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Abstract:

In this paper, we deal with the problem of uniqueness of meromorphic functions

sharing three values, and prove some results which are improvements and extensions of many known
theorems. Examples are provided to show that the results in this paper are sharp.
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1. Introduction and main results. In this
paper, a meromorphic function means meromorphic
in the complex plane. We use the usual notations
of Nevanlinna theory of meromorphic functions as
explained in [1]. For any nonconstant meromorphic
function f(z), we denote by S(r, f) any quantity sat-
isfying S(r, f) = o(T(r, f)) for r — oo except pos-
sibly a set of r of finite linear measure. Let k be a
positive integer, we denote by Ny)(r, a, f) the count-
ing function of a-points of f with multiplicity < k,
and denote by N(r,a, f) the counting function of
a-points of f with multiplicity> k (see [2]).

Let f and g be two nonconstant meromorphic
functions. We say that f and g share the value a
CM if f and g have the same a-points with the same
multiplicities (see [3]).

R. Nevanlinna [4], M. Ozawa [5], H. Ueda [6, 7],
G. Brosch [8], E. Mues [9], H.X. Yi [10-13], P. Li [14],
Q.C. Zhang [15] and other authors (see [2]) dealt with
the problem of uniqueness of meromorphic functions
that share three distinct values. Without loss of gen-
erality we may assume that 0, 1, co are the shared
values.

M. Ozawa [5] proved the following result.

Theorem A. Let f and g be two distinct non-
constant entire functions of finite order such that f
and g share 0 and 1 CM. If §(0, f) > 1/2, then f -
g=1.

H. Ueda [6] removed the order restriction in
Theorem A, and proved the following theorem.

Theorem B. Let f and g be two distinct non-
constant meromorphic functions sharing 0, 1 and oo
CM. If
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. (r, f) + N(r,0, f) 1
O V)
then f-g=1.

G. Brosch [8] proved the following result, which
is an improvement of Theorem B.

Theorem C. Let f and g be two distinct non-
constant meromorphic functions sharing 0, 1 and oo
CM. If

s YO N £ N0, ) = 5mlri1,9) 1
o’ T(r, f) 2’
then f-g=1.

In this paper, we prove the following theorem,
which is improvement and extension of the above
results.

Theorem 1. Let f and g be two distinct non-
constant meromorphic functions sharing 0, 1 and oo
CM. If there exists a set I of infinite linear measure
such that

Nl)(ra f) +N1)(Ta0af) —m(r,l,g) <1
T(r, f) ’

then f and g satisfy one of the following relations:

: et — 1 e — 1
0 f= o 1 9= @ 1
3 ety _ 1 e—(k+Dy _ 1
(ii) f= T —1 9= "7 _1
| e — 1

(111) f = 6(k+1)’7 _ 1 g = e_(k+1),y _ 1’

where s and k are positive integers such that 1 < s <
k,s and k41 are relatively prime, v is a nonconstant
entire function, and
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(2) Nl)(raf)"i_Nl)(T’Oaf)_m(ralag)
= (1= )7, ) + 50 ).
Example 1. Let

e —1 e -1
f(Z)—m, 9(2)—m,
Example 2. Let
e —1 e -1
@)= ——y 90 = — =
Example 3. Let
e —1 e ?—1
@) =—=— 9&)=——7

It is easy to show, from the above examples, that
the assumption (1) in Theorem 1 is sharp.

As an immediate consequence of Theorem 1, we
have

Corollary 1. Let f and g be two distinct non-
constant meromorphic functions sharing 0, 1 and oo
CM. If there exists a set I of infinite linear measure
such that

(3)
. Nl)(r,f)—i-Nl)(?“,O,f)—m(r,l,g) 1
lim sup <3z
T—00 T(T, f) 2
rel

then f is a Mobius transformation of g,

Nl)(ra f) +N1)(Ta0af) —m(r, 1,9) = S(Ta f)a

and f and g satisfy one of the following relations:
(i) fg=1 @) (f-D@@-H=1L
(i) f+g=1.
2. Some lemmas. The following lemmas
will be needed in the proof of our theorems.
Lemma 1 ([12, Lemma 4]). Let f and g be
two nonconstant meromorphic functions sharing 0,
1 and co CM. If f # g, then

N(Q(Ta f) +N(2(7“,0,f) +N(2(Ta Lf) = S(Ta f)

Lemma 2 ([15, Lemma 7]). Let f and g be
two distinct monconstant meromorphic functions
sharing 0, 1 and oo CM. If f is a Mébius transfor-
mation of g, then f and g satisfy one of the following
relations:

i fg=1, (1) (f-D-1)=1,
(iii) f+g=1, ({v) (f—¢)(g+c—1)=c(l—¢),
(v) f=cg, (Vi) f+(c—1g=c,

where ¢ (#£ 0,1) is a constant.
Let f and g be two distinct nonconstant mero-
morphic functions sharing 0, 1 and co CM. We use
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No(r) to denote the counting function of the zeros of
f — g that are not zeros of f, f —1 and 1/f.

The following lemma is essentially due to Q.C.
Zhang [15].

Lemma 3 (see [15, Proof of Theorem 1 and
Theorem 2]). Let f and g be two distinct noncon-
stant meromorphic functions sharing 0, 1 and oo
CM, and let No(r) # S(r, f). If f is a Mébius trans-
formation of g, then

NO(T) = T(Ta f) + S(Ta f)
If f is not any Mébius transformation of g, then

1
No(r) < 5 T(r, ) + (1. f),
and f and g assume one of the following relations:
L e e -1
0 f= =1 9= @ o7
B ettty e (kDY g
(11) f = e — 1 ) g = =57 — 1 )
e e -1
@) f= oo 9% e

where 7y is a nonconstant entire function, s and k (>
2) are positive integers such that s and k + 1 are
relatively prime and 1 < s < k.

Lemma 4 (see [2, Theorem 5.13], [9, Theorem
5] or [12, (18)]). Let f and g be two distinct non-
constant meromorphic functions sharing 0, 1 and oo
CM. If f is not any Mdbius transformation of g,
then

(4)
T(T,f)+T(7“,g):N(T,f)-‘rN(?“,O,f)
+ N(r, 1, f) + No(r) + S(r, f).

3. Proof of Theorem 1 and Corollary 1.

3.1. Proof of Theorem 1. Since f # g, by
Lemma 1, it follows that for a =0, 1, 00

(5) N(T,a,f):Nl)(r,a,f)—i—S(?“,f).

We discuss the following three cases.

Case 1. Suppose that f is a Mobius transfor-
mation of g. By Lemma 2, we know that f and g
satisfy one of the six relations in Lemma 2. We dis-
tinguish the following six subcases.

Subcase 1.1. Assume that f and g satisfy the
relation (i) in Lemma 2. Then 0 and oo are Picard
exceptional values of f and g. Thus, we may assume
that f = —e” and g = —e™ 7, where v is a non-
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constant entire function. From this we obtain the
relation (i) in Theorem 1 with k = 1.

Subcase 1.2. Assume that f and g satisfy the
relation (ii) in Lemma 2. Then 1 and oo are Picard
exceptional values of f and g. In the same manner
as Subcase 1.1, we can obtain the relation (ii) in
Theorem 1 with k = 1.

Subcase 1.3. Assume that f and g satisfy the
relation (iii) in Lemma 2. Then 0 and 1 are Picard
exceptional values of f and g. In the same manner
as Subcase 1.1, we can obtain the relation (iii) in
Theorem 1 with k = 1.

Subcase 1.4. Assume that f and g satisfy the
relation (iv) in Lemma 2. Then ¢ and co are Picard
exceptional values of f, 1 — ¢ and oo are Picard ex-
ceptional values of g. Thus, we may assume that
f=cle"+1)and g= (1 —c)(e” 7 + 1), where yis a
nonconstant entire function. From this we obtain

Nl)(ra f)+N1)(Ta0af)_m(Ta 1,9) = T(Ta f)+S(Ta f)a

which contradicts the assumption (1) in Theorem 1.

Subcase 1.5. Assume that f and g satisfy the
relation (v) in Lemma 2. Then 1 and ¢ are Picard
exceptional values of f, 1 and 1/c¢ are Picard ex-
ceptional values of g. In the same manner as Sub-
case 1.4, we have a contradiction.

Subcase 1.6. Assume that f and g satisfy the
relation (vi) in Lemma 2. Then 0 and ¢ are Picard
exceptional values of f, 0 and ¢/(c—1) are Picard ex-
ceptional values of g. In the same manner as Subcase
1.4, we also have a contradiction.

Case 2. Suppose that Ny(r) # S(r, f), and
that f is not any Mobius transformation of g. By
Lemma 3, we know that f and g satisfy one of the
three relations in Lemma 3. We distinguish the fol-
lowing three subcases.

Subcase 2.1. Assume that f and g satisfy the
relation (i) in Lemma 3. From this we obtain the
relation (i) in Theorem 1 with k > 2. Since k (> 2)
and s are positive integers such that 1 < s < k, s
and k£ + 1 are relatively prime, we have

T(r,f) =kT(r,e") +S(r, f),
Nyy(r, f) = (k= s)T(r,e”) + S(r, ),
Niy(r,0, f) = (s = 1) T(r,€7) + S(r, f),
m(r,1,9) = S(r, f).
From the above we get (2).
Subcase 2.2. Assume that f and g satisfy the

relation (ii) in Lemma 3. From this we obtain the
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relation (ii) in Theorem 1 with &£ > 2. In the same
manner as Subcase 2.1, we have

T(r, f) =kT(r,e”) + S(r, f),

Ny(r, f) = (s =) T(r,e”) + 5(r, f),

Nyy(r,0, f) = kT(r,e?) + 5(r, f),
m(r,1,g9) = sT(r,e?) + S(r, f).

From this we get (2).

Subcase 2.3. Assume that f and g satisfy the
relation (iii) in Lemma 3. From this we obtain the
relation (iii) in Theorem 1 with k& > 2. In the same
manner as Subcase 2.1, we have

T(r,f)=kT(r,e”) + S(r, f),

Ny (r, f) = kT(r,e7) + S(r, ),
Nyy(r,0, f) = (s = 1) T(r, e”) + S(r, f),

m(r,1,g9) = sT(r,e?) + S(r, f).

From this we also get (2).

Case 3. Suppose that Ny(r) = S(r, f), and
that f is not any Mobius transformation of g. By
Lemma 4, we can obtain (4). Obviously,

(6) m(r,1,9)=T(r,g) = N(r,1,9) + O(1)
=T(r,g) — N(r, 1, f)+ O(1).

From (4), (5) and (6) we get

Ny (r, f)+Nyy(r, 0, f)=m(r,1,9) = T(r, f)+S(r, f),

which contradicts the assumption (1) in Theorem 1.

Theorem 1 is thus completely proved.

3.2. Proof of Corollary 1. By Theorem 1,
from (3) we know that f and g satisfy one of the three
relations in Theorem 1 with £ = s = 1. From this
we get that f and g satisfy one of the three relations
in Corollary 1.

4. Concluding remarks. By the proof of
Theorem 1, we have the following theorem, which
is a supplement of Theorem 1.

Theorem 2. Let f and g be two distinct non-
constant meromorphic functions sharing 0, 1 and oo
CM. Then there exists a set E of finite linear mea-
sure such that

. Nl)(r,f)—i-Nl)(?“,O,f)—m(r,l,g)
hnlsup T ) <1.
Tr&%o ’
Obviously,
Nl)(ra f) + Nl)(ra 0, f) - m(r, 1;9)

< Nl)(ra f) +N1)(7“,0,f) - %m(r, 1;9)
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< Nl)(T, f) +N1)(Ta0af)'

From the above and proceeding as in the proof of
Theorem 1, we can prove the following results.

Theorem 3. Let f and g be two distinct non-
constant meromorphic functions sharing 0, 1 and oo
CM. If there exists a set I of infinite linear measure
such that

Nl)(ra f) +N1)(Ta0af) - %m(r, 1,9) <1
T(r, f) ’

lim sup
T—00
rel

then f and g satisfy one of the following relations:
. e’ —1 e %7 —1
(1) f = Coricas 0 97T Tariseas 1
e—(k+l-s)y _ 1 elk+1-5)y _ 1
(i) f=er"+- e 41,
gze_k'y—i—---—i—e_'y—i—l,
e’ —1 e’ —1
() f =1 9= com— 1
where k and s are positive integers such that 1 <
s <k, s and k+ 1 are relatively prime, and vy is a
nonconstant entire function, and

Nl)(ra f) +N1)(7",0,f) - %m(r, 1;9)

= (1= )70 + S0 ),

in (i), and
Nl)(ra f) +N1)(7",0,f) - %m(r, 1;9)

= (1= 57 )T ) + (. ).

in (ii) and (iii).

It is easy to see that Theorem 3 is improvement
and extension of Theorem C. By Theorem 3, we have
the following Corollary.

Corollary 2. Let f and g be two distinct
meromorphic functions sharing 0, 1 and co CM. If
f is not any Mdébius transformation of g, and there
exists a set I of infinite linear measure such that

li Nl)(raf)—i_Nl)(raoaf)_%m(ralag) 1
im sup T <z,
7—00 (7“, f) 2

rel
then

Nl)(ra f) +N1)(7",0,f) - %m(r, 1;9)

= L6y + 50 1),

2
and f and g satisfy the following relation:
e’ —1 e "7 -1

f = e—(k+1—s)y _ 1’ 9= elk+1—s)y _ 1’
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where k = 2 and s = 1 or 2, v is a nonconstant
entire function.

Theorem 4. Let f and g be two distinct non-
constant meromorphic functions sharing 0, 1 and oo
CM. If there exists a set I of infinite linear measure
such that

Noy(r, £) + Noy (1.0, )
G f) <

(7) lim sup
T—00
rel

then f and g satisfy the following relation:
e’ —1 e %7 -1
I= o=y 97 @ o
e )7 —1 e )7y —1
where s and k are positive integers such that 1 < s <

k,s and k41 are relatively prime, v is a nonconstant
entire function, and

Nl)(ra f) +N1)(Ta0af) = (1 - %)T(Ta f) +S(Ta f)

It is easy to see that Theorem 4 is improvement
and extension of Theorem A and Theorem B.
Example 4. Let

2 2
f(z)—m, 9(2)—6_Z+1-
Example 5. Let
1 1.
f2) =5 1), g() = 5 (7 +1).
Example 6. Let
Z2 1 —Z2 1
e” — e F —
f(z) = pram— 9(2) = o _1°

It is easy to show, from the above examples, that
the assumption (7) in Theorem 4 is sharp.

By Theorem 4, we have the following:

Corollary 3. Let f and g be two distinct non-
constant meromorphic functions sharing 0, 1 and oo
CM. If there exists a set I of infinite linear measure
such that

1 Nyy(r, f) + Niy(r,0, f) 2

— <l < -,

g = AP T(r, f) 3
rel

then f and g satisfy one of the following relations:

. e’ —1 e 7 —1
(1) f:e_g,y_la g= 27 _1°
27_1 —27_1
.. € e
(ll)f_e_,y_la g_ 67—1,

where 7y is a nonconstant entire function, and

Nuy(r, £)+ No(r,0, £) = 3 T(r, £) + 5(r, ).
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Corollary 4. Let f and g be two distinct non-
constant entire functions sharing 0 and 1 CM. If
5(0, f) > 0, then f and g satisfy the following re-
lation:

f:—ek’y_..._e'y, —k~y

Y

g:_e _..._e_,

where k is a positive integer, v 1S a nonconstant en-
tire function, and

1

Niy(r.0.) = (1= £ )0 ) + 50 1).

References

Hayman, W. K.: Meromorphic Functions. Claren-
don Press, Oxford (1964).

Yi, H.-X., and Yang, C.-C.: Uniqueness Theory
of Meromorphic Functions. Pure and Applied
Math. Monographs, no. 32, Science Press, Bei-
jing (1995).

Gundensen, G. G.: Meromorphic functions that
share three or four values. J. London Math. Soc.,
20, 457-466 (1979).

Nevanlinna, R.: Le Théoréme de Picard-Borel et la
Théorie des Fonctions Méromorphes. Gauthiers-
Villars, Paris (1929).

Ozawa, M.: Unicity theorems for entire functions.
J. d’Anal. Math., 30, 411-420 (1976).

Ueda, H.: Unicity theorems for meromorphic or
entire functions II. Kodai Math. J., 3, 26-36
(1983).

(2]

(3]

H.-X. Y1 and W.-R. LU

(7]

(8]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[Vol. 78(A),

Ueda, H.: On the zero-one-pole set of a meromor-
phic function II. Kodai Math. J., 13, 134-142
(1990).

Brosch, G.: Eindeutigkeitssdtze fiir meromor-
phe funktionen. Thesis, Technical University of
Aachen (1989).

Mues, E.: Shared value problems for meromor-
phic functions. Value Distribution Theory and
Complex Differential Equations (Joensuu, 1994),
Joensuun Yliop. Luonnont. Julk., vol. 35, pp. 17—
43 (1995).

Yi, H.-X.: Meromorphic functions that share three
values. Chin. Ann. Math., 9A, 433-440 (1988).
Yi, H.-X.: Meromorphic functions that share two
or three values. Kodai Math. J., 13, 363-372

(1990).

Yi, H.-X.: Unicity theorems for meromorphic func-
tions that share three values. Kodai Math. J., 18,
300-314 (1995).

Yi, H.-X.: Meromorphic functions that share three
values. BHKMS, 2, 55-64 (1998).

Li, P., and Yang, C.-C.: On the characteristics
of meromorphic functions that share three values
CM. J. Math. Anal. Appl., 220, 132-145 (1998).

Zhang, Q.-C.: Meromorphic functions sharing
three values. Indian J. Pure Appl. Math., 30,
667682 (1999).





