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Abstract: For an imaginary quadratic field K with class number h, we shall characterize

h-dimensional CM abelian varieties over K which descend to abelian varieties over Q. These CM

abelian varieties have minimal dimension h both over K and over Q.
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Let K be an imaginary quadratic field with

class number h. We shall characterize h-dimen-

sional CM abelian varieties over K which descend

to abelian varieties over the rational number field Q

by their algebraic Hecke characters. If an abelian

variety A over K has complex multiplication,

then the dimension of A is h ½HgðIm �Þ : Hg� or

2h ½HgðIm �Þ : Hg�. Here Hg is the genus class field of

K (Proposition 2). Hence our CM abelian varieties

have minimal dimension h both over K and over Q.

Under the conditions that EndQðAÞ �Q are max-

imal real subfields of EndKðAÞ �Q and some

restrictions on the conductors of A, such abelian

varieties are investigated in Yang [5]. In this

note removing the above conditions, we treat

these abelian varieties in general. We shall give a

characterization of the associated characters of

them (Theorem 1). In the final section we explic-

itely determine such characters.

Notation:

K : an imaginary quadratic field.

D : the discriminant of K.

H : the Hilbert class field of K.

h : the class number of K.

IðfÞ : the group of fractional ideals of K prime to f.

(f is an integral ideal of K)

P ðfÞ : the group of principal ideals of K prime to f.

� : the complex conjugation of C.

For an abelian variety A over a number field k, we

put EkðAÞ ¼ EndkðAÞ �Q, the endomorphism alge-

bra of A over k. All number fields are considered as

subfields of C.

1. CM Abelian varieties over K. Let A

be a CM abelian variety over an imaginary quad-

ratic field K. We suppose that A is simple over K.

Let  A be the associated algebraic Hecke character

of A over K, of conductor f. Then there is a

character � of ðOK=fÞ� such that

 Aðð�ÞÞ ¼ �ð�Þ� ðð�Þ 2 P ðfÞÞ:

We say that A is of type � or � is associated to A

(or to  A). Clearly � satisfies �ð�1Þ ¼ �1 and for

ideal class characters � of K,  A� are the algebraic

Hecke characters associated to � (see [5, § 3]). Let

IgðfÞ ¼ fa 2 IðfÞ; a2 is principalg. We put

T ¼ Kðf AðaÞ j a 2 IðfÞgÞ

and

Tg ¼ Kðf AðaÞ j a 2 IgðfÞgÞ:

Let rþ 1 be the number of prime factors of

D. Applying the argument in [3], we obtain

([5, Prop. 3.2])

Proposition 1. We have:

½Tg : K� = 2r; ½T : Tg� ¼ h=2r and Tg � Im �:

Now we look the structure of Tg more closely.

Let f be the conductor of �. Let p1; � � � ; prþ1 be

the set of prime divisors of D. Let pi denote the

prime ideal of K such that p2i ¼ ðpiÞ and li a prime

ideal of K prime to f, which belongs to the same

ideal class of pi ði ¼ 1; � � � ; rþ 1Þ. It is well known

that the genus ideal class group IgðfÞ=P ðfÞ is

generated by l1; � � � ; lrþ1. We denote by Hg the

genus class field of K. Note that ½Hg : K� ¼ 2r.
Denote by w0 a generator of 2-Sylow subgroup

of Im �. Since l2i ¼ a2i p
2
i ði ¼ 1; � � � ; rþ 1Þ for some

ai 2 K�, we have

 AðliÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�ðpia2i Þpia2i

q
¼ ffiffiffiffiffiffiffiffiffi

wipi
p

a0iz;
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where a0i 2 K�; wi 2 hw0i; z 2 Im �. Putting tpi ¼ffiffiffiffiffiffiffiffiffi
wipi

p
, we get

Tg ¼ KðIm �; tp ðpjDÞÞ:

We easily have the following relations:Y
pjD

tp 2 KðIm �Þ� ðif D 6� 4 mod 8Þ

Y
pjðD=4Þ

tp 2 KðIm �Þ� ðif D � 4 mod 8Þ:

In the following Proposition 2 we give an

expression of dimension of A. Its proof is essentially

those of Theorem 3.4 and Theorem 3.5 in [5].

Proposition 2. We suppose h > 1. Let A be

a simple CM abelian variety over K and � the

associated character of A over K, of orderm. Let w0

be as above. Then we have

dimA ¼
h ½HgðIm �Þ : Hg� if

ffiffiffiffiffiffi
w0

p
=2 Tg

2h ½HgðIm �Þ : Hg� if
ffiffiffiffiffiffi
w0

p 2 Tg.

�

In particular dimA ¼ h if and only if one of the

following conditions holds:

(1) m ¼ 2. A is isogenous to the scalar restriction

ResH=KðEÞ of an elliptic curve E over H.

(2) m ¼ 6; 3 j D and �0ð3a21Þ ¼ �1.

(3) m ¼ 4; 2 j D and �0ð2a2Þ is of order 4.

(4) m ¼ 12; 6 j D; 4 j h; �0ð3a21Þ ¼ �1 and �0ð2a2Þ
is of order 4.

Here �0 denotes the 2-power order part of � and

a1; a 2 K� are chosen such that 3a21 and 2a2 are

prime to the conductor of �0. (Clearly the choices do

not affect the statements above.)

Remark 1. The condition �0ð3a21Þ ¼ �1 in

(4) of Proposition 2 is missing in [5, Th 3.5 (4)]. It

is necessary.

Remark 2. For h ¼ 1 we have a result

similar to Proposition 2 and Theorem 1. It is a

little bit different.

Proof. Suppose D 6� 4 mod 8. Then
ffiffiffiffiffiffiffi
�1

p
=2

Hg and Tgð
ffiffiffiffiffiffi
w0

p Þ ¼ Hgð
ffiffiffiffiffiffi
w0

p
; Im �Þ. We can check

that ½Hgð
ffiffiffiffiffiffi
w0

p
; Im �Þ : HgðIm �Þ� ¼ 2. Suppose D �

4 mod 8. Then
ffiffiffiffiffiffiffi
�1

p
2 Hg;

ffiffiffi
2

p
=2 Hg and Tgð

ffiffiffiffiffiffi
w0

p Þ ¼
Hgð

ffiffiffiffiffiffi
w0

p
;

ffiffiffi
2

p
; Im �Þ. We also have ½Hgð

ffiffiffiffiffiffi
w0

p
;ffiffiffi

2
p

; Im �Þ : HgðIm �Þ� ¼ 2. Noting dimA ¼
½T : K� ¼ h ½Tg : K�=½Hg : K�, we obtain our first

assertion.

If dimA ¼ h, then
ffiffiffiffiffiffi
w0

p
=2 Tg and HgðIm �Þ ¼

Hg. This implies m j 12. Furthermore if 3 j m, thenffiffiffiffiffiffiffi
�3

p
2 Hgð

ffiffiffiffiffiffiffi
�1

p
Þ or Hgð

ffiffiffi
2

p
Þ and this shows 3 j D.

If 4 j m and D 6� 4 mod 8, then Hgð
ffiffiffiffiffiffiffi
�1

p
Þ ¼

Tgð
ffiffiffiffiffiffiffi
�1

p
;

ffiffiffi
2

p
Þ and this shows D � 0 mod 8.

(1) m ¼ 2. Then � determines an elliptic

curve E over H and A ¼ ResH=KðEÞ (the restriction
of scalars of E from H to K) is an abelian variety of

dimension h over K of type �.

(2) m ¼ 6. In this case 3 j D and
ffiffiffiffiffiffiffi
�3

p
2 Tg.

Then ½T : K� ¼ h is equivalent to
ffiffiffiffiffiffiffi
�1

p
=2 Tg. Hence

t3 ¼
ffiffiffiffiffiffiffi
�3

p
, so that �0ð3a21Þ ¼ �1.

(3) m ¼ 4. Since w0 ¼
ffiffiffiffiffiffiffi
�1

p
, ½T : K� ¼ h is

equivalent to Tgð
ffiffiffiffiffiffi
w0

p Þ ¼ Hgð
ffiffiffiffiffiffi
w0

p Þ % Hg, henceffiffiffi
2

p
=2 Tg. Noting t2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�0ð2a2Þ2

p
2 Tg, it follows

that dimA ¼ h is equivalent to �0ð2a2Þ ¼ �
ffiffiffiffiffiffiffi
�1

p
.

(4) m ¼ 12. In this case 6 j D and Tg ¼
Kð

ffiffiffiffiffiffiffi
�1

p
; tp ðpjDÞÞ. As in (3), if ½T : K� ¼ h, we

have �0ð2a2Þ ¼ �
ffiffiffiffiffiffiffi
�1

p
. Since ðt3=

ffiffiffi
3

p
Þ2 ¼ �0ð3a21Þ andffiffiffiffiffiffi

w0
p

=2 Tg, we obtain �0ð3a21Þ ¼ �1. The converse

is obvious.

2. Descent of abelian varieties.

Lemma 1. Let B be an abelian variety over a

number field M. Let L=M be a quadratic extension

in the algebraic closure M of M. Let h�i ¼
GalðL=MÞ and � is extended to an automorphism

of M. Assume that over L, B is a simple abelian

variety with complex multiplication by a CM

field T ð	MÞ. Let  B be the Hecke character of

ðB; �Þ with an isomorphism � : T ! ELðBÞ. Then

 �Bð¼ � B�
�1Þ is the Hecke character of ðB; ��0�Þ

where �0 : T ! T is an automorphism induced by

 BðPÞ !  BðP�Þ for prime ideals P of L prime to

the conductor of  B.

Proof. By [4, Prop. 1],  �B is the Hecke charac-

ter of ðB; ����1Þ. Since �ð BðPÞ� Þ is the Frobenius

endomorphism of B mod P
� , we have �ð BðP� ÞÞ ¼

�ð BðPÞÞ� , so that �� ¼ ��0.

Theorem 1. The notation being as in

Proposition 2 and assume h > 1. Let A be an h-

dimensional CM abelian variety over K. Let � be

the associated character of A. (Hence � satisfies

the conditions of Proposition 2.) Then A can be

descended to an abelian variety over Q if and only if

� satisfies one of the following conditions.

(1) m ¼ 2; �� ¼ �.

(2) m ¼ 6.
(2-i) �� ¼ � and �0ð3a1a�1Þ ¼ 1.

(2-ii) �� ¼ ��1 and �0ð3a1a�1Þ ¼ �1.

(3) m ¼ 4. (3-i) �� ¼ � and �ð2aa�Þ ¼ 1.
(3-ii) �� ¼ ��1 and �ð2aa�Þ ¼ �ð2a2Þ is of order 4.

(4) m ¼ 12.

(4-i) �� ¼ �, �0ð2aa�Þ ¼ 1 and �0ð3a1a�1Þ ¼ 1.
(4-ii) �� ¼ �5, �0ð2aa�Þ ¼ 1 and �0ð3Þ ¼ �1.
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(4-iii) �� ¼ �7, �0ð3a1a�1Þ ¼ �1 and �0ð2aa�Þ ¼ �0ð2a2Þ
is of order 4.

(4-iv) �� ¼ ��1 and �0ð2aa�Þ ¼ �0ð2a2Þ is of order 4.

(In case (4-ii) and (4-iv), the conductor of �0 is

prime to 3.)

Proof. Let  A be the Hecke character over K

associated to ðA; �Þ with � : T ! EKðAÞ. Assume

that A descends to an abelian variety over Q. By

Lemma 1,  �Að¼ � A�
�1Þ is the Hecke character of

ðA; ��0��1Þ for some �0 : T ! T . Then we have

� A�
�1 ¼ ���1

0  A. Since ��
�1
0 � ¼ �i for an integer i

prime to m, we get �� ¼ �i.

(1) m ¼ 2. Assume �� ¼ �. Let E be an elliptic

curve over H associated to �. We may assume

that �ðjEÞ ¼ jE. By [1, § 10], E descends to F ¼
QðjEÞ 	 H. Then ResH=KðEÞ is an h-dimensional

abelian variety over K of type � and descends to

ResF=QðEÞ.
(2) m ¼ 6. In this case we must have �� ¼ ��1.

As in (1) let E be an elliptic curve over H associated

to �0. Let k1=H be the extension of degree 3

corresponding to �1 ¼ �0�. k1 is Galois over Q. Then

Resk1=HðEÞ is isogenous to E � A0 where A0 is a 2-

dimensional abelian variety over H, which is of type

�. We see that  A0
¼  A 
NH=K has values in S ¼

Kð
ffiffiffiffiffiffiffi
�3

p
Þ 	 T and A0 can be descended to

F ¼ QðjEÞ. By Lemma 1 there exists �0 2 AutS

such that  A0
� ¼ �0 A0

and �0 ¼ � on K.

Claim. If �� ¼ �, then �0 ¼ � on S. If �� ¼ ��1,

then �0ð
ffiffiffiffiffiffiffi
�3

p
Þ ¼

ffiffiffiffiffiffiffi
�3

p
.

Proof of Claim. Assume first �� ¼ �. Since

there exists � 2 K such that  A0
ðð�ÞÞ ¼ �ð�Þ�

where �ð�Þ is a primitive 3rd root of unity,

 A0
ðð��ÞÞ ¼ �ð��Þ�� ¼ �ð�Þ��, so that �0 ¼ �. If �� ¼

��1, then  A0
ðð��ÞÞ ¼ �ð�Þ�� ¼  A0

ðð�ÞÞ�0 . Hence

�0ð�ð�ÞÞ ¼ �ð�Þ. This proves Claim.

Let L1 be the subfield of H corresponding to

hp3i in the ideal class group ClðKÞ of K with

p23 ¼ ð3Þ. Denote by F1 the fixed subfield of L1 by �.

Put B ¼ ResF=F1
ðA0Þ. Then B is isogenous to A1 �

A0
1 over L1 with  A1

¼  A 
NH=L1
and  A0

1
¼  A1

�1,

where �1 is a character of ClðKÞ such that �ðp3Þ ¼
�1. We have

EL1
ðBÞ ¼� S½T �=ðT 2 � t3

2Þ ¼� S � S

where t3 ¼
ffiffiffiffiffiffiffi
�3

p
. The conditions (2-i) and (2-ii)

are equivalent to  A1
� ¼ �0 A1

. If this holds, we

have  A0
1
� ¼ �0 A0

1
and EF1

ðBÞ ¼� S0 � S0 with S0 ¼
EF ðA0Þ. This implies that A1 and A0

1 can be

descended to F1 and hence A ¼ ResL1=KðA1Þ can

be descended to Q. Conversely if A is descended to

Q, then  A� ¼ � A for some � 2 AutC. This shows

 A1
� ¼ � A1

. Then EF1
ðBÞ ¼� S1 � S1 with S1 ¼

fa 2 S j �ðaÞ ¼ ag. Since EF1
ðBÞ is S0-algebra, we

find S0 ¼ S1, so that � ¼ �0. Hence (2-i) or (2-ii)

holds.

(3) m ¼ 4. We have �� ¼ ��1. Let k=H be the

quadratic extension corresponding to �2 and let E

be an elliptic curve defined over k corresponding to

�. Since k=Q is Galois and QðjEÞ has a real place, we

may assume that E is defined over F 0 ðQðjEÞ 	
F 0 	 kÞ, which is fixed by � (cf. [1; §10]). Put

A0 ¼ Resk=HðEÞ. Then A0 descends to ResF 0=F ðEÞ
over F . By analogous argument as in (2), we

obtain; EHðA0Þ ¼� Kð
ffiffiffiffiffiffiffi
�1

p
Þ and there exists �0 2

AutðKð
ffiffiffiffiffiffiffi
�1

p
ÞÞ such that  A0

� ¼ �0 A0
with �0 ¼ �

on K. Let L be the subfield of H corresponding to

hp2i in ClðKÞ with p22 ¼ ð2Þ. Denote by F2 the fixed

subfield of L by �. Put B ¼ ResF=F2
ðA0Þ. Then B is

isogenous over L to a direct product A1 � A0
1 of

abelian varieties and ELðBÞ ¼� S � S with S ¼
Kð

ffiffiffiffiffiffiffi
�1

p
Þ. As in (2) we see that A ¼ ResL=KðA1Þ

can be descended to Q if and only if A1 can be

descended to F2. Also this is equivalent to  A1
� ¼

�0 A1
, and we can check easily that this is equiv-

alent to our statement (3) in Theorem 1.

(4) m ¼ 12. Let � ¼ �0�1. If A is defined over Q,

then ��0 ¼ ��1
0 and ��1 ¼ ��1

1 . Let k and k1 be the

extensions of H corresponding to �20 and �1, respec-

tively. Using �0, we define E and A0 ¼ Resk=HðEÞ as
in (3). Then Resk1=HðA0Þ is isogenous to A0 � A0

0

over H, where A0
0 is a 4-dimensional abelian variety

corresponding to � with EHðA0
0Þ ¼ Kð

ffiffiffiffiffiffiffi
�1

p
;

ffiffiffiffiffiffiffi
�3

p
Þ.

Since A0 is defined over F , we may assume that A0
0

is defined over F . As in case (2) and (3), there exists

�0 2 AutðKð
ffiffiffiffiffiffiffi
�1

p
;

ffiffiffiffiffiffiffi
�3

p
ÞÞ such that  A0

0
� ¼ �0 A0

0
.

Let L0 be the subfield of H corresponding to hp2; p3i
in ClðKÞ and denote by F0 the fixed subfield of

L0 by �. Put B ¼ ResF=F0
ðA0

0Þ. Then over L0, B is

isogenous to a product C1 � C2 � C3 � C4 of four

abelian varieties. It follows that Ai ¼ ResL0=KðCiÞ
ði ¼ 1; 2; 3; 4Þ are abelian varieties over K of

type � and  Ai
¼  A1

�i ði ¼ 2; 3; 4Þ, where �i are
characters of Cl(K) such that they induce on hp2; p3i
distinct non-trivial characters. A is isogenous to

one of Ai ði ¼ 1; 2; 3; 4Þ. As in case (2) and (3), A

can be descended to Q if and only if  C1
� ¼ �0 C1

.

We can check that this is equivalent to the state-

ment (4) in Theorem 1. For example, in case (4-ii),

we have �0ð3a21Þ ¼ �0ð3a1a�1Þ ¼ �1. If the conductor
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of �0 is not prime to 3, write �0 ¼ �3 � �, where �3
has conductor p3 (see [2; §3]) and � has conductor

prime to 3. Putting a1 ¼
ffiffiffiffi
D

p
=3, we see 3a21 ¼

�3a1a
�
1. Since �3ð�1Þ ¼ �1, it follows that �0ð3a21Þ ¼

�3ð3a21Þ�ð3Þ ¼ �3ð�3a1a
�
1Þ�ð3Þ ¼ ��0ð3a1a�1Þ, a con-

tradiction. Hence the conductor of �0 is prime to 3.

3. Construction of characters. We are

going to construct explicitely characters � over K

with the following property; the CM abelian variety

A over K of type � can be descended to Q and has

dimension h. The characterization of such � is given

in Theorem 1. Let m be the order of �.

1. m ¼ 2. Then � corresponds to a Q-curve over

H whose Hecke character satisfy the condition (Sh)

in [2, §4]. Such � exists only when D is divisible by

8 or D has a prime divisor q with q � �1 mod 4.

A classification of � is given in [2, Theorem 2 and

Theorem 3].

2. m ¼ 6. Let � ¼ �0�1 be the decomposition

such that �0 has order 2 and �1 has order 3. Then �0
is a character in Case 1. Since ��1 ¼ ��1

1 , �1 corre-

sponds to a cubic extension k1=H such that k1=Q

is Galois.

3. m ¼ 4. For a rational prime ‘, we denote by

U‘ the local unit group UðK �Q‘Þ at ‘. We can

think of � as a character of UK ¼
Y
‘

U‘. Then we

can write uniquely � ¼
Q

‘ �‘, where �‘ is a character

of U‘ of order dividing 4. It is obvious that �� ¼ �

(resp. �� ¼ ��1) if and only if ��‘ ¼ �‘ (resp. �
�
‘ ¼ ��1

‘ )

for every ‘. Let us ask for a local character � of U‘
of order 4 such that �� ¼ ��1 and �ð2a2Þ is of order
4, where 2a2 ða 2 K�Þ is prime to ‘.

(i) ‘ 6 j D. Since �� ¼ ��1, we find that �ðF�
‘ Þ ¼

�1 and �ð2a2Þ ¼ �ð2Þ ¼ �1.

(ii) ‘ j D; ‘ 6¼ 2. Since �2ð2Þ ¼ 2

‘

� �
¼ �1, we

must have ‘ � 5 mod 8. In this case there exists

only two characters ��1 of order 4 such that �� ¼
��1 and �ð2Þ is of order 4.

(iii) ‘ ¼ 2. We use the notation of [2, § 2]. Let

X0
2 be the set of characters 	 : U2 ! �1 such that

	� ¼ 	. We cosider in cases.

I. D � �4m with m ¼ 1þ 4k. If we put a ¼
1þ

ffiffiffiffiffiffi
�m

p

2 , then 2a2 ¼ ffiffiffiffiffiffiffiffi�mp � 2k and 2aa� ¼ 1þ 2k.

Since �2 2 X0
2 ¼ h��4; �8i by [2, Proposition 2], we

have �ðZ�
2 Þ ¼ �1. Put c1 ¼

ffiffiffiffiffiffiffiffi�mp
and c3 ¼ 3�

2
ffiffiffiffiffiffiffiffi�mp ð2 1þ p32Þ, then

ð1þ p2Þ=ð1þ p
6
2Þ ¼� hc1i � hc3i � h5i

where hc1i and hc3i are cyclic of oeder 4. Let 


be a character of U2 such that 
ðc1Þ ¼
ffiffiffiffiffiffiffi
�1

p
,


ðc3Þ ¼ 
ð5Þ ¼ 1. Then 
� ¼ 
, 
2 ¼ ��4, 
ð�1Þ ¼
�1 and 
ð2a2Þ is of order 4. We have


ð2aa�Þ ¼ 1 if m � 1 mod 8

�1 if m � 5 mod 8.

�

Let � be a character of U2 such that �ðc3Þ ¼
ffiffiffiffiffiffiffi
�1

p

and Ker � ¼ hc1; Z�
2 i. Then �� ¼ � and �ð2aa�Þ ¼

1. Moreover we have; if m � 1 mod 8, then �2 ¼ �8
and �ð2a2Þ ¼ �1; if m � 5 mod 8, then �2 ¼ �8��4

and �ð2a2Þ is of order 4. Therefore if m � 1 mod 8,


 and 
� satisfy the condition (3-i) of Theorem 1.

For an odd prime divisor p of D, �p denotes the

unique quadratic character of Up. If m � 5 mod 8,

then m has a prime divisor p with p � 5 mod 8 or a

pair of prime divisors q1; q2 satisfying q1 � 3 mod 8

and q2 � �1 mod 8. We check easily that �p
 and

�q1�q2
 satisfy the condition (3-i) of Theorem 1. We

denote by 
0 either �p
 or �q1�q2
. Further if m ðm �
5 mod 8Þ has a prime divisor q with q � 7 mod 8,

then �q� also satisfies the condition (3-i) of

Theorem 1.

II. D ¼ �8m. We put a ¼
ffiffiffiffiffiffiffiffiffiffiffi
�2m

p
=2. Then

�m ¼ 2a2 and m ¼ 2aa�. By [2, Proposition 2],

X0
2 ¼ h��8; �4i if m � 1 mod 4 and X0

2 ¼ h�8; �4i if
m � �1 mod 4. If m � 1 mod 4, then �2 ¼ �4
because ��8ð�1Þ ¼ �1. Since �4ð�mÞ ¼ 1, we see

�ð�mÞ ¼ �1. Hence there are no characters satisfy-

ing (3) of Theorem 1 in this case.

Suppose m � �1 mod 4. Let � be a character

of ðZ=32ZÞ� such that �ð5Þ is of order 8 and

�ð�1Þ ¼ 1. Define ! ¼ � 
 NK=Q. Then ! is a char-

acter of U2 of order 4 with the following properties;

if m � 3 mod 8, then !ð�mÞ is of order 4 and !2 ¼
�8�4 and if m � 7 mod 8, then !ð�mÞ ¼ �1 and

!2 ¼ �8. Put c1 ¼ 1þ
ffiffiffiffiffiffiffiffiffiffiffi
�2m

p
, then U2=Z

�
2 U

4
2 ¼� hc1i

is cyclic of order 4. Hence we can define a character

� of U2 of order 4 by �ðc1Þ ¼
ffiffiffiffiffiffiffi
�1

p
and �ðZ�

2 Þ ¼ 1.

We have �� ¼ � and �2 ¼ �4. Sincem � 3 mod 8,m
has a prime divisor q with q � 3 mod 4. Then �1 ¼
�q! satisfies the condition (3-ii) of Theorem 1.

Summing up the above arguments, we obtain

the following results.

(a) The set of characters C satisfying the

condition (3-i).

Let Y be the set of quadratic characters � of UK
such that

�� ¼ �; �ð�1Þ ¼ �ð2aa�Þ ¼ 1:

If D ¼ �4m, m � 1 mod 8, then C ¼ 
 Y [ 
� Y .
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If D ¼ �4m, m � 5 mod 8, then C ¼ 
0 Y . Further-

more if m has a prime divsor q with q � 7 mod 8,
then C ¼ �q� Y .

(b) The set of characters C0 satisfying the

condition (3-ii).

Let Y 0 be the set of characters � of UK of order

dividing 4 such that

�� ¼ ��1; �ð�1Þ ¼ 1; �ð2a2Þ ¼ �ð2aa�Þ ¼ �1:

If D has a prime divisor p with p � 5 mod 8, we
have C0 ¼ �pY

0.
If D ¼ �8m with m � 3 mod 8, for a prime divisor

q of D with q � 3 mod 4, we have C0 ¼ �q! Y
0.

Remark 3. In case D ¼ �8m with m �
3 mod 8, the character �2 ¼ ��8�! satisfies

�
�
2 ¼ ��1

2 ; �2ð�1Þ ¼ �1; �2ð�mÞ : of order 4:

Since �2ð�mÞ 6¼ �2ðmÞ, �2 does not satisfy (3-ii).

4. m ¼ 12. Let � ¼ �0�1 be the decomposition

such that �0 has order 4 and �1 has order 3.

According to �
�
1 ¼ �1 or �

�
1 ¼ ��1

1 , it suffices to choose

�0 from the characters constructed in case 3 to

satisfy the conditions (4) of Theorem 1.
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