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Small gaps between primes exist
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Abstract: In the preprint [3], Goldston, Pintz, and Yildirim established, among other
things,
(0) lim inf 22— Pn
n—oo  logpn

with p, the nth prime. In the present article, which is essentially self-contained, we shall develop
a simplified account of the method used in [3]. We include a short expository last section.

Key word: Prime number.

In this section we shall
prove an asymptotic formula relevant to Selberg’s
sieve, which is to be modified so as to involve primes
in the next section. The two asymptotic formulas
thus obtained will be combined in a simple weighted
sieve setting, and give rise to (0) in the third section.

Let N be a parameter increasing monotonically
to infinity. There are four other basic parameters
H, R, k,? in our discussion. We impose the following
conditions to them:

(1.1)

1. Basic lemma.

H < logN < logR <logN,
and
(1.2) integers k,¢ > 0 are arbitrary but bounded.

To prove a quantitative assertion superseding (0),
we need to regard k, ¢ as functions of N; but for our
present purpose the above is sufficient (this aspect
is to be discussed in the publication version of [3]
and its continuations). All implicit constants in the
sequel are possibly dependent on k,¢ at most; and
besides, the symbol ¢ stands for a positive constant
with the same dependency, whose value may differ
at each occurrence.
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Let

H:{hl,hg,...,hk}g [l,H]ﬂZ,

with h; # h; for i # j. For a prime p, let Q(p) be the
set of different residue classes among —h (mod p),
h € H, and write n € Q(p) instead of n (mod p) €
Q(p). We call H admissible if

(1.3) [Q(p)| <p forall p,

and assume this unless otherwise stated. We extend
Q multiplicatively, so that n € Q(d) with square-
free d if and only if n € Q(p) for all p|d, which is
equivalent to d|P(n; H) with P(n;H) = (n+hy1)(n+
hg)---(n + hg). Also, we put, with p the Mdbius
function,

0 if d> R,
Ar(dsa) =41 R\* |
a,u(d) <log d) if d<R,
and
Ap(niH,a) = > Ag(dsa)
ne(d)
1 R\
= Z p(d) (log d) .
" d|P(n;H)
d<R
With this, we shall consider the evaluation of
(1.4) > Ar(mH k+0)

N<n<2N

Expanding out the square, we have

> Ar(diik + OAg(dask +0)
dy,d2

> 1.

N<n<2N
n€eQ(dy),neN(dz2)
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The condition on n is equivalent to n € Q([dy, d2]),
with [dy,ds] the least common multiple of the two
integers; and (1.4) is equal to

2
NT +0 (Zm |/\de+£)|> ,

in which
Q([dy, da))
T = Z' 1, da]) >\R(d1;k+£))\3(d2;k+€).
dy.ds d17d2

We have |Q(d)| < 7,(d) with the generalized divisor
function 75,. Thus

> Ar(niH,k+10)°
N<n<2N

On noting that for @ > 1

_ wu(d) R\® ds
)\R(dva) = 2 /(1) <d ga+1’

with («) the vertical line in the complex plane pass-
ing through a, we have

=NT + O (R*(log R)°) .

RS1+82

dsi d
2’]TZ /1)/ 817 527 8132)k+€+1 S1 AS2,
where
[€2([d1, d2))|
F Q) = di)p(de) ——— =555
(81,827 ) ZN( 1):“( 2)[d1,d2]dild§2
dy,d2
Q 1 1 1
(-9 L)
D p51 pé’z p<51+é2
P
in the region of absolute convergence.
Since |Q(p)| = k for p > H, we put
G(Sl,SQ;Q)
(1.5) ((s1+ D)¢(s2 +1)\*
= F(s1,52;Q ;
(o152 )( (1t +1) )

with ¢ the Riemann zeta-function. This is regular
and bounded for Res;,Ress > —c. In particular,
we have the singular series

&(H) =G(0,0,2) =]] (1-'QW) (1—1>k,

» p p

which does not vanish, because of (1.3). We have

the bound

G(s1,52;9)
(1.6) oy
< exp (c(log N)~*7 loglog log N) ,

with min(Re s1,Re s2,0) = 0 > —¢, as can be seen
via the Euler product expansion of the right side
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of (1.5). In fact, the part corresponding to those
p > H is uniformly bounded in the indicated region
since |Q(p)| = k; and the logarithm of the remain-
ing part is estimated to be < H 27 Z <up —1. Note
that the restrictions (1.1) and (1.2) are relevant here.

Now, we have

e i)

R81+82
X —— .
(s15)ktt+1 dsydss

Let us put U = exp(y/Iog N), and shift the s; and
sa-contours to the vertical lines co(log U) ™! + it and
to co(2logU)~! +it, t € R, respectively, with a suf-
ficiently small constant ¢y > 0; necessary facts about
the functions ¢ and 1/¢ can be found in [4, Sec-
tion 3.11], from which the choice of ¢ transpires.
We truncate the contours to |t| < U and |t| < U/2,
and denote the results by L; and Lo, respectively.
On noting (1.1) and (1.6), we have readily that

1
_(27T7,)2/L2 LIG(Sl,SQ,Q)

C(Sl +52+1) k Rsits2
g <C(51+1)<(82+1)> (5189)kFE+1 dsids;
+0 (exp(—ey/logN) ).

We then shift the s;-contour to Lz: —co(logU)~! +
it, |t| < U. We encounter singularities at s; = 0
and s; = —So, which are poles of orders £+ 1 and k,
respectively. We have

1
— {Res 4+ Res } dss
(17) 27TZ Lo 51=0 S1=—82

0 o -evmen).

in which we have used (1.6). We rewrite the residue,

and have
1
Res — G(s1,52;82)
S1=—S2 27T'Z C(s2)

RSt +s2

((s1+s2+1) \"
* (C(81 + 1)C(s2 + 1)) (5159)FTEHT

with the circle C(s2): |s1+s2| = (log N)~L. By (1.6),
we have G(s1, s2; ) < (loglog N)% ((s1+s2+1) <
log N; R$1T52 < 1. Also, since |so] < [s1] < [s2],
we have (s1¢(s1+ 1)) 7! < (|s2] + 1)t log(|s2| + 2),
loc.cit. Thus

dsla
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Res < (log N)* *(loglog N)¢
S§1=—S82
1.8
(18) log([sal +2)\** | ars
X |52| .
|82| +1

Inserting this into (1.7), we get

1
T=— {Res} dss
271 Lo s1=0

+0 ((log N)k+=1/2(log log N)c> .

(1.9)

To evaluate the last integral, we put
Z(Sl, 82) = G(Sl, 593 Q)

y <(51 + 52)C(s1 + S2 + 1))’“
s1¢(s1 +1)s2C(s2+1) ) 7

which is regular in a neighborhood of the point (0, 0).
Then we have

R= 9\ A ,

RGS = w () {(81782)]{:R51} .

s1=0 (s, 951/, o (51 + s2)
We insert this into (1.9) and shift the contour to
Ly —co(logU)~t +it, |t| < U/2. We see the new
integral is O(exp(—c\/log N)); the necessary bound
for the integrand can be obtained in much the same
way as in (1.8). Thus

T = Res Res +O((log N)FFE)

52—0 81—

27rz /02 /01

+ O((log N)*t1),

81, 32 R81+82

(s1+ s2)k(s182)0*1

d81 dSQ

where Cy, Cy are the circles |s1]| = p, [s2| = 2p, with
a small p > 0. We write s; = s, so = s£. Then the
double integral is equal to

27rz /03 /01

where Cj is the circle [¢] = 2. This is equal to
7 1 20
(070) ) (IOgR)kH_Qe/ (§+ ) dé—
C3

Z(s, s&)Re(EHY)
(€ 1 1)kgtrighsaert @8 3

2mi(k + 20)! gett
+ O((log N)EF2=1(log log N)°),

6); note that Z(0,0) = S(H).
Hence, we have obtained our basic implement:
Lemma 1. If (1.1) and (1.2) hold, then we

have, for R < N2 /(log N) with a sufficiently large

C > 0 depending only on k and ¢,

where we have used (1.
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Z Agr(n;H, k+€)?

N<n<2N
1.10 S(H) (2t 20
o (kHz)!(e)N(lOgR)kH

+ O(N(log N)*+2~1(log log N)°).

2. Twist with primes. Next, let w(n) be
equal to logn if n is a prime, and to 0 otherwise; and
let us consider the evaluation of the sum

(2.1) > @+ h)Ar(n;H, k+0)%,
N<n<2N

with an arbitrary positive integer h < H. We first

observe that this is equal to

(2.2) > @+ h)Ar(n;H\ {h},k+0)?,
N<n<2N

provided R < N; in fact, if w(n + h) # 0 and h €
H, then the factor n + h of P(n;H) is irrelevant in
computing Ar(n; H; k + £).

We shall work on the assumption: There exists
an absolute constant 0 < # < 1 such that we have,
for any fixed A > 0,

* (. Y
mgx max ¥ (y;a,q) — '
(2.3) g<z® '=" (a, B=1 ¢(q)
Y —
(log )

with

@(n),

P yag) = Y

y<n<2y
n=a mod q
where ¢ is the Euler totient function, and the implicit
constant depends only on A.
We assume that

R< N2,
In particular,
n (2.1).
With this, expanding out the square in (2.1), we
see that the sum is equal to

we may assume also that h ¢ H

(2.4)
> Arldiik + OAr(das k + €)
dy,ds
XY 3((b+ b, [dr, da])9* (N3 b+ By [dy, do))
beQ([dy,d2])
+O(R*(log N)°),

where () is the unit measure placed at = = 1, be-
cause 9*(N;b+ h,[d1,d2]) = 0 if b+ h and [dy, do)
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are not coprime. Then, by (2.3), this is equal to

N N
with
Ar(di;k + OAg(das k + £)
T =
dE; ¢([d1, da])
(2.6) 12
x> 8((b+ h,[di, da))).
beQ([dy,d2])

The error term in (2.5) might require an explana-
tion: We consider first the part of (2.4) in which
‘Q([dl,dg]” < Tk([dl,dg]) < (IOgN)A/2. Note that
then |[{d1,dz2: [d1,d2] = d}| = 73(d) is less than
(log N)(Alog3)/(2log k) - WWith this, we appeal to (2.3).
On the other hand the remaining part is

< N(log R)? (k+0) 1og N

7k ([d1, da]) [Q([d1, do])|
" dl,dzz:gR (log N)A/2  [dy, ds]
N
< Qlog N)A75

provided A is sufficiently large.
It remains for us to evaluate 7 *.
of (2.6) is equal to

IIT | > s@+np)|=

plld1,d2] \bEQ(p)

The inner sum

II (e mi-.

plld1,d2]

Here QO corresponds to the set HT = H U {h}. In
fact, 6((b + h,p)) vanishes if and only if —h € Q(p);
and the latter is equivalent to Q(p) = Q7 (p). Note
that the analogue of (1.3) for QT can be violated.
Nevertheless, we have, as before,

(27 .
Q -1
27” /1)/ < | (_)‘1

RSt +s2

1
' (psl + ps2 - p81+82)> (5152)k+€+1
For p > H, we have |Q"(p)| = k + 1, as we have
h ¢ H. Thus, we consider the function

) (<<sl +1)¢(s2 + 1>>’“

» C(51+82+1)

dSl dSQ.

as in (1.5). If HT is admissible, the singular series
is 6(H™") and the argument and computation of res-
idues is analogous to the above. We find that pro-
vided h ¢ H

[Vol. 82(A),

. S(HY) (20
() tosr
+ O ((log N)**+2~1(log log N)°) .

On the other hand, if H™ is not admissible, i.e
S(H') = 0, then the Euler product in (2.7) vanishes
at either s; = 0 or sy = 0 to the order equal to the
number of primes such that |Q7(p)| = p. However,
since we have then p < k + 1, the necessary change
to the above reasoning results only in the lack of the
main term in (2.8) and the error term remains to be
the same or actually smaller.

(2.8)

Finally, if h € ‘H, then the above evaluation ap-
plies with the translation k — k—1, £ — ¢+1 to (2.8)
because of (2.2).

From this, we obtain
Lemma 2. If (1.1),
then we have, for R < N/,
(2.9)
Z w(n 4 h)Ar(n; H, k + £)?
N<n<2N
S(HU{h}) [2¢ &
Dt Sl S0 V) N(1 +2¢
G20 \ ) NUoeR)
+ O(N(log N)k*+2=1(loglog N)°) if h¢™H,

S(H)  (2(6+1)
(k+2£+1)'< 0+1 )N(IOgR)H%H

+ O(N(log N)¥*+2¢(log log N)©)

(1.2), and (2.3) hold,

if heM.

3. Proof of (0). We are now ready to prove
the assertion (0). To this end, we shall evaluate the
expression

Z Z w(n+ h) —log3N

HC[1,H] N<n<2N \ h<H
[H|=k

(3.1)

x Ar(n;H, k+£)2,

where we set R = N%/2 so that both (1.10) and (2.9)
hold. If (3.1) turns out to be positive, then there
exists an integer n € (N, 2N] such that

> @(n+h) —log3N > 0.

h<H
That is, there exists a subinterval of length H in
(N,2N + H] which contains two primes; hence

min  (pr1 —pr) < H.

N<p,<2N+H
Here, we need to quote from [2],
> 8(H)=(1+0(1)H",

HC[1,H]
|Hl=k

(3.2)
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as H tends to infinity; note that the permutations
of the elements {hy,...,h;} are counted on the left
side. With this and Lemma 1, we see that (3.1) is
asymptotically equal to

IEED SRR DIEDD

HC[1,H] N<n<2N | h<H h<H
|H|=k h¢H heH

x w(n 4 h)Ar(n; H, k + £)?
1 20
- NH*(log N)(log R)"2*
(k+2£)!(€> (log N)(log R)*™,
with an error of the size of o(NHF(log N)*2¢+1),
By Lemma 2 and (3.2) with an appropriate replace-

ment of H, this is asymptotically equal, in the same
sense, to
(3.3)
1 20
NHk+1 1 R k+2¢
(k+2€)!(€> (log )
k

2(6+1) k k
NH*( 2
+(k+2£+1)!( 041 ) (log )

1 (2

- NHkl N)(1 k+2¢
(k+2€)!(€> (log V) (log )

B k 2020+ 1)

{H+k+25+1' I+1

L <2£> NH*(log R)**2¢.

~logRlogN}

20\ ¢
Hence (3.1) is positive, provided
H k 2020+1) 0
34) ——_ >14e— : .
(34) log N — te k+20+1 £4+1 2

with any fixed € > 0. Therefore, with ¢ = [\/E }, say,
we obtain
liminf 22220 < hax 0,1 — 26} .
n—0o0 logpn
In particular, the Bombieri-Vinogradov prime num-
ber theorem [1, Théoréme 17] gives rise to the asser-
tion (0), since we may choose 6 to be any number
less than 1/2.
Finally, we shall exhibit a conditional assertion:
If (2.3) holds with an absolute constant § > 1/2,
then there will be infinitely many n such that p, 11—
Pn < ¢(f) with an absolute constant ¢(6). In fact, we
would be able to suppose H > ¢(f) in the above as
far as (3.3), and the assertion follows immediately.
4. Exposition. The principal idea in [3] is
the amazing effect induced by the introduction of
the parameter ¢ in (1.4). The sieve with weight
w(d)(logm/d)*+%, dim, applied to the polynomial

Small gaps between primes exist 65

m = P(n;H) detects n with which P(n;H) has k+/¢
distinct prime factors at most, implying that the in-
tegers n + h;, j < k, are mostly primes, provided k
is large compared with ¢, and P(n;H) is squarefree;
note that those n such that P(n;H) is not squarefree
are easily excluded. By a standard method in this
field, we approximate these weights by Ag(d; k + £),
and consider the Selberg sieve situation (1.4), with
the parameters £ and R at our disposal. An asymp-
totic formula for the sum (1.4) is given in (1.10).
Then, to detect at least two primes among n + h;,
7 < k, a usual weighted sieve situation is consid-
ered at (3.1); for this the asymptotic formula (2.9) is
needed. The upshot is condensed in (3.3) and (3.4).
The proof of (0) requires that both k and ¢ can
be taken appropriately and the Bombieri-Vinogradov
prime number theorem be available.

Rendering the above more technically, the rea-
son for success lies not only in the introduction of the
parameter ¢ but also in the trivial fact (2.2), which
brings forth the translation ¢ — ¢ 4 1 as remarked
in the proof of Lemma 2. This introduces the factor
(2(“1)) on the right of (2.9). One should note that

41
CUED) /() = 220+ 1)/(¢€ + 1), which tends to 4
as ¢ — oo. This is extremely critical when appealing
to the Bombieri-Vinogradov prime number theorem.
On the other hand, the translation k — k—1 does not
cause any effect as long as k is much larger than /.
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