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Table of Quotient Curves of Modular Curves X(N) with Genus 2
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1. Introduction. Let X,(IN) be the modular
curve corresponding to the modular group I',(N).
All hyperelliptic curves X,(/N) have been deter-
mined by Ogg [8], and their defining equations
are given in [10]. Let W(N) be the subgroup of
AutX,(N) generated by all Atkin-Lehner’s in-
volutions ([1]), and let W’'(N) be a subgroup of
W(N). Then, by [2], we see that there are 138
cases in the range N < 300 such that the quo-
tient curve X’ = X,(N)/ W’(N) is of genus two.
For N = 301, we can find that there are only
four such cases, see [4]. In this article, we shall
give the table of defining equations of such X”’s.
We use the following

Theorem. Let S,(N) be the space of cusp-
forms of weight two on Ty(N) and S,(N)"" ™ be
the fixed part of S,(N) by W/ (N). Assume that X’
= X,(N)/ W' (N) is of genus two, and S,(N)* ¥’

is spanned by
fl = Z anq”vfz = Z bnqn
n=1 n=2
with a,, b, € Z, a;b,#0. Put z=f,/f, and
w= (f,/q) '(dz/dq). Then z and w generale Lhe
Sfunction field Q(X") of X' over Q and give the de-
fining equation w> = f(2) of X'

Proof. See [7].

fi and f, are computed by using Brandt mat-
rices and trace formulas of Hecke operators ([5],
[9]).

2. Results. The following is the list of
Xo,(\N)/W’(N) with genus equal to 2. The fourth
column gives f(2) in the theorem. The sixth col-
umn gives the dimension of the subspace of
SZ(N)W’(N) spanned by newforms, and the
seventh column gives the field of Hecke eigenva-
lues if SZ(N)W’(N) is Q-simple and spanned by
newforms.

N | pIN W’ (N) f(2 disc(f)
22 | 2,11 1 (42— 42+ 8)(F° — 22"+ 42— 4) —-2"11* |o
23 23 1 @ —z+DE—8+32—17) —2"23° |2 Q(/5)
26 | 2,13 1 22— 8 +8 —18°+87—8z+1 —-2"13° |2
28 | 2,7 1 CH+DEE—z2+2+2+2) 227 o
29 29 1 =42 — 122+ 2+ 87+ 82— 7 —2%29° 2] Q(/2)
30 | 235 (W @ —z+1DE+32+DE" =62+ 1) 23%° |1

Wy 2+3)E@—z+4)(E—22+5) —23%5° |0

Wy C—z—-1D)E+2:—7E+32—9) —283%% |1
31 31 1 F—2"—z+3)E—62—52—1) —2"31* | 2| Q(/5)
33 | 311 (W —1DE —4z2—-8) (@ +2"+32—1) 2”3-11° |1
35 | 5,7 A (z+1)(°+4) @ — 52"+ 32— 19) —2"%'7° |21 QWI7)
37 37 1 22+ 82° — 202" +282° — 242"+ 122 —4 | —2"37° |2
38 | 2,19 (W, =5 —EC+2—2+3) —-2"19° |1
39 | 3,13 (W, z—1DE+3)E—52+3)E+32—1) |—2%3°13%| 2| Q(2)
40 | 2,5 Wy (Z*+4z— ) +42°— 82+ 4) —2%5° |1

A (Z* + 4) (' + 122" + 16) 2%5* |0
42 | 237 (W =52+ +22+47+z2+1) —-2%3-7° |1

(W @+z-5)E" —2—22—52+11) -2%3-7° |0

Wy C+z+1DE+ 77 +162°+ 72+ 1) 2°3-7% |1

Wy, =52+ 7D—72°+222°—352+23) | 2837 |0
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N | pIN W’ (N) f(@ disc(f)
44 | 2,11 (W) (2* + 42" — 16) (° + 82" + 24z + 28) —-2"11* |o
46 | 2,23 (W, -4+ 2+ DG -4 +52—1) —2"23" |0
48 | 23 (W, (2 =22+ 2+ 22— 2"+ 42— 4) 2%23° |1
(W C+E—22+4)EG +22+4) 2¥3% |0
50 | 25 1 =42 — 102" —4z+1 —2"° |2
52 | 2,13 (W 22+8+82+18° +87+8:2+1 -2"13° |0
(W, 2°— 82" + 282" — 582° + 842" — 84z + 41 213> |0
54 | 2.3 (W =3 —0E+3°+32+5) — 283" |1
57 | 3,19 Wy 2+ 42° — 202" + 442° — 5227 + 362 — 12 | —2"3-19° | 1
(W 2*— 82" + 282" —522° +562° — 362+ 12 | 273-19° |1
58 | 2,29 (W, 2+ 42"+ 162 +222° + 162"+ 42+ 1 2%29° |2
60 | 235 (W,p» E+z+1)E +3°+82+32+1) 23%° |0
(W, Wy 2z—3) (@ +z+ 4+ 22+ 5) —2%3%° | 0
(W, W, —DE—2E —32+6)E"—2z+5) | —2"3:5° |0
62 | 2,31 (W (* =22+ 2+ 1) —62°+132—11) —-2"31% |o
66 | 23,11 (W, =2+ —328°—42"—32+1) —2"3%11% | 2
(W, Wy z+2)(*—32-6)E—32"—2+7) 2”3-11* |o
(W, Wy 2(z—3)(z— 4)(° — 922+ 232 — 11) 23"11° |0
W, Wy 2+ z2—8)E+37—2z+1) 243-11% |1
67 67 w(67) 2 — 42"+ 62— 62"+ 92— 142+ 9 —2%7" | 2| Q(/5)
68 | 2,17 (W (z — 1) 4z" — 232° + 552" — 64z + 32) 217" |0
69 | 3,23 (W,o» (2°—62+112—5)(*— 2"+ 32— 1) —2%23 |0
70 | 25,7 (Wys» F+3z2+DE+22+42+2+1) -2"5-7° |1
(W, Wy =2 +z+2E+5+72+7) —-2"-7° 0
(W, W, 2+ 1Dez— 49— 22— 2+5) 2%5°7° | o
(W,, Wy 2 =32+ — 22— 2+5) —2'%5°7% | 0
72 | 23 (W (2" +22—2)(" — 228+ 62— 82+ 4) -2"3° |1
(W, (22— 22+ 2) (2 —62°+187° — 24z + 12) 23 |0
73 73 W(73) 2+ 82° + 262 +502° +612°+382+9 | —2%73° | 2| Q(/5)
74 | 2,37 (W, 2’ —82° + 242 —362° +282°—12z2+4 | —2Y37° |0
77 | 711 (W,» 2 —42° +122' —202° + 202 — 122+ 4 | 2%7-11° |1
78 | 2,313 (W,y> 2+42°+8 +62°+8+4z+1 213 |0
(W,, W) z—3)e+1DE+z-3C+2z+1) 2%3"13° |0
80 | 25 Wy (2 —22+2)(2" — 22— 22+ 82— 4) -2"5" |0
84 | 2,37 (W,, Wy F+52+1DE -2 +4—2+1) —2%3.7° |0
(W, Wy @ —z+ 1) -7 +162°— 72+ 1) 2°3.7 |0
(W, Wy (°—32+3)(* —2°— 25— 52+11) 2°3-7% |0
(W,, W, 2(*—3z2+ 40U —32+1) 2“3*77 |0
85 | 5,17 W(85) (2 —2z2+5)( — 22+ 32— 62+ 5) 2%517° | 2| QW2)
87 | 3,29 (W,g» =2 —z2—-1)(E+27+32+3) —2"3%29° | 2| Q(/5)
Wy 22— 42" +1220 — 2222+ 327 —28:2+17 | 2%29° o
88 | 211 W(88) (' — 62 +82—4) (@ — 225+ 42— 4) —2*11° |1
90 | 2,35 Wy, Wy (—z+1)E +58°+122°+52+1) 243% |1
(W,, Wy (Z—z+1)("—3°+8"—32+1) 243%" |0
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N pIN W’ (N) f(2) disc(f)
(W, Wy (22 —32+3)(" -5 +1427 — 252+ 19) | 2"3%° |0
(W, Wy -1 —z+40)@"—72+4) 2%3%° |0
91 | 7,13 (W 22— 4+ 4 — 4+ 122" —12:+4 | — 277137 | 2
93 | 3,31 W(93) (' =2 —2z2+3)@ + 25— 52+ 3) —2"331° | 2| Q(/5)
98 | 27 W (z—1)@z' — 112° + 192° — 162 + 8) 27 o
100 | 25 (W 2 +42°+102°+4z2+1 -2%° |0
102 | 2317 | <W, W, F—z+ DG +5°+47+52+1) | —2%3-17°| 1
(W, Wy Z—z+ 1) —32—32+1) —2"3-17°| 1
103 | 103 W(103) 22 =102 + 222 — 1975+ 62+ 1 —2"103° | 2| QW5)
104 | 2,13 W(104) C—1DGE —2z2+5) G —2+4) -2213% |o
106 | 2,53 W(106) 22— 4+ 4+ 22+ 42— 4z +1 2"53% |1
107 | 107 w(107) 22— 42 +102' —182° + 1722 — 10z +1 | —2"%107° | 2| Q(/5)
110 | 2,511 | Wy, W, EC—2=-8)++32—1) —2"5-11%| 1
111 | 3,37 Wy 22— 4+ 4+ 42— 1222+ 122 — 4 —-2"37° |0
112 | 27 w(112) (ZF—2z+2) " — 22+ 102" — 162+ 8) 257 1
114 | 2319 | W, W, 2°— 42" + 82" —122° + 162" — 122+ 4 2319 |0
115 | 5,23 W(115) (' —24+32—1)( + 22— 92+7) —2%5%23% 2| Q(/5)
116 | 2,29 W(116) =42 +16 — 222 + 1625 — 42+ 1 2729 |0
117 | 3,13 W(117) GF—z+ DG+ +42"—32+9) 2'%3°13% |0
120 | 235 Wy, Wy (" —2z+2)(z" —62°+ 102" — 82+ 4) —2%5" |o
Wy, Wy (Z°+22—2)(" =2 —2"+8:2—4) 23:5° |1
121 11 w(121) =4+ 47 +8"— 122+ 4 2”11 |1
122 | 2,61 wW(122) L2442 -6 +4+1 24617 |1
125 5 W(125) 22— 42 +10z' — 1022+ 525+ 22— 3 —2%5° | 2| Q(/5)
126 | 237 (W, Wy CHz+DE -2 +4—2+1) 2¥3-77 |0
Wy, Wi (z— 1)@+ 22 +3°—82+4) 2"3°7% |1
129 | 3,43 W(129) 22— 42" — 42+ 1222+ 425 — 122+ 4 —2"%3%43% |1
130 | 2513 | (W, W, 24z +172° + 222° + 172+ 4) —2"5M13% |1
132 | 2,311 (W, W FC+z+1)E +32°—42+32+1) —2"311% | 0
133 7,19 w(133) 2 +42°—182'+262°— 15 +2z+1 - 2719 | 2| Q(/5)
134 | 267 W(134) =4+ 2 -2+ +22+1 —2%7" |0
135| 35 W(135) 2= z+4)(*—32°+32—5) —23%° |1
138 | 2,3,23 Wy, Wy C+z+ DG -2 +8"—2z+1) 2'3%23% |2
Wy, Wp> 2(42* — 328 + 102 — 32+ 4) 2"3%23° |1
140 | 257 (W,, W,y =32+ 1) —2L+4—z2+1) —2"5-77 |0
142 | 2,71 (W, 2+42 -2 +42+1 —2"71% |2
143 | 11,13 Wy 2’ —4z' +122° — 162"+ 122 — 4 - 2"1113 |1
146 | 2,73 W(146) -4+ 246+ 5+ 2241 —-2%73% |0
147 | 37 w(147) F—z+ DG+ —42—-32+9) 2%3%7° 12| Q(/2)
150 | 235 (W, Wy z2(4z' + 928 + 142" + 92+ 4) 2'3%° |1
153 | 3,17 w(153) 22— 4+ 4z +12.°— 362" +362—12 | — 23177 |1
154 | 2,7,11 W(154) C—20F+z+2D@E—-37"—2—-1) —2"7*11° |1
156 | 2,3,13 (W,, Wy 2 —22+32—62°+132"— 122+ 4 213> |0
158 | 2,79 W(158) -4 +2° -4l +1 28%79° |1
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N pIN W’ (N) f@ of disc(f)
161 | 7,23 W(161) (=22 +32—-1)E+2°+32—5 | —2%7"23* | 2| Q(/5)
165 | 3,511 W(165) —1DE+3)E—z—1E —2z2+3) 23'5°11° | 2| Q(/2)
166 | 2,83 W(166) (=2 +22+ 1)+ 2 —22+1) — 283" |1
167 | 167 W(167) =4 +24 -2 -3 +2:—3 —2"167° | 2| Q(/5)
168 | 2,37 W(168) C—1DE+2)F+3)EE—2z2+2) - 237 1o
170 | 2,517 W(170) F—z—1E" -3 +622+52—1) 2'%5°17% |0
177 | 3,59 wQ77) 2+27 -6 +5"—62+1 — 2"3%59% | 2| Q(/5)
180 | 23,5 W(180) @ +z+1)E -5 +122"—5z+1) 2435 |0
184 | 2,23 W(184) 22— 42" + 82" —162° + 282" — 242+ 8 223" |1
186 | 2,3,31 W(186) @ -2 +z+1DE+2+52+1) —2"3'31% |0
190 | 2,519 Wy, Wy 28+ 82 — 228+ 82" +1 2%5-19° |1
191 | 191 W(191) 2+22¢+2°+52"—62+1 —2"191% | 2| QW5)
198 | 23,11 W(198) @ —z+1)E +5°+52+1) —-2311° | 0
204 | 2,317 W(204) @+z+1)E =5 +422—52+1) —2"3.17%| 0
205 | 5,41 W(205) 2+22 +102°+57—62+1 —2"5°41° | 2| Q(//5)
206 | 2,103 W(206) 2+22+2°+55+62+1 —2"103" |0
209 | 11,19 W(209) =42 +8" -8 +87"+4z+4 21119° | 2| QW2)
210 | 2,357 | <W,, Wy, W,> 24zt — 32+ 25— 32+ 4) 2"3%5%7" |1
213 | 3,71 w(213) 2+22¢+2° -7 +62—3 —2"3%71° | 2 | Q(/5)
215 | 5,43 W(215) 22+ 42" — 1224 + 2028 — 2022+ 122 —4 | —2'%5%43% | 1
221 | 13,17 w(221) a4 +20+6l+27—22+1 —2"1317%| 2 | Q(/5)
230 | 25,23 W (230) (=2 +5z2+ 1) +2+2+1) — 2%5%23% | 0
255 | 3,517 W(255) @+z—1@E" —52—622+32—1) 2'%5°17% |0
266 | 2,7,19 W (266) 22 +42° + 102" +142° + 172+ 102+ 1 | — 2'%7°19% |0
276 | 2,3,23 W (276) E—z+1)E'+2+8+z+1) 2'3%23" |0
284 | 2,71 W(284) =4 +2 —4z+1 —2"%71% |0
285 | 3,519 W (285) P+ 2+ -2 —2-3) - 2"3%-19°| 1
286 | 2,11,13 W(286) -2 +3z2+1DEE+L—49) - 2"11"13°| 1
287 | 7.41 W(287) =4 +22+6°— 1522 +142—7 | —2%7%41% | 2| Q(/5)
299 | 13,23 W(299) -4 +624+62°—7"—102—3 |—2"13%23| 2| Q(/5)
330 |2,3,5,11 W(330) F+z+DE -2 +87+32+9) 2"3%11° | 0
357 | 3,7,17 W(357) 2+ 8z — 82° + 207" — 122+ 12 223717 | 2| QW2)
380 | 2,519 W(380) 2+8+2°+8°+1 2%5-19° |0
390 |2,3.,5,13 W(390) @ -z2+1DGE +5°—8"+52+1) |—2"3-513% 1
3. Remarks. (1) Defining equations of genus two. We have also calculated their defining

hyperelliptic curves of genus two of type X,(®),
X, (p) = X,(p)/{W,> where p is a prime have
been given in [3] and [7], and M. Shimura has
calculated in [10] defining equations of all
X,(N) with genus 2 < g < 6.

(2) Hyperelliptic curves of type X;(N) have
been determined by [6]. There are only three
values of N for which X;(N) is hyperelliptic,
namely N = 13, 16 and 18, and all of these are

equations by the same method as in the case
X,(N)/ W’ (N) :
X,(13) : w’ = 2° — 82° + 262" — 467°
+ 532" — 42z + 17,
X,16):0w'=G-DGE+1DE+1)
X (2+2z2—1),
X,(18) : w® = 2° + 82° + 30z* + 702°
+ 1052* + 90z + 33.
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