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Table of Quotient Curves of Modular Curves Xo(N) with Genus 2

By Yuji HASEGAWA

Department of Mathematics, Waseda University

(Communicated by Shokichi IYANAGA, M. J. A., Dec. 12, 1995)

1. Introduction. Let Xo(N) be the modular
curve corresponding to the modular group Fo(N).
All hyperelliptic curves Xo(N) have been deter-
mined by Ogg [8], and their defining equations
are given in [10]. Let W(N) be the subgroup of
AutXo(N) generated by all Atkin-Lehner’s in-
volutions ([1]), and let W’(N) be a subgroup of
W(N). Then, by [2], we see that there are 138
cases in the range N <-300 such that the quo-
tient curve X’ Xo(N)/W’(N) is of genus two.
For N >_ 301, we can find that there are only
four such cases, see [4]. In this article, we shall
give the table of defining equations of such X"s.
We use the following

Theorem. Let S2(N) be the space of cusp-
forms of weigh[ two on Fo(N) and S2(N) W’<N)

be
the fixed part of S2(N) by W’(N). Assume that X"
Xo (N)/ W" (N) is of genus two, and S (AD w’<g)

is spanned by

fl anqn,f2= bnq
nl

with an, b , alb2 :/: O. Put z--f/f2 and
w (f2 / q)-I (dz / dq). Then z and w generate the

function field Q(X’) of X" over Q and give the de-

fining equation w f(z) of X’.
Proof See [7].
fl and f2 are computed by using Brandt mat-

rices and trace formulas of Hecke operators ([5],
[9]).

2. Results. The following is the list of
Xo(N)/W’(N) with genus equal to 2. The fourth
column gives f(z) in the theorem. The sixth col-
umn gives the dimension of the subspace of

S2(N)w,<N) spanned by newforms, and the
seventh column gives the field of Hecke eigenva-
lues if S2(N) w’<n)

is Q-simple and spanned by
newforms.

N
22 2,11

23 23
26 2,13
28 2,7
29 29

30 2,3,5

31

33
35
37

38
39

40

42

p N W’(N) f(z) disc (f)

31

3,11

5,7
37
2,19

3,13
2,5

2,3,7

1

1
1
1
1

(w.)
(w)

1

(z + 2z 4z + 8)(z 2z + 4z- 4)
(z- z + 1)(z 8z + 3z- 7)

z- 8z + 8z4- 18z + 8z- 8z + 1
(z + 7)(z--z + 2)(z + z + 2)

z- 4zs- 12z + 2Z + 8Z + 8z- 7
(z Z + 1) (Z + 3Z + 1) (Z 6z + 1)

Z(Z + 3)(Z z + 4)(Z 2z + 5)
(Z Z-- 1)(Z + 2Z- 7)(Z + 3Z- 9)
(Z 2Z Z + 3)(Z 6Z 5Z 1)
(z--1)(z2-4z-8)(z3+z+3z-1)
(z + 1)(z + 4)(z3- 5z + 3z- 19)

z -+- 8z 20z -I- 28g 24z + 12z- 4
(z 5z2-4)(z3+z --z+3)

(z- 1)(z+3)(z-5z+3)(z+3z-1)
(z + 4z 4)(z + 4z 8z + 4)

(z + 4)(z + 12z + 16)
(z2- 5z + 1)(z + z + 4z + z + 1)
(zz+z-5)(z4-z -2zz-5z+11)
(z + z + 1)(z4 + 7z + 16z + 7z + 1)

(z 5z + 7)(z4- 7z + 22z 35z + 23)

224114 0

21z23 2 Q(/-)
22133 2
22873 0
2129 2 Q(/)

2335 1

24335 0
2335 I

2
23 11 1
--21573 2 Q(v7)
237 2
21s19 1
21313 2 Q(/-)

2z55s 1
23652 0
22s3"73 1
2153"73 0

2193"72 1
2133 7 0
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N
44

46

48

50

52

54
57

58

6O

62

66

67
68
69

70

72

73

74
77
78

80
84

85
87

88
90

P N W’(N) disc (f)
2,11

2,23

2,3

2,5

2,13

2,3
3,19

67
2,17

3,23

2,5,7

73
2,37
7,11

2,3,13

5,17
3,29

1

<W4>

<W4,

<W, Wp
<W,

W(67)

<w>
<w>
<w>

<w,
<w, we>
<w, W,o>

< wry.>
W(73)
<Wv,>

<W>
<W., W>
<Wo>

<W,,
<W4, W21>
<w,
<w,
w(85)

<W>
<w>
w(88)

<w, wp
<w, w,p

f(z)
(z + 4z- 16)(z + 8z9. + 24Z + 28)
(z3-4zg.+z+7)(z3-4zg.+5z- 1)

(zg. 2z + 2)(zg. + 2z- 2)(zg. + 4z- 4)
(z + 4)(z 2z + 4)(zg. + 2z + 4)

z -4z lOz-4z+1
z +Sz+Sz4+18z+Sz+8z+1

Z ZZ --8Z+28 --58Z3+84 --84Z+41
(z 3z9. 4)(z + 3z + 3z + 5)

z + 4z5- 20Z -- 44Z3- 52Z9. + 36Z- 12
Z --8Z+28z4-52z3+56z-36z+12
z +4z+16z4+22z3+16z+4z+l
(z+z+l)(z4+3z3+8z+3z+l)
z(z 3)(z + z + 4)(z + 2z + 5)

(z 1) (z 2) (zg. 3z + 6) (zg. 2z + 5)
(z 2z + z + 1)(z 6z + 13z 11)
(z z + 1)(z 3z 4z- 3z + 1)
(z + 2)(zg. 3z- 6)(z 3z z + 7)
z(z 3)(z- 4)(z 9z9. + 23z 11)

z(z + z- 8)(z + 3z9. z + 1)
z6- 4z + 6Z4- 6Z -[" 9Z 14Z + 9
(z- 1)(4Z4- 23z + 55z9. 64z + 32)
(z3-6z+llz-5)(z3-2zz+3z-1)

(z + 3z + 1)(z + z + 4z + z + 1)
(z 2)(z + z + 2)(z + 5z + 7z + 7)

z(z + l) (z- 4) (z z z + 5)
z(zg.--3z+4)(z3-z --z+5)

(zg. + 2z- 2)(z 2z + 6z9.-- 8z + 4)
(z 2z + 2)(z 6z + 18z 24z + 12)
Z + 8Z + 26Z + 50Z + 61Z + 38Z + 9
Z 8Z + 24Z4- 36Z + 28Z9. 12Z + 4
Z8- 4Z + 12z 20z + 20Z9. 12z + 4

Z + 4Z + 8Z + 6Z + 8Z9. + 4Z + 1
(z 3)(z + 1)(z + z 3)(z + z + 1)
(z 2z + 2)(z 2z 2z + 8z- 4)
(z + 5z + 1)(z4 z + 4zz- z + 1)

(z z + 1)(z 7z + 16z 7z + 1)
(zz- 3z + 3)(z4 z 2zz- 5z + 11)

z(zg. 3z + 4)(4z9. 3z + 1)
(z 2z + 5)(z 2z + 3z 6z + 5)
(z3-2z-z-1)(z3+2z+3z+3)

z6- 4z + 12z4 22z + 32z 28z + 17
(z 6z + 8z- 4)(z 2z + 4z- 4)
(z z + 1)(z + 5z + 12z + 5z + 1)
(z z + 1)(z4- 3z + 8z- 3z + 1)

2’4114
219.239.
23
23839.
2185s
29.133

217139.
23
23.19
23 19
229

224335s
29.03 53
2131

21733112
21’3 114
2139.113
243.11

21z67z
213179.
21z23
2175 7
2145 7
21575
219.537
21838

21833
219.73
219.37

21z7.119.
217139.

219.37133
21852

29.S3 7
213 7
213.7
2143479.
21z54173
21z3429z
21z29z
29.4119.

29.13459.
2143359.

Q(v-)

Q(v/-)

Q(()
O(v)
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N

91
93

98
100

102

103
104
106
107
110

111
112
114

115
116

117
120

121

122

125
126

129

130

132
133
134
135
138

140

142
143
146

147
150

153
154
156
158

p IN f(z) disc(f)

7,13

3,31

2,7
2,5

2,3,17

103

2,13
2,53

107

2,5,11
3,37
2,7

2,3,19
5,23
2,29

3,13

2,3,5

11
2,61

5
2,3,7

3,43

2,5,13

2,3,11

7,19

2,67

3,5
2,3,23

2,5,7

2,71
11,13

2,73
3,7

2,3,5

3,17
2,7,11
2,3,13
2,79

W’(N)
<wo, wlo>

<w,>
W(93)

<W>
<W>

Wl >
W l>

W(103)
W(104)
W(106)
W(107)

<wlo,
< Will>
W(l12)

W(l15)
W(l16)
W(l17)

< w .4, W4o>
W(121)
W(122)
W(125)

<W18, W14>
W(129)

<Wio,
<W4, Wll>
W(133)
W(134)
W(135)

<w,,

W(146)
W(147)

<w,, W o>
W(153)
W(154)

<w,,
W(158)

(z 3z + 3)(z4- 5z + 14z- 25z + 19)
(z 1)(z z + 4)(4z 7z + 4)

z6- 4z + 4Z 4Z 4- 12Z 12Z + 4
(z- 2z --z + 3)(z + 2z 5z + 3)
(Z- 1)(4Z4- 11z + 19z- 16z + 8)

z + 4z + 10z + 4z + 1
(z-z+l)(z4+5z3+4z2+5z+1)

(z z + 1)(z 3z 3z + 1)
Z6- 10Z4 -t" 22Z3- 19Z + 6Z + 1
(z--1)(z2-2z+5)(z3-z2+4)

z 4z + 4z + 2z + 4z 4z + 1
z-4z+lOz4- 18z+17z-10z+1

(z3-z2-8)(z3+z2+3z-1)
z- 4z + 4z + 4z- 12z + 12z- 4

(z 2z + 2)(z4- 2z + lOz- 16z + 8)
z- 4z + 8z4 12z + 16z 12z + 4
(z 2z + 3z- 1)(z + 2z 9z +7)
z6- 4z -I- 16z4- 22z + 16z 4z + 1

(z z + 1)(Z -t- Z + 4z 3z + 9)
(z 2z + 2)(z 6z + 10z 8z + 4)
(z + 2z- 2)(z 2z 2z + 8z- 4)

Z 4Z 4- 4Z 4- 8Z 12z + 4
z -F 4z 6z -F 4z -F 1

z-4z+lOz4- lOz3+5z2+2z-3
(z + z + 1)(z z + 4z z + 1)
(z- 1)(4z -I- z --b 3z 8z 4- 4)

z- 4z 4z -t- 12Z + 4Z 12Z + 4
Z(4Z 4- 17Z + 22Z + 17Z + 4)

(Z + Z + 1)(Z + 3Z 4Z + 3Z + 1)
Z -t- 4Z5- 18Z -I- 26Z3- 15Z + 2Z + 1
z6 4z + 2Z 2Z 4- Z 4- 2Z 4- 1
z(z z + 4)(z3- 3z + 3z- 5)

(z + z + 1)(z z + 8z z + 1)
Z(4Z 3Z -F lOz 3Z + 4)

(z2- 3z + 1)(z4 z + 4z- z + 1)
z + 4z- 2z + 4z + 1

Z6- 4Z4 "" 12Z3- 16Z + 12Z- 4

Z 4Z + 2Z 4- 6Z + Z + 2Z + 1
(Z Z + 1)(Z + Z 4Z 3Z + 9)

Z(4Z4 + 9Z + 14Z + 9Z + 4)
Z6- 4Z + 4Z4 4- 12Z3- 36Z + 36Z- 12
(Z--2)(Z2+z+2)(z3-3z-z-1)
Z-2z-1-3z4-6z3+13z-12z+4

Z 4Z4 + 2Z 4Z + 1

2143352
2123s52
2127132
21234312
21173
21655

21s3" 17
2133 172
2121032
22113

214532
212107
2135 112
212372
2272

2123.192
215423
22029
212313

21s52
21s3.52
21211
21461
2’5

2133 7
211372
2123432
21452132
21733112
2127219
21267
213s53

21732232
2113’232
2175 72
2171
211113
2’73

2’37s
2"35
2’317
21473111
21713
21179

0
0

2
2
0
0

1
i

2

0
1

2

1

0
1

0

2 Q(/-)
0
0
0
1

1
1
2 Q(.,/)
0
1
1

1
0

2 Q(.,/)
0

1
2
1
0

2
1
0

2 Q(v)
1

1
1
o
1
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N
161 7,23
165 3,5,11
166 2,83
167 167
168 2,3,7

170 2,5,17

177 3,59

180 2,3,5
184 2,23

186 2,3,31
190 2,5,19

191 191
198 2,3,11

204 2,3,17

205 5,41

206 2,103

209 11,19
210 2,3,5,7

213 3,71

215 5,43

221 13,17

230 2,5,23
255 3,5,17

266 2,7,19

276 2,3,23
284 2,71

285 3,5,19

286 2,11,13

287 7,41

299 13,23

330 2,3,5,11

357 3,7,17
380 2,5,19

390 2,3,5,13

PIN W’(N) f(z) of disc(f)
W(161)
W(165)
W(166)
W(167)
W(168)
W(170)
W(177)
W(180)
W(184)
W(186)
<w, wl
W(191)
W(198)
W(204)
w(2o5)
W(206)
W(209)

;w, W,o, w,,)
W(213)
W(215)
W(221)
W(230)
w(255)
W(266)
W(276)
W(284)
W(285)
W(286)
W(287)
W(299)
W(330)
W(357)
W(380)
W(390)

(z3-2z2+3z- 1)(z3+2z2+3z-5)
(z 1)(z + 3)(z z 1)(z z + 3)
(z 2z + 2z + 1)(z + 2z 2z + 1)
z- 4z + 2Z4- 2z 3z + 2z- 3
(z- 1)(z + 2)(z + 3)(z z + 2)

(z2-z-1)(z4-3z3+6z2+5z-1)
Z -4- 2Z 6Z -F 5Z 6Z -- 1

(Z + Z + 1)(Z 5Z + 12Z 5Z + 1)
Z- 4Z + 8Z 16Z + 28Z 24Z + 8
(z3- 2z + z + 1)(z + 2z + 5z + 1)

z + 8z4- 2z + 8z +I
Z -F, 2Z -- 2Z -- 5Z 6Z -F 1
(Z2- Z -’F 1)(Z "F 5Z -- 5Z -- 1)

(Z + Z + 1)(Z4- 5Z + 4Z 5Z + 1)
Z -[- 2Z -1- 10Z -I- 5Z 6Z - 1
Z + 2Z + 2Z + 5Z + 6Z + 1

Z- 4Z + 8Z4- 8Z + 8Z + 4Z + 4
Z(4Z 3z + 2z 3z + 4)

Z "+" 2Z -[- 2Z3- 7Z + 6z- 3
z + 4z 12z + 20z 20z + 12z- 4

z + 4z + 2z + 6z + z 2z + 1
(z 2z + 5z + 1)(z + 2z + z + 1)
(z + z- 1)(z4- 5z 6z + 3z- 1)

z6+4zs+l0z4+14z3+17z2+10z+1
(z z + 1)(z + z + 8z + z + 1)

z -4z +.2z-4z+1
z(z + z + 4) (z3-z --z--3)

Z(z3-z +3z+l)(z3+ --4)
Zz -4z+2 +6z 15z+14z-7

z -4z+6z4+6z 7z 10z-3
(z+z+l)(z4-z +8z2+3z+9)

6z + 8z 8z + 20z 12z + 12
z +8z4+2z3+8z2+1

(z z + 1)(z + 5z 8z + 5z + 1)

2’7423 2 Q()
2’3453113 2 Q(v)

2’483 1
-2’167 2 Q(-)

2’s3a7 0

2’517 0

2’359 2 Q()
2213452 0
21s23 1
213431 0

25" 19 1
2191 2 Q()
21a3411 0

21s3.17
21541 2 Q()
2121032 0

21119 2 Q()
2357 1

21371z 2 Q()
21543 1

-21317 2 Q()
25423 o
2517 o
2719 o
27323 o
2s71 o

2n35 .19 1

.21113 1

2741 2 Q()
2’1323 2 Q()
23511 0

237a17 2 Q()
25" 19 0

23 "513 1

3. Remarks. (1) Defining equations of
hyperelliptic curves of genus two of type Xo(P),
Xo*(p) Xo (P) /( W,) where p is a prime have
been given in [3] and [7l, and M. Shimura has
calculated in [10] defining equations of all
Xo(N) with genus 2 <-- g g 6.

(2) Hyperelliptic curves of type XI(N) have
been determined by [6]. There are only three
values of N for which XI(N)is hyperelliptic,
namely N 13, 16 and 18, and all of these are

genus two, We have also calculated their de,fining

equations by the same method as in the case

Xo (N)/ W" (N)
2 6X(13)’w =z --8z+26z*-46zs

+ 53z- 42z + 17,
X(16)’w (z-- 1)(z-I- 1)(z-!- 1)

x (z+2z- 1),
2 6 5X(18)’w =z +8z +30z4+70z

+ 105z + 90z + 33.
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