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Lp-Lq maximal regularity and viscous incompressible flows

with free surface

By Yoshihiro Shibata∗) and Senjo Shimizu∗∗)

(Communicated by Shigefumi Mori, m. j. a., Nov. 14, 2005)

Abstract: We prove the Lp-Lq maximal regularity of solutions to the Neumann problem
for the Stokes equations with non-homogeneous boundary condition and divergence condition in a
bounded domain. And as an application, we consider a free boundary problem for the Navier-Stokes
equation. We prove a locally in time unique existence of solutions to this problem for any initial
data and a globally in time unique existence of solutions to this problem for some small initial
data.

Key words: Stokes equations; Neumann boundary condition; maximal regularity; Navier-
Stokes equations; free boundary problem.

We consider a certain time dependent problem
with free surface for the Navier-Stokes equations
which describes the motion of an isolated finite vol-
ume of viscous incompressible fluid without taking
surface tension into account. The region Ωt ⊂ Rn,
n = 2, occupied by the fluid is given only on the ini-
tial time t = 0, while for t > 0 it is to be determined.
The velocity vector field v(x, t) = (v1, . . . , vn)∗ and
the pressure θ(x, t) for x ∈ Ωt satisfy the Navier-
Stokes equations (cf. [4]):

vt + (v · ∇)v −DivS(v, θ) = f(x, t)(1)

in Ωt, t > 0

div v = 0 in Ωt, t > 0

S(v, θ)νt + θ0(x, t)νt = 0 in Γt, t > 0

v|t=0 = v0 on Ω.

Here, M∗ denotes the transpose of M , Γt denotes the
boundary of Ωt and νt(x) is the unit outer normal
to Γt at the point x ∈ Γt, and ∇ = (∂1, . . . , ∂n) with
∂i = ∂/∂xi. S(v, θ) is the stress tensor defined by
the formula:

S(v, θ) = D(v)− θI,

whereD(v) is the deformation tensor of the velocities
with elements Dij(v) = ∂ivj +∂jvi and I is the n×n
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identity matrix. Writing S = (Sij), we have set

DivS =

 n∑
j=1

∂jS1j , . . . ,

n∑
j=1

∂jSnj

∗ .
The external force f(x, t) and the pressure θ0(x, t)
are functions defined on the whole space. In what
follows, we shall always assume that θ0(x, t) = 0,
since we can arrive at this case by replacing θ(x, t)
by θ + θ0.

Aside from the dynamical boundary condition,
a further kinematic condition for Γt is satisfied, from
which it follows that Γt consists of points x = x(ξ, t),
ξ ∈ Γ0, where x(ξ, t) is the solution of the Cauchy
problem:

(2)
dx

dt
= v(x, t), x|t=0 = ξ.

This expresses the fact that the free surface Γt con-
sists for all t > 0 of the same fluid particles, which
do not leave it nor plunge into Ωt. It is clear that
Ωt = {x = x(ξ, t) | ξ ∈ Ω0}. We denote Ω0 by Ω.

The problem (1) can therefore be written as an
initial boundary value problem in the given region Ω0

if we go over from the Euler coordinates x ∈ Ωt to the
Lagrange coordinates ξ ∈ Ω connected with x by (2).
If a velocity vector field u(ξ, t) = (u1, . . . , un)∗ is
known as a function of the Lagrange coordinates ξ,
then this connection can be written in the form:

x = ξ +
∫ t

0

u(ξ, τ) dτ ≡ Xu(ξ, t).

Passing to the Lagrange coordinate in (1) and setting
θ(Xu(ξ, t), t) = π(ξ, t), we obtain
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ut −Div[S(u, π) + U(u, π)] = f(Xu(ξ, t), t)(3)

in Ω× (0, T0)

div u+ E(u) = div[u+ Ẽ(u)] = 0

in Ω× (0, T0)

[S(u, π) + U(u, π)]ν = 0 on Γ× (0, T0)

u|t=0 = u0 in Ω.

Here and hereafter, Ω is a bounded domain in Rn,
n = 2, whose boundary Γ is assumed to be a C2,1

compact hypersurface, ν is the unit outer normal to
Γ, U(u, π), E(u) and Ẽ(u) are nonlinear terms of the
following forms:

U(u, π) = V1

(∫ t

0

∇u dτ
)
∇u+ V2

(∫ t

0

∇u dτ
)
π

E(u) = V3

(∫ t

0

∇u dτ
)
∇u

Ẽ(u) = V4

(∫ t

0

∇u dτ
)
u

with some polynomials Vj( · ) of
∫ t

0
∇u dτ , j =

1, 2, 3, 4, such as Vj(0) = 0. As a linearized prob-
lem of (3), we obtain the following problem:

ut −DivS(u, π) = f in Ω× (0, T0)(4)

div u = g = div g̃ in Ω× (0, T0)

S(u, π)ν|Γ = h, u|t=0 = u0.

Our purpose of this paper is to state Lp-Lq max-
imal regularity result for (4) and locally in time for
any initial data and globally in time for small ini-
tial data unique existence theorems for (3). To state
our theorems precisely, we now introduce the func-
tion spaces and some symbols. Let p and q denote
exponents ∈ [1,∞], ` and m non-negative integers, I
an interval of R, D a domain in Rn and X a Banach
space with norm ‖ · ‖X . Let Lq(D) and Wm

q (D)
denote the usual Lebesgue space and Sobolev space
of order m on D and their norms are denoted by
‖ · ‖Lq(D) and ‖ · ‖W m

q (D), respectively. Let Lp(I,X)
and W `

q (I,X) denote the usual Lebesgue space and
Sobolev space of order m for the X-valued func-
tions defined on I and their norms are denoted by
‖ · ‖Lp(I,X) and ‖ · ‖W `

q (I,X), respectively. Set

W `,m
q,p (D × I) = Lp

(
I,W `

q (D)
)
∩Wm

p (I, Lq(D))

‖u‖W `,m
q,p (D×I) = ‖u‖Lp(I,W `

q (D)) + ‖u‖W m
p (I,Lq(D))

W 1
p,0((0, T0), X)

=
{
u ∈W 1

p ((−∞, T0), X) | u = 0 for t < 0
}
.

Given α ∈ R, we set

〈Dt〉αu(t) = F−1
[(

1 + s2
)α/2 Fu(s)

]
(t)

Hα
p (R, X) = {u ∈ Lp(R, X) | 〈Dt〉αu ∈ Lp(R, X)}
‖u‖Hα

p (R,X) = ‖〈Dt〉αu‖Lp(R,X) + ‖u‖Lp(R,X),

where F and F−1 denote the Fourier transform and
its inverse, respectively. Set

H1,1/2
q,p (D ×R) = H1/2

p (R, Lq(D)) ∩ Lp

(
R,W 1

q (D)
)

‖u‖
H

1,1/2
q,p (D×R)

= ‖u‖
H

1/2
p (R,Lq(D))

+ ‖u‖Lp(R,W 1
q (D))

H
1,1/2
q,p,0 (D × (0,∞))

=
{
u ∈ H1,1/2

q,p (D × (0,∞))
∣∣∣ u(t) = 0 for t < 0

}
.

Finally, given 0 < T0 5∞ we set

H1,1/2
q,p (D × (0, T0))

=
{
u
∣∣∣ ∃v ∈H1,1/2

q,p (D ×R), u= v on D × (0, T0)
}

‖u‖
H

1,1/2
q,p (D×(0,T0))

= inf

{
‖v‖

H
1,1/2
q,p (D×R)

∣∣∣∣∣ ∀v ∈H
1,1/2
q,p (D ×R),

v=u on D × (0, T0)

}
H

1,1/2
q,p,0 (D × (0, T0))

=

{
u

∣∣∣∣∣ ∃v ∈H
1,1/2
q,p,0 (D × (0,∞)),

u= v on D × (0, T0)

}
‖u‖

H
1,1/2
q,p,0 (D×(0,T0))

= inf

{
‖v‖

H
1,1/2
q,p (D×R)

∣∣∣∣∣ ∀v ∈H
1,1/2
q,p,0 (D × (0,∞)),

v=u on D × (0, T0)

}
.

To state our main results concerning the unique
existence of solutions to (4), we start with the an-
alytic semigroup approach to the initial-boundary
value problem:

ut −DivS(u, π) = 0 in Ω× (0,∞)(5)

div u = 0 in Ω× (0,∞)

S(u, π)ν|Γ = 0, u|t=0 = u0.

First of all we introduce the second Helmholtz de-
composition corresponding to (5). Set

Jq(Ω)

= {u = (u1, . . . , un)∗ ∈ Lq(Ω)n | div u = 0 in Ω} ,
Gq(Ω) =

{
∇π

∣∣ π ∈W 1
q (Ω), π|Γ = 0

}
.

Then, by Grubb and Solonnikov [2] we know that
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Lq(Ω)n = Jq(Ω)⊕Gq(Ω)

for 1 < q <∞, where ⊕ denotes the direct sum. Let
Pq be the solenoidal projection: Lq(Ω)n → Jq(Ω)
along Gq(Ω). To introduce the generalized Stokes
operator with Neumann boundary condition, we con-
sider the resolvent problem corresponding to (5):

λv −DivS(v, θ) = Pqf, div v = 0 in Ω,(6)

S(v, θ)ν|Γ = 0.

Applying the divergence to (6) and multiplying the
boundary condition by ν, we have

(7) ∆θ = 0 in Ω, θ|Γ = ν · [D(v)ν]− div v|Γ,

where we have used the facts that div u = 0 in Ω and
ν · ν = 1 on Γ. We know that given v ∈W 2

q (Ω)n (7)
admits a unique solution θ ∈ W 1

q (Ω). From this
point of view, let us define the map K : W 2

q (Ω) →
W 1

q (Ω) by θ = K(v) for v ∈ W 2
q (Ω). By using this

symbol, (6) is rewritten in the form:

λv −DivS(v,K(v)) = Pqf in Ω,(8)

S(v,K(v))ν|Γ = 0.

We know that (6) and (8) are equivalent (cf. Grubb
and Solonnikov [2]). We set

Aqv = −DivS(v,K(v)) for v ∈ D(Aq)

D(Aq)

=
{
v ∈ Jq(Ω) ∩W 2

q (Ω)n
∣∣ S(v,K(v))ν|Γ = 0

}
.

Aq with domain D(Aq) is our generalized Stokes op-
erator with the Neumann boundary condition. From
Grubb and Solonnikov [2] and Shibata and Shimizu
[3] we know the following fact.

Theorem 1. Let 1 < q < ∞. Then, Aq gen-
erates an analytic semigroup {e−Aqt}t=0 on Jq(Ω).

Now, we shall state our maximal regularity re-
sult for (4). The first one is concerned with the lo-
cally in time maximal regularity result for (4).

Theorem 2. Let 1 < p, q < ∞ and T0 > 0.
Set

Dq,p(Ω) = [Jq(Ω),D(Aq)]1−1/p,p

where [ · , · ]θ,p denotes the real interpolation functor.
If initial data u0 and f, g, g̃ and h for (4) satisfy the
condition:

u0 ∈ Dq,p(Ω), f ∈ Lp((0, T0), Lq(Ω))n

g ∈ Lp

(
(0, T0),W 1

q (Ω)
)

g̃ ∈W 1
p,0((0, T0), Lq(Ω))n

h ∈ H1,1/2
q,p,0 (Ω× (0, T0))n

then (4) admits a unique solution

(u, π) ∈W 2,1
q,p (Ω× (0, T0))n × Lp

(
(0, T0),W 1

q (Ω)
)

which enjoys the estimate:

‖u‖W 2,1
q,p (Ω×(0,T0))

+ ‖π‖Lp((0,T0),W 1
q (Ω))

5 C(1 + T0)
{
‖u0‖Dq,p(Ω) + ‖f‖Lp((0,T0),Lq(Ω))

+ ‖h‖
H

1,1/2
q,p,0 (Ω×(0,T0))

+ ‖g‖Lp((0,T0),W 1
q (Ω))

+ ‖g̃‖W 1
p ((0,T0),Lq(Ω))

}
,

where the constant C is independent of T0, u, π, f, g, g̃

and h.
To state the globally in time maximal regularity

result for (4), we have to introduce the rigid space
Rd which is defined by

Rd =

{
Ax+b

∣∣∣∣∣ A : n×n anti-symmetric matrix,

b ∈ Rn

}
.

In fact, we know that u satisfies the condition:
D(u) = 0 if and only if u ∈ Rd and that if u ∈
Rd, then div u = 0. Therefore, if u ∈ Rd, then u

satisfies (4) with f = g = g̃ = h = 0 and u0 = u.
In order for a solution (u, π) to (4) with T0 = ∞ to
be summable in (0,∞), we have to eliminate such
solutions in Rd. Let p` ∈ Rd, ` = 1, . . . ,M , be the
basis of Rd, which are normalized such as

(p`, pm)Ω = δ`m, `,m = 1, . . . ,M,

where δ`m is the Kronecker delta symbol. We have
the following theorem.

Theorem 3. Let 1 < p, q < ∞. Then, there
exists a γ0 > 0 such that if initial data u0 and f, g, g̃
and h for (4) with T0 =∞ satisfy the following con-
ditions:

u0 ∈ Dq,p(Ω), eγtf ∈ Lp((0,∞), Lq(Ω))n

eγtg ∈ Lp

(
(0,∞),W 1

q (Ω)
)

eγtg̃ ∈W 1
p,0((0,∞), Lq(Ω))n

eγth ∈ H1,1/2
q,p,0 (Ω× (0,∞))n

for some γ ∈ [0, γ0] and

(u0, p`)Ω = 0

(f( · , t), p`)Ω + (h( · , t), g`)Γ = 0

for a.e. t > 0 and ` = 1, . . . ,M , then (4) with T0 =
∞ admits a unique solution
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(u, π) ∈W 2,1
q,p (Ω× (0,∞))n × Lp

(
(0,∞),W 1

q (Ω)
)

which satisfies the estimates:

‖eγtu‖W 2,1
q,p (Ω×(0,∞)) + ‖eγtπ‖Lp((0,∞),W 1

q (Ω))

5 C
{
‖u0‖Dq,p(Ω) + ‖eγtf‖Lp((0,∞),Lq(Ω))

+ ‖eγth‖
H

1,1/2
q,p,0 (Ω×(0,∞))

+ ‖eγtg‖Lp((0,∞)W 1
q (Ω))

+ ‖eγtg̃‖W 1
p ((0,∞),Lq(Ω))

}
and the condition:

(u( · , t), p`)Ω = 0

for t = 0 and ` = 1, . . . ,M .
Roughly speaking, we can show our maximal

regularity result as follows: First of all, we show the
Lp-Lq maximal regularity of solutions to the model
problems in the whole space and in the half-space
by applying the Weis operator valued Fourier mul-
tiplier theorem ([5]) to the exact solution formulas,
and therefore it is the key to show the R bounded-
ness of the family of solution operators to the corre-
sponding resolvent problem on B(Lq)—the set of all
bounded linear operators from Lq into itself (several
techniques to show the R boundedness can be found
in [1]). After such analysis for the model problems,
using the usual localization procedure and estimat-
ing the perturbation terms by using the estimate:
‖e−Aqtu0‖W 1

q (Ω) 5 Ct−1/2e−ct‖u0‖Lq(Ω) (c > 0, u0

being orthogonal to Rd), we obtain the Lp-Lq max-
imal regularity result for (4) with g = g̃ = h = 0.
By using the solution to the Laplace equation with
the zero Dirichlet boundary condition, we reduce the
non-zero divergence condition to the divergence free
case. Finally, non-homogeneous Neumann condition
case is treated by using the solution to the dual prob-
lem with the homogeneous Neumann condition.

Our method can be applied to any initial bound-
ary value problem for the equation of parabolic type
with suitable boundary condition which generates an
analytic semigroup, for example the Stokes equation
with non-slip, slip or the Robin boundary conditions.

Finally, we shall state two unique existence the-
orems for (3) which can be proved by the contraction
mapping principle based on Theorems 2 and 3.

Theorem 4. Let 2 < p < ∞ and n <

q < ∞. Then, given u0 ∈ Dq,p(Ω) and f ∈
Lp((0,∞), Lq(Rn))n which has bounded deriva-

tives with respect to x for each t, there exists a
T0 = T0

(
‖u0‖Dq,p(Ω), ‖f‖Lp((0,∞), Lq(Rn)),

supt=0 ‖∇f( · , t)‖L∞(Rn)

)
> 0 such that (3) admits

a unique solution

(u, π) ∈W 2,1
q,p (Ω× (0, T0))n × Lp

(
(0, T0),W 1

q (Ω)
)

which satisfies the estimate:

‖u‖W 2,1
q,p (Ω×(0,T0))

+ ‖π‖Lp((0,T0),W 1
q (Ω))

5 C
{
‖u0‖Dq,p(Ω) + ‖f‖Lp((0,T0),Lq(Rn))

}
.

Theorem 5. Let 2 < p < ∞ and n < q < ∞.
Then, there exist positive numbers ε and γ such that
if u0 ∈ Dq,p(Ω), ‖u0‖Dq,p(Ω) 5 ε and (u0, p`)Ω = 0
for ` = 1, . . . ,M , then (3) with T0 = ∞ and f = 0
admits a unique solution

(u, π) ∈W 2,1
q,p (Ω× (0,∞))n × Lp

(
(0,∞),W 1

q (Ω)
)

which satisfies the estimate:

‖eγtu‖W 2,1
q,p (Ω×(0,∞)) + ‖eγtπ‖Lp((0,∞),W 1

q (Ω))

5 C‖u0‖Dq,p(Ω)

for some γ > 0 and the condition:

(u( · , t), p`)Ω = 0 for ` = 1, . . . ,M and t = 0.
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