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Abstract: Terai presented the following conjecture: If a’+ b* = ¢® with a > 0,b>0,
¢ >0, ged (a, b, ¢c) =1 and a even, then the diophantine equation 22+ " = ¢" has the
only positive integral solution (x, m, n) = (a, 2, 2). In this paper we prove that if (i) b is
a prime power, ¢ = 5(mod 8), or (ii) ¢ = 5(mod 8) is a prime power, then Terai's conjec-

ture holds.

1. Introduction. In 1956, JeSmanowicz [4]
conjectured that if a, b, ¢ are Pythagorean tri-
ples, i.e. positive integers a, b, ¢ satisfying a’ +
b = cz, then the Diophantine equation

a+b=c
has the only positive integral solution (x, ¥y, z)
=(2,2,2). When a, b, ¢ take some special
Pythagorean triples, it was discussed by Sier-
pinski [14], C. Ko [5-10], J. R. Chen [2], Dem’-
janenko [3] and others.

In 1993, as an analogue of above conjecture,
Terai [16] presented the following:

Conjecture. If a’ + b = ¢ with ged (a, b,
¢) = 1 and a even, then the Diophantine equation
(1) 22+ " ="
has the only positive integral solution (x, m, n)
= (a, 2, 2).

Terai proved that if b and ¢ are primes such
that (i) b+ 1 = 2¢, (ii) d =1 or even if b=
1 (mod 4), where d is the order of a prime di-
visor of [¢] in the ideal class group of Q(Y— b),
then the conjecture holds. Further, he proved
that if b+ 1 = 2¢, b < 20, ¢ < 200, then con-
jecture holds. Recently, X. Chen and M. Le [11]
proved that if 8% 1 (mod16), 6>+ 1 = 2¢, b
and ¢ are both odd primes, then the conjecture
holds, and P. Yuan and J. Wang [17] proved that
if b= % 3(mod 8) is a prime, then Terai’s con-
jecture holds.

In this paper, we consider Terai’s conjecture
when b or ¢ is prime power. Then we prove the
following :
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Theorem 1. If b is a prime power, ¢ =
5(mod 8), then Terai’s conjecture holds.

Corollary. If 2k + 1 is a prime, k=1 or
2(mod 4), then the Diophantine equation

2+ Qk+1)" = QK+ 2k +1)"
has the only positive integral solution (x, m, n)
= (2K* + 2k, 2, 2).

Theorem 2. If ¢ =5 (mod8) is a prime
power, then Terai’s conjecture holds.

2. Some lemmas. We use the {following
lemmas to prove our theorems.

Lemma 1. If a, b, ¢ are positive integers
satisfying @’ + b* = ¢’ where 2| a, ged (a, b, ¢)
= 1, then

a=23t,b=sz—t2,c=sz+t2,

where s > ¢t> 0, ged (s, t) =1 and s #
t(mod 2).

Lemma 2 (Stormer [15]).
equation

The Diophantine

'+ 1=2y"
has no solutions in integers £ > 1,y = 1 and =
odd = 3.
Lemma 3 (Ljunggren [12]).
equation

The Diophantine

22+ 1=2y"
has the only positive integral solutions (x, y) =
(1, 1) and (239, 13).
Lemma 4 (Cao [1]).
the Diophantine equation
' +1=24°lyl > 1
has integral solution x, y, then 2p | y.
Now, we assume that a, b, ¢ are Pythago-
rean triples with ged (a, b, ¢) = 1 and 2| a.
Lemma 5. If ¢ = 5(mod 8), then we have
b/c) =(/b) = —1,

where (/%) denotes Jacobi's symbol.

If p is an odd prime and
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Proof. From Lemma 1, we have
a=2st,b=5s"—t,c=s"+ ¢,
where s> t>0, ged (s,t) =1 and
t(mod 2). Since ¢ = 5(mod 8), we have
(/) =0/ =("-1'/s"+ ) = (" + ) =28 /5 + 1),
=(=28/8+ ) = (18 + QS+ O E /S ) = -1
Thus, the proof is completed. U]

Lemma 6. If ¢ = 5(mod 8), then the integ-
ral solutions of equation (1) satisfy 2 | m, 2 | n.

Proof. Suppose equation (1) has positive in-
tegral solution (x, m, n). We have

2= ¢"(mod b), 2 = — b™(mod ).
Thus, by Lemma 5 we have
1=("/b) = (c/b)" = (— 1",
1=(=b"/¢c)=(—1/¢)b/c)" = (— D",
and so 2 | m, 2 | n. The lemma is proved. ]

3. Proof of theorems. Proof of Theorem 1.
Suppose (x, m, n) is a positive integral solution
of equation (1). By Lemma 6, put m = 2m,, n =
2n,, where m, and n, are some positive integers.
Then equation (1) gives
(2) x+ b =
Since ged (a, b, ¢) =1, a* + b= 2] a we
have ged (b, ¢) =1 and 2 4 bc. Thus from (2)
and Lemma 1, we have
(3) = 2uv, b™ =u"— % " =u’+
where u> v >0, gecd (¥, v) =1 and u #
v(mod 2). From ™ = u* — v* in (3), we have
(4) u—v=1u+v=>0"
since b is a prime power and ged (¥ — v, u +
v) = 1. From (4) we have

u= "+ 1)/2, v= 0" —1)/2.
Substituting these into ¢ = #’° + v° in (3), we
have
(5) 2" ="+ 1, ¢> b> 1.

If n, > 2, then without loss of generality, we may
assume that 4 | n,, or p | n; (p is an odd prime).
By Lemma 2, (5) is impossible if p | n,. If 4 | 7y,
then by Lemma 3, (5) gives

"t =13, ™ = 239
so m; =1, b= 239, c= 13, a contradiction
since ¢ > b.

If n, = 2, then by Lemma 4, (5) gives m, =
2°,¢>0. When ¢ =0, from 2¢*=5"+1 we
have b > ¢, a contradiction. When e > 0, equa-
tion (5) gives

2= ("' +1,¢>b>1,
which is impossible (see [13], p. 18).

If #, =1, then (5) gives 2¢ = b™™ + 1. On

the other hand, since b is a prime power, from a’

s F
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+ "= ¢’ ged (a, b, ¢) = 1 and 2| a, we have
c—azl,c—i—a=b2
and so 2¢ = b° + 1. Thus m, = 1. The Theorem
1 is proved. U]
Proof of Theorem 2. Suppose (x, m, n) is
a positive integral solution of equation (1). From
Lemma 6, we have m = 2m,, n = 2n,, where m,
and #», are some positive integers. By Lemma 1,
we have b = u’ — v’ c= w’ + v’ and (1) gives
6) x=2st, (u"— )" =s*— ¢,
u+ D" ="+ 1,
where # > v >0, ged (, v) =1, u # v (mod
2),and s > t> 0, ged (s, ) = 1 and s # t(mod
2). From (u° — v)™ = s> — #*, we see that
s+t=b"s—t=0b", u’— v*= bb,
where ged (b, b,) = 1, b, and b, are some posi-
tive integers. Hence
s= "+ b)) /2, t= (b] — b)) /2.
Substituting these into (#° + v*)" = s>+ #* in
(6), we have
(7) 2@” + o)™ = b + b™, ged(by, b) = 1.
When 2 | n,, from (7) we see that b, + b =
2 (mod 16) since (#* + v*)™ =1 (mod 8). But
bb,=u’— v = * 3 (mod 8) since u*+ v* =
5(mod 8). If 2 ¥ m, then b°™ + b =1+ 9 =
10(mod 16), a contradiction. If 2 | m,, then equa-
tion (7) gives that the equation
222 =2 + ¢, ged (z, y) =1
has positive integral solution z = (u2 + vz)”‘/2 >
1, which is impossible (see [13], p. 18).
When 2 X n,, from (7) we have b2™ + b.™
= 10(mod 16). So 2 X m,. If m; > 1, then p | m,,
p is an odd prime. From (7), we have
2my /by D 2my/pN b
G 4 oy = B G
P o S S M S APl
2 bfml/p + b;m,/p

Since #” + v’ is a prime power, gcd
(bfml/p + b;ml/b (bIZml/p)p + (mel/p)p
2 ’ bfml/ﬁ + bzzml/p
(b2m1/P)17 + (b2ml/ﬁ)ﬂ
1 2
bfml/p + b;m‘/p
power of p. Thus we have (02" + p2™"?)/2 =
1, which is impossible.
Thus m; = 1. Then we show that n, = 1. If
b,, b, > 1, then we have
w <208+ )" = b B < = G — D) <
Since 2 Xn,, we obtain #n; = 1.

) =1 or

e 2 2 .
if ww+ v is a

p, and p|
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If 5, = 1 or b, = 1, then we have
© <20+ )= W=D+ 1 <ol

Since 2 & n,, we obtain #, = 1.

This completes the proof of Theorem?2. ]
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