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Abstract:

We rewrite the defining relations [5] of the simply-laced elliptic Lie algebras in

terms of the extended elliptic Cartan matrix by considering the extended elliptic diagram.

Key words:

1. Introduction. K. Saito and D. Yoshii [5]
introduced the simply-laced elliptic Lie algebra g(R)
for the simply-laced elliptic root system R ([4]),
whose derived algebra g(R) := [g(R),g(R)] is iso-
morphic to 2-toroidal Lie algebra [3] which is the
universal central extension of the tensor of a Lie al-
gebra with the Laurent series of two variables. Ac-
cording to the work of Borchards [2], they consider
a Lie algebra V/DVy as a quotient of the vertex
algebra V attached to an even lattice (), and con-
structed the elliptic Lie algebra g(R) as a subalgebra
of Vo /DVy. If R is a simply-laced finite or affine root
system, then g(R) is isomorphic to a finite or affine
Kac-Moody algebra [1], respectively. The defining
relations of the generators of g(R) in terms of the
elliptic diagram have been described in [5]. In this
article, we rewrite the defining relations more simply
by considering the extended elliptic diagram consist-
ing of all pairs of a;, of (0 < i <) for the sake of
explicitness, although the results are already intrin-
sically in [5].

2. Simply-laced elliptic Lie algebras.
We recall the elliptic Lie algebra g(R) and its defining
relations. Let ey = I'(R, G) be the elliptic diagram
of a simply-laced marked elliptic root system (R, G)
([4], [5])). Let Q(R) be the root lattice and Fg :=

Q ®z Q(R). Let (Fq,I) be its non degenerate hull
and § := Homg(Fq, Q). Explicitly, R = R; + Zb +
Za, Q(R) = Q; & Zb® Za, Foq = Fo ® QAy & QA,,
and I(Ag,a) = I(Ay,b) = 1, I(Ag,b) = I(Ay,a) =
0, f(Aa,Ff) = f(Ab,Ff) = 0, where Ry, Qf and
I'y are the finite root, root lattice and Dynkin dia-
gram, respectively. Further, h=ph +®Qhev & Qhpv @
Qhp, ®Qha, = @ael‘e“ Qhav ®Qha, DQha,, bf =
Docr, Qhav, a¥ :=2a/{I(a,a)} for a € Ty, with
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the inner product (h,,y) := I(x,y) for z, y € FA’(;
Definition 2.1 (K. Saito and D. Yoshii [5]).

The elliptic Lie algebra g(R) is the algebra gener-

ated by the following generators and relations.

generators: h and {E® | o € £y}

relations:

0. b is abelian

I [h,E*) = (h,a)E*

IL1. [EY E~ = —hav
[E,E°l =0 for I(a,3) >0
11.2. (adE*)'~(havBES =0  for I(a,3) <0
L. [[E*,E°,E% =0 for B*
[[EiaaEiﬁ]aEiﬁ*] =0 |
[
X
o B
V. [[[E*, B, B, BF] =0 for
H[E_Q>E_6]7E_’Y]’ _B*] =0

where h runs over § in I, o, 8 run over gy in I, II,
and «, 3,7 run over +I'y¢ in III, IV and V.

We set e, := E9, fo := —E~® for a € T'gy
(ie. €l i= eqr = EY, fi = for = —E~%"), and
set aqg = I(a", ), then the matrix (ang)a,ger,, is
called the elliptic Cartan matrix. Now we normalize
I{a,a) = 2 so that @V = «, then using the above
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conventions, the defining relations are rewritten as
follows:

The elliptic Lie algebra g(R) is
described by the following generators and relations.

Lemma 2.2.

generators: 6 and ey, fo for a € Tep
relations:
0. 6 is abelian

L [hyea] = (h,a)e,

[ha fa] = _<h’ a>fa
IL1.  [eq, fa] = ha
[eaafﬁ] =0 ifaaﬁ <0
I1.2. [eq,e5] =0, [fa,f2]=0
I1.3. (adeq)'™Peg =0 ifans <0
(adfa)l_aaﬂfg =0 i aa3 <0
I11. adefadegea =0 for I}
adfjadfs fo =0 ,
X
1
a B
IV. adegade,yad(sgea =0 for

adf jadf,adfs fo = 0

V. adegade}, fo = €
adfgadfieq = [

Remark 2.3. We have the relations[h,, eg] =
aagep; [ha, fg] = —aap fs.
3. The main theggam. We consider the ex-

tended elliptic diagram I'e consisting of all pairs of
a;, af (0 <14 <), if necessary, by adding some ver-

tices af to I'ey. In what follows, we consider I'qy
instead of Te. In the following diagram (3.1), we
define e}, := aden,ade}, foy, fo, = adfa,adf}, eq,
and inductively e}, , fx for all added vertices a; (see

[5]),

[Vol. T7(A),

"
Qg

31) 5

&%) aq (&3] g

Then from the results of [5] (Theorem 4.1 and its
proof, i.e. from the realization of g(R) by the vertex
algebra and the relations of the corresponding ele-
ments in the vertex algebra), we can regard g(R) as
the Lie algebra generated by the elements e,, €}, fa,
fx for a € {ap,...,a;} with the relations in Lemma
2.2.

Lemma 3.1. For o, 8 € {ao,...,
hold the following relations.
(i) [ea; ej] = leq, el
(i) [fa, f5] = [fa: f5]

Proof. (i) When ang > 0, the two sides of the
equation (i) vanish, and when a,g = —1, by using
the relation V in Lemma 2.2,

o}, there

€5, ea] = ladegadey, fo, €q]
= [[eg; e fall; €q]
= —[[fa, [es; eall; €a]
= [[ea, fal; [e5; €a¥]]
= [has [es, €ql]
= —les, [eq, hall = [eq, [has ep]]
= 2[ep, eq] + [en, €s]
= [es, €z)]

(by [faa
(by [[e

ep] =0)
B 6:;], ea} = 0)

so we get (i), and (ii) is similar. [
Theorem 3.2. The elliptic Lie algebra g(R) is
described by the following generators and relations.

generators: 6 and ey, fo for a € Tep
relations:

0. b is abelian

I [h,eq] = (h,a)eq,

h, fa] = —<h ) fa
IL1. [eq, fa] =
[eavfﬁ} 0 if Aap > <0
I1.2. [eq,ef] =0, [fa, fX] =0
IL.3. (adey)'™ ““‘365 =0 ifans <0
(adfa)'™%f f5=0 ifans <0
L [ oueﬁ] - [eaaelgL [ fﬁ] [foufﬁ}

where h runs 01)67’6 i 1, and o, B run over f‘;ﬁ mn
I, 1.1, IL.3 and run over I'yy in I1.2, IIL

Proof. 1t suffices to show that the relations III,
IV, and V in Lemma 2.2 can be obtained from the
relations in Theorem 3.2. We use the multi-bracket
of length n ([5]),
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[Tny .oy X3, o, 1] = [T, [Tr—1, - [T3, [T2,21]] - -
and the following identity ([5]),
for 1 < s <n,
[y7$n7 .. ?‘T?)?x??xl]
= [Tnyee vy Tst1s T, Yy Ts—1y- -+, T1]
F [@ny oo g1, (Y, Ts)y Ts—1,y -+, X1]
+ [xnv ey [3/, (ES+1]7£E'571'571, DRI 7x1]
-+ [[yuxn]a o3 Ls41,Lsy Lg—1y -+« $1}~
I11. adejadegeq
= [627 €3, ea]
= [65’ [e;ﬂv €aH + [[eﬁ*’eﬁ]v ea}
= [65, [65, 63]] (by 1.2, IH)
=0 (byIL3)
Iv. adejadeyadegeq
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= 62,67,657604]
e, 4], €8, €al + [ey, [€f, €8], €al
(by 112, III)

= |
=
=
=
[

[6,37 'y] vea]
[6,7, 65} Cas 6@]
e,y, €8, €a, €8] —

[eﬁv [eikya

eal, eg]

V. adegade}, fo
= [657 6;]7 fa] + [6;, [eﬁv foé]]
= [[627 eals fol
= [[fav 604]7 62]
= —[ha, eg]
= ez
so the proof is completed. L]
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