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A Deformation of the Class Number Formula of Real Quadratic Fields
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Korea Advanced Institute of Science and Technology
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Abstract: For an odd square-free integer #, there exists a polynomial L,(x) such that

L,(x) = /¢,(sx”) exp (2; 1s’\/ﬁ g,(x)

e +1.

where g,(x) = > ( &

j=0

2] + 1

2]-_|_1ands,s’=_

Using the fact that the value of g,(1) is related to the class number 4(D) of the real quadra-
tic field @(yYn) with discriminant D, we deduce a deformation of the class number formula.

First, we set the following notation.
¢(n) is the Euler function.

d
<;> is the Jacobi symbol.

u(n) is the Mobius function.

@, () is the n-th cyclotomic polynomial.

{, is a primitive z#-th root of unity.
(n, k) is the greatest common divisor of k and #.

Let # be a positive odd square-free integer.
For given », we define integers #’, s, and s’ as
follows:

, _ Jn, ifn=1mod4,
- 2n, otherwise.

w = 0, if # has at least two distinct prime factors,
1, otherwise.

s=17 1, if » = 3 mod 4,
1, otherwise.

g=1" 1, if » = 5mod 8,
1, otherwise.

2mi
If we choose {, to be e #, then

(1) 2G,@:=2 I @—2¢)

i
=A,(x) — V/snB,(x),
@2 26,@:=2 N0 &—2¢)

0<j<n
=1
= A, + VsnB,(x),
where A,(x), B,(x) € Z[x]. Note that the par-
ticular choice of {, is only significant for the
sign of vsn and that G,(x) (and G,(x)) is sym-
metric if #=1mod4 (.. if G,(x) = a,x’ +

a, x4+ -+ a,, a,, = a, for all k).

We also know that
L@:=1 (—¢,) =C,(» — sz/nD, ("),

j€S,
L,(—2) = 0,(sx*)/L,(x) = C,(x") + sz/nD,(x"),

where S, =

Glo<j<eow, (G,n) =1, (%) — (=D},
if # = 1mod4,
Glo<j<ow, G,w) =1, (?) -1,
otherwise.
From the definition, L,(x) is also symmetric for

any #n and C,(x), D,(x) € Z[x].
Furthermore, for | x| < 1, we get the follow-

ing. (see [1])
3) G,(x) =0, exp(— S‘/;_n f,,(x)),

(4) L,(x) ={®,(sz? exp('— s’\j/ﬁg,,(x)),
where f,(x) = i <i> L and

j=o0 \/ ]
2j+1

°° n x
£:(2) _E;)(Zj—f- 1) 27+ 1°

As we are interested in the real quadratic
fields, suppose # = 1 mod 4. We want the value
of L,(1). Since 2g,(xVs)/Vs = f,(x) — f,(— x),
we need the values of f,(1) and f,(— 1) in order
to get the value of g,(1).

Step 1. Note that f,(1) = L(1, x) where

x (@ = <-’JZ> is the real, non-trivial Dirichlet
character. So the value f,(1) is related to the
class number A(D) of the quadratic field

Q(/n) with discriminant D = #’.
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i 1
_ _ |6, ifn=3,
Q) = wherem—[zy if w=3mod4 and # > 3,
l?f h(n), if n=1mod4,

where ¢ is the fundamental unit of Q(¥#%).
Step 2. From (3), G,(— 1) gives the value
of f,(— 1). Now we can compute G,(— 1).
Casel. n = = 1 mod 8.

Since (%) =1,

G,O= 1 Aa-¢)H=6,0 I a+¢).
%)= &)=
Because G,(1) # 0, H(;%)=1 a+c¢)=1.

G(—D=(—D7 1
(-
+ 3 mod 8.

a+¢)=1.

Case 2.
In this case,
G,(:= I

()=
a+¢)=1.

n =
— 6=

G, I
OE
Since 4G,(1)G,(1) = 49,(1) = 4n";,
G (=1 = (— L
G,(1)

2h(n)

= if » = 5mod 8.

Finally, we get
L,Q) =/®,Q)exp(— s'vng,(1))
(A) _ [/, it n = 1modS8,
T | /n"e® ™, if n = 5 mod 8.
In order to get a formula for L,(1), we need
Newton’s identities.

Lemma (Newton). Suppose
P):=1I1 (xr—a) = Zax‘j,
j=1
J P .
P :=>a, k=1,...,d,
i=1
and the coefficient a, = 1.
Then

k-1
ka,= — X P, ,a,, k=1,...,d.
j=0

Now, suppose L,(x) =b,+ byx+ --- +
bx’ where d = degL,(x) = ¢(n). Since L,(x)

is symmetric for all #,
é(n)/2—1

(B) L(1)=2 > b+ beun.
i=0
Let g, = (k, ). The sums @, of k-th pow-

[Vol. 71(A),
ers of roots of L,(x) are

© |(G)sva if & is odd,

Q = ,

-1

,Ll(;/ >¢(g,")cos<w>, if k is even.

k

(n — Dkr

1 )=1ifn51mod4.

From (A), (B), and (C),
theorem.

Theorem.
Then

$m)/2-1 n , if # =1mod8,

2 ]ZE) b+b¢(L {\/ﬂvw3h(n),lfn—5m0d8
where b; are determined by the following recurrence
formula

b, =1,

- jil Q,_;b; (@, is given in (C)).
i=0

Here are some examples:
Example 1. # = 17. Then
L,(@ =1+9z>+ 112" — 52° — 152° — 52"°
+ 112" + 9z + 2'°
— V172 + 32> + z* — 32° — 32" + 2" +
3z + ™).
So L,,(1) =y17(— 4 +y17) =y17@ + yI7)".
On the other hand, ¢ = 4 + 17 . Therefore we
get h(17) = 1.
Example 2. # = 21 = 3-7. Then
L, (@ =1+10x>+ 132" + 72° + 132° + 102"
P+ 212 + 32° + 22 + 22° + 32 + 2.

Note that cos(

we state our main

Suppose n is odd and square-free.

w h(n)

jb; =

_|_ 3
So L, (1) =55+12 21 = (%) . Since
+
=9 F , h(21) =1.
Example 3. mn=65=5-13. Then
Le(x) =1+ 322"+ 1382* + 69x° — 290x° —
792" + -+
— /65x(1 + 102° + 192" — 142° — 382" +
372"+ --0).

Therefore G (1) =129 + 1665 = (8 + v65)°
and L, (1) =129 — 16165 = (8 + 1/65) . Since
e =865, h(65) =
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