi we have the inequality

�ðTi�1;TiÞ < �ðTi�1;SÞ from (iii2), so that we have

the inequality

dðTiÞ � dðTi�1Þ
#Ti �#Ti�1

<
dðSÞ � dðTi�1Þ
#S �#Ti�1

<
dðSÞ � dðTiÞ
#S �#Ti

;

from which we obtain the inequality (c3).

Now, suppose that

�i < ðnþ 1� dðTiÞÞ=ð2N � nþ 1�#TiÞ:ð9Þ

Put Oið�iÞ ¼ fS 2 Oi j �ðTi;SÞ ¼ �ig. Then,
(a4) Oið�iÞ is not empty;

(b4) For any S 2 Oið�iÞ, dðSÞ < ðnþ 1Þ=2 and

#S < ð2N � nþ 1Þ=2.
In fact, from (9) we have dðSÞ � n and #S � N

so that from (ii2), (c3) and (9) we obtain the

inequality

dðTiÞ
#Ti

< dðSÞ
#S

< dðSÞ�dðTiÞ
#S�#Ti

< nþ1�dðTiÞ
2N�nþ1�#Ti

< nþ1�dðSÞ
2N�nþ1�#S

;

and so from the inequality

dðSÞ=#S < ðnþ 1� dðSÞÞ=ð2N � nþ 1�#SÞ
we obtain that dðSÞ=#S < ðnþ 1Þ=ð2N � nþ 1Þ.
By using Lemma 2.2, we obtain (b4) as in (b1).

(c4) If S1, S2 2 Oið�iÞ, then S1 [ S2 2 Oið�iÞ
(see [3; p.70]).

To prove (c4), we first prove that

S1 [ S2 2 Oi:ð10Þ

In fact, as

�i ¼
dðS1Þ � dðTiÞ
#S1 �#Ti

¼
dðS2Þ � dðTiÞ
#S2 �#Ti

;

by using Lemma 2.2 we obtain the inequality

dðS1Þ þ dðS2Þ � 2dðTiÞ
¼ �ið#S1 þ#S2 � 2#TiÞ
� �iðdðS1Þ þN � nþ dðS2Þ

þN � n� 2#TiÞ
¼ �iðdðS1Þ þ dðS2Þ � 2dðTiÞÞ
þ 2�iðN � nþ dðTiÞ �#TiÞ;

so that as �i < 1

dðS1Þ þ dðS2Þ � 2dðTiÞ
� 2�i

1��i
ðN � nþ dðTiÞ �#TiÞ ¼ ð�Þ:

Here, we have the inequality

1� �i > 1�
nþ 1� dðTiÞ

2N � nþ 1�#Ti

¼
2N � 2nþ dðTiÞ �#Ti

2N � nþ 1�#Ti
:

By using this inequality and (9) we have

ð�Þ < �ið2N � nþ 1�#TiÞ < nþ 1� dðTiÞ

since dðTiÞ �#Ti � 0. We obtain the inequality

dðS1Þ þ dðS2Þ � dðTiÞ < nþ 1, so that by Lemma 2.1

we have the inequality

dðS1 [ S2Þ � dðS1Þ þ dðS2Þ � dðS1 \ S2Þ
� dðS1Þ þ dðS2Þ � dðTiÞ < nþ 1

since S1 \ S2 � Ti, which implies that #ðS1 [ S2Þ �
N and we have S1 [ S2 2 O. Further, as

dðTiÞ < dðS1Þ � dðS1 [ S2Þ, we have (10).
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Next, we prove the following inequality.

�ið#ðS1 \ S2Þ �#TiÞ � dðS1 \ S2Þ � dðTiÞ:ð11Þ

As this inequality is trivial when #ðS1 \ S2Þ �
#Ti ¼ 0, we prove it when #ðS1 \ S2Þ �#Ti > 0.
First we prove that

dðTiÞ < dðS1 \ S2Þ:ð12Þ

Suppose to the contrary that dðTiÞ ¼ dðS1 \
S2Þ. Then, as Ti $ S1 \ S2 2 Oi�1 we have the

inequality

min
S2Oi�1

�ðTi�1;SÞ ¼ �ðTi�1;TiÞ > �ðTi�1;S1 \ S2Þ:

This is a contradiction (see (iii2)). We obtain (12)

and S1 \ S2 2 Oi. By the definition of �i we have the

inequality �i � �ðTi;S1 \ S2Þ. This means that the

inequality (11) holds.

Finally, we prove that S1 [ S2 2 Oið�iÞ. By

Lemma 2.1 and by (11)

�i � �ðTi;S1 [ S2Þ

� dðS1Þ þ dðS2Þ � dðS1 \ S2Þ � dðTiÞ
#S1 þ#S2 �#ðS1 \ S2Þ �#Ti

� �i

since we obtain the following inequality from (11):

dðS1Þ þ dðS2Þ � dðS1 \ S2Þ � dðTiÞ
¼ dðS1Þ � dðTiÞ þ dðS2Þ � dðTiÞ

� ðdðS1 \ S2Þ � dðTiÞÞ
� �ið#S1 �#Ti þ#S2 �#Ti

� ð#ðS1 \ S2Þ �#TiÞÞ
¼ �ið#S1 þ#S2 �#ðS1 \ S2Þ �#TiÞ:

Namely, we have that �ðTi;S1 [ S2Þ ¼ �i. This

means that S1 [ S2 2 Oið�iÞ.
As in Step 1 (d1), we obtain the following

(d4) #Oið�iÞ is finite.
(e4) We put Tiþ1 ¼

S
S2Oið�iÞ S. Then Tiþ1 2

Oið�iÞ from (d4), (c4) and if S 2 Oið�iÞ, S j Tiþ1.

The family fT1; T2; � � � ; Tiþ1gð� OÞ satisfies the

following conditions:

(i3) � ¼ T0 $ T1 $ � � � $ Ti $ Tiþ1,

dðTiþ1Þ < ðnþ 1Þ=2;
(ii3) �ðT0;T1Þ < �ðT1;T2Þ < � � � < �ðTi�1;TiÞ

< �ðTi;Tiþ1Þ < nþ1�dðTiþ1Þ
2N�nþ1�#Tiþ1

;

(iii3) When 1 � k � iþ 1, for any U 2 Ok�1

such that Tk�1 $ U , if dðTk�1Þ < dðUÞ, then
(a) �ðTk�1;TkÞ � �ðTk�1;UÞ and
(b) �ðTk�1;TkÞ ¼ �ðTk�1;UÞ only if U j Tk.

Step 3. As dðTiþ1Þ < ðnþ 1Þ=2, we can reit-

erate the process given above at most ðnþ 1Þ=2
times and then come to an end. That is to say, there

exist a positive integer pð< ðnþ 1Þ=2Þ and a family

fT1; � � � ; Tpg of subsets of X satisfying the conditions

(i), (ii) and (iii) of Proposition 2.3(II). Further,

when we put Op ¼ fS 2 O j Tp � S; dðTpÞ < dðSÞg,
we have the followings

(a5) Op is not empty.

(b5) #f�ðTp;SÞ j S 2 Opg is finite.

(c5) the number �p ¼ minS2Op
�ðTp;SÞ satisfies

the inequality

�p � ðnþ 1� dðTpÞÞ=ð2N � nþ 1�#TpÞ.
This inequality implies that (iv) of Proposition

2.3(II) holds:

(iv) For any U 2 Op,

�ðTp;UÞ � ðnþ 1� dðTpÞÞ=ð2N �nþ 1�#TpÞ.�
3. Generalization of Nochka weight func-

tion. Let X;O; � etc. be as in Section 1 or 2. We

give the following definition as an extension of !

and � given in Section 1. We define a function w :
X ! ð0; 1� and a constant h as follows:

Definition 3.1.

(I) When �� ðnþ 1Þ=ð2N � nþ 1Þ.
For any a 2 X

wðaÞ ¼
nþ 1

2N � nþ 1
and h ¼

2N � nþ 1

nþ 1
:

(II) When � < ðnþ 1Þ=ð2N � nþ 1Þ.

wðaÞ ¼
�ðTi�1;TiÞ if a 2 Ti � Ti�1

nþ 1� dðTpÞ
2N � nþ 1�#Tp

if a 2 X � Tp

8<
:

ði ¼ 1; � � � ; pÞ and

h ¼ ð2N � nþ 1�#TpÞ=ðnþ 1� dðTpÞÞ;

where T0 ¼ �, Ti and �ðTi�1;TiÞ ði ¼ 1; � � � ; pÞ are

those given in Proposition 2.3(II).

Like ! and � in Theorem 1.A, the function

w and the constant h have the following

properties.

Theorem 3.1.

(a) For any a 2 X, 0 < hwðaÞ � 1;

(b)
P

a2Xð1� hwðaÞÞ ¼ 2N � nþ 1� hðnþ 1Þ;
(c) N=n � h � ð2N � nþ 1Þ=ðnþ 1Þ;
(d) For any S 2 O,

P
a2S wðaÞ � dðSÞ.

Note 3.1. We note that

fa 2 X j hwðaÞ < 1g ¼
� if � � ðnþ 1Þ=ð2N � nþ 1Þ
Tp if � < ðnþ 1Þ=ð2N � nþ 1Þ.

�
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Proof of Theorem 3.1.

(I) When � � ðnþ 1Þ=ð2N � nþ 1Þ.
(a) For any a 2 X, hwðaÞ ¼ 1.

(b)
P

a2Xð1�hwðaÞÞ ¼ 0¼ 2N�nþ 1� hðnþ1Þ.
(c) h ¼ ð2N � nþ 1Þ=ðnþ 1Þ.
(d) For any S 2 O,P

a2S wðaÞ � �#S � ðdðSÞ=#SÞ#S ¼ dðSÞ

since wðaÞ ¼ ðnþ 1Þ=ð2N � nþ 1Þ � � � dðSÞ=#S

by the definition of � (Definition 2.1).

(II) When � < ðnþ 1Þ=ð2N � nþ 1Þ.
Let � ¼ T0; T1; � � � ; Tp be the sets obtained in

Proposition 2.3(II) and let Q be a set satisfying Tp �
Q and 2N � nþ 1 � #Q < 1. We choose a subset

Tpþ1 of Q such that

Tp � Tpþ1 and #Tpþ1 ¼ 2N � nþ 1.

Note that dðTpþ1Þ ¼ nþ 1.
(a) From (ii) of Proposition 2.3(II)

0 < hwðaÞ
< 1 when a 2 Tp

¼ 1 when a 2 X � Tp.

�

(b) We use the following disjoint union:

Q ¼ ðQ� Tpþ1Þ [ ðTpþ1 � TpÞ [ � � � [ ðT1 � T0Þ:P
a2Q wðaÞ

¼
X

a2Q�Tpþ1

wðaÞ þ
Xpþ1

i¼1

X
a2Ti�Ti�1

wðaÞ

¼
1

h
ð#Q� ð2N � nþ 1ÞÞ

þ
Xpþ1

i¼1

ðdðTiÞ � dðTi�1ÞÞ

¼
1

h
ð#Q� ð2N � nþ 1ÞÞ þ dðTpþ1Þ

¼ 1

h
ð#Q� ð2N � nþ 1ÞÞ þ nþ 1;

which implies thatP
a2Qð1� hwðaÞÞ ¼ 2N � nþ 1� hðnþ 1Þ:ð13Þ

Let Q be as above. Then, as hwðaÞ ¼ 1 for

a 2 X �Q, we obtain the following equality from

(13).P
a2Xð1� hwðaÞÞ ¼

P
a2Qð1� hwðaÞÞ

¼ 2N � nþ 1� hðnþ 1Þ:

(c) As in (8) we have the inequality

dðTpÞ
#Tp

<
nþ 1

2N � nþ 1
<

nþ 1� dðTpÞ
2N � nþ 1�#Tp

¼ h�1;

so that h < ð2N � nþ 1Þ=ðnþ 1Þ.
On the other hand, as #Tp � dðTpÞ � N � n by

Lemma 2.2 and 1 � dðTpÞ, we have the inequality

h ¼ 2N � nþ 1�#Tp

nþ 1� dðTpÞ
�

N þ 1� dðTpÞ
nþ 1� dðTpÞ

�
N

n
:

(d) (see [3; pp.73-74]) A) When dðS [ TpÞ ¼
nþ 1. By Lemma 2.1 we have the inequality

nþ 1� dðTpÞ ¼ dðS [ TpÞ � dðTpÞ � dðSÞ.
By Lemma 2.2 and (a) of this theorem we have

the inequality

X
a2S

wðaÞ �
#S

h
�

1

h
ðdðSÞ þN � nÞ

�
dðSÞ
h

1þ
N � n

dðSÞ

� �

�
dðSÞ
h

1þ
N � n

nþ 1� dðTpÞ

� �

¼ dðSÞ
h

N þ 1� dðTpÞ
nþ 1� dðTpÞ

¼ dðSÞ
N þ 1� dðTpÞ

2N � nþ 1�#Tp

� dðSÞ

since #Tp � dðTpÞ þN � n (Lemma 2.2).

B) When dðS [ TpÞ � n. Note that

#ðS [ TpÞ � N . We put

Si ¼
S \ Ti ð0 � i � pÞ
S ði ¼ pþ 1Þ.

�

Then, � ¼ S0 � S1 � � � � � Sp � Spþ1 ¼ S.

B.1) For 1 � i � pþ 1, if #Si�1 < #Si, then

dðTi�1Þ < dðSi [ Ti�1Þ.
In fact, when i ¼ 1, 0 ¼ dðT0Þ < dðS1Þ ¼

dðS1 [ T0Þ as T0 ¼ �. When i > 1, suppose that

dðTi�1Þ ¼ dðSi [ Ti�1Þ:ð14Þ

Then, we have that

dðSi [ Ti�1Þ � dðTi�2Þ ¼ dðTi�1Þ � dðTi�2Þ > 0

and that

�ðTi�2;Ti�1Þ ¼
dðTi�1Þ � dðTi�2Þ
#Ti�1 �#Ti�2

�
dðSi [ Ti�1Þ � dðTi�2Þ
#ðSi [ Ti�1Þ �#Ti�2

¼ ð�Þ

by (iii) of Proposition 2.3(II) since

Ti�2 $ Ti�1 � Si [ Ti�1; dðTi�2Þ < dðSi [ Ti�1Þ

and so Si [ Ti�1 2 Oi�1. From (14) we have
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ð�Þ �
dðTi�1Þ � dðTi�2Þ
#Ti�1 �#Ti�2

¼ �ðTi�2;Ti�1Þð15Þ

since #Ti�1 � #ðSi [ Ti�1Þ. From (15) we obtain

that #ðSi [ Ti�1Þ ¼ #Ti�1. Namely, Si � Ti�1 and

so Si ¼ Si \ S � S \ Ti�1 ¼ Si�1, so that Si�1 ¼ Si,

which is a contradiction. This implies that B.1)

holds.

B.2) For i ¼ 1; 2; � � � ; pþ 1,

ð#Si �#Si�1Þ�ðTi�1;TiÞ � dðSiÞ � dðSi�1Þ:

In fact, we have only to prove this inequality

when

#Si �#Si�1 > 0:ð16Þ

Then, from B.1) dðTi�1Þ < dðSi [ Ti�1Þ. When (16)

holds for ið� pÞ, by Proposition 2.3(II)(iii)

�ðTi�1;TiÞ � �ðTi�1;Si [ Ti�1Þ
and when (16) holds for i ¼ pþ 1, by Proposition

2.3(II)(iv)

�ðTp;Tpþ1Þ ¼
nþ 1� dðTpÞ

2N � nþ 1�#Tp

�
dðS [ TpÞ � dðTpÞ
#ðS [ TpÞ �#Tp

¼ �ðTp;S [ TpÞ:

Further, for i ¼ 1; 2; � � � ; pþ 1, we have the

relations #ðSi [ Ti�1Þ ¼ #Ti�1 þ#Si �#ðSi \ Ti�1Þ
and by Lemma 2.1

dðSi [ Ti�1Þ � dðTi�1Þ þ dðSiÞ � dðSi \ Ti�1Þ:

From these relations, we obtain that

�ðTi�1;TiÞ � �ðTi�1;Si [ Ti�1Þ

¼
dðSi [ Ti�1Þ � dðTi�1Þ
#ðSi [ Ti�1Þ �#Ti�1

�
dðSiÞ � dðSi \ Ti�1Þ
#Si �#ðSi \ Ti�1Þ

¼
dðSiÞ � dðSi�1Þ
#Si �#Si�1

since Si \ Ti�1 ¼ ðS \ TiÞ \ Ti�1 ¼ S \ Ti�1 ¼ Si�1.

We have B.2). Now, we prove (d) when dðS [ TpÞ �
n. From B.2) we have the inequality

X
a2S

wðaÞ �
Xpþ1

i¼1

X
a2Si�Si�1

wðaÞ

¼
Xpþ1

i¼1

�ðTi�1;TiÞð#Si �#Si�1Þ

� dðSÞ � dðSpÞ þ
Xp
i¼1

ðdðSiÞ � dðSi�1ÞÞ

¼ dðSÞ:

We complete the proof of Theorem 3.1. �
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