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Introduction. In 1985, Drinfeld [1] and Jimbo [2] introduced an h-adic
topological C[[A#]]-Hopf algebra U,® associated to a Kac-Moody Lie algebra
®, which is now known as the quantum group or the quantized enveloping
algebra. The algebra U,® is defined by generators and binary relations cal-
led the g-Serre relations. Let U, B, and U,B_ be the positive and negative
Borel-type Hopf subalgebras of U,®. Drinfeld showed that there is a
non-degenerate bilinear form <{,>: U8B, ® U,B_— C((h)) such that,
under ,>, U,B_ can be, identified with a dual Hopf algebra of U,B, with
the opposite comultiplication. (Speaking more strictly, we must shift the topo-
logies of U,8B, and U,B_ and replace U,B, and U,B_ with certain Hopf
subalgebras. See [8] and §3 of this note.) He also proved the existence of the
umiversal R-matrizx of U,® by using {,>. His method is called the guantum
double construction.

The purposes of this note are to exhibit the following results:

(i) A Serre type theovem for an affine Lie superalgebra g. We give defining
relations of g satisfied by the Chevalley generators. We need not only binary
relations but also trinormial and quadrinomial relations.

(ii) A definition of the quantized enveloping superalgebra U,g associated to
g. We define the A-adic topological C[[#]]-Hopf superalgebra U,g by using
generators and relations.

(iii) The existence of the universal R-matrvix of a Hopf algebraization U,g°
of U,g. We show this fact by using the quantum double construction for
U,,ga. (In [8], we gave an embedding ( * ) from the category of Hopf super-
algebras to the category of Hopf algebras. This fact might be known to ex-
perts.)

(iv) A topological freeness of the C[[A]]-module U,g.

We have already shown the corresponding results for the finite dimen-
sional simple Lie superalgebras of type A-G in [7], [8], [9].

Let g = g(&, II, p) be the Kac-Moody Lie superalgebra defined with
the datum (&, IT, p), the dual space & of a Cartan subalgebra §, the set
IT C 8 of simple roots {a,, a,, .. .,a,} and the parity function p:II—
{0,1}. We first define g abstractly by imitating the definition of the
Kac-Moody Lie algebra given in §1.3 of Kac’s text book [3]. Unfortunately,
in the case of Lie superalgebras, the terminology “affine type” seems not to
have been given the definite meaning, yet. For the present, we say that
a(8, IT, p) is of affine type if the Dynkin diagram I' = I'(8, IT, p) can be
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found in our reference [4]. In this note, we further assume that n = 4 if I' is
not of type G;D nor D(2,1;x) “ and that Iis of distinguished type if I" is of
type F4(l), G;D and D(2,1;2)". In fact, the Hopf superalgebra structure of
U,a(8, II, p) seems to depend on the choice of the datum (8, IT, p). For the
terminologies in this note, see (7], [8] and their references. Details omitted
here will be published elsewhere.

1. Dynkin diagrams of affine Lie superalgebras. Let § = (@il Ce,)
D Cd D CA, be the N + 2 dimensional C-vector space. Define the symmet-
ric bilinear form ();8 X §—C by (e, ¢€) =0;, (6,4) =1 and
(g5, 0) = (g;, AY = (3, 0) = (Ay, AY = 0. Let IT =A{a,, ay, . ..,q,} be a
linearly independent subset of &, and p: II— Z/2Z a function. We call «;
the simple roots and p the parity function. In this note, we consider the
datum (8, IT, p) associated to one of the following Dynkin diagrams I' =
I, I, p) listed below as (i) and (ii). In I, the i-th dot is O, ® or @ if
and only if ((a;, @), p(a)) € C* x {0}, {(0,1)} or C* x {1} respectively
where C™ = C\ {0}. The i-th dot is joined to the j-th dot (i # j) by | (a;,
a;) | edges. Moreover the arrow points to the smaller of | (@;, ;) | and | (e,
a;) |. In this note, we assume that the number of the dots of I' is more than or
equals to 5 if I' is not of type G;D orD2,1; 0.

(i) ABCD types. In this stage, the simple roots «; satisfy that
a0, €{0—8 +8y,0—F — 8, 05,0 —28},0;,=5,— &, A=<
N —1), and ay € {&, 28y, Ey_; + E5). Here &; = V£ 1¢; where the sign
can be choosen arbitrarily. The dot X stands for O or & . The dot &
stands for O or @. The edge X 11117 X stands for T or O O.
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(ii) Exceptional types. Here the element written below the i-th dot denotes
the ¢-th simple root ;.

3

W 1 2 4 0
F, O—O0—0- &————=0
1
€, — €& &3 & & E(v—381—82—83—54) 0—+V— 3¢y,
0 1 2 3
o= O—=0
0—2yV—2¢ e,—e;,t+y/—2¢ € —¢e —2¢+¢+e¢,

D2,1;0” @xeC,z+0,—1)
0—V—1@—c+2)g—(c—De,—(c—De, 2e,— ¢,

(¢V)
G,

X +1 1 -x 3

O

Vv—1e —¢e V=1 @—c)e + ce,+ cey

where c = —x + V2x(x + 1).

2. A Serre type theorem for g(8, IT, p) and defining relations of U,g(8,
I, p). Puth = & We call § the Cartan subalgebra. Let H, € Y be the ele-
ment such that w(H) = (u, v) for any ux € 8. Let CLIr]] be the
C-algebra of formal power series in the indeterminate A.

Definition. Let (&, IT, p) be the datum in Section 1. We define the
h-adic topological C[[h]]-superalgebra U,g(8, II, p) by generators H €
b, E,, F;(0 < i< n) with parities p(H) =0, p(E,) = p(F) = p(a,) and

relations:

(2.1) [H,H]1=0ifH,H €y,
(2.2) [H,E]l =a,HE,[H, F]l=—«a(HF,
(2.3) [E, F] = 6, sh(rH,) /sh(h),

(24) (1) [E, E]l=0if (a,, a) =0,
(ii) (ad, (E))l “W(E) =0 if (a,, a) # 0,

(iii) [E,,,,, E]l=0if ><——®——>< with (a;, a;) + (a;, @) =0

or ><—————®—_:>A
(iv) [IE,, E;l, EJ1=0 1f ®—®=O

(V) [[Eukmkﬁ Ek] - 0 if X_O—®=O
i
(vi) E; = Eyyif \ ,
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(vii)  Egyap43 = [2] Eoy355, for type F4(l)v

(i) [2] E o552 = [81Eqy239, for type Gél)’

(1X) [[Eloy Elz]m E13] = [.’L'] [[Elo’ E13]h, Elz] for type D(Z,l ;1‘)(1),
(2.5) the relations (2.4) with E|'s replaced by FY’s,
where we used the following notations: For x € C, put [x] = ™ —
e”™/(e" — e € C[[h]]. Put [X, Y] = XY — (— D**?VYX Put Q" =
@D Z. q,. For 2, 1 € Q, set [X,, V], = X,¥, — (— 1)’*We "y X,
where X, and X, satisfy [H,, X;]1 = (v, DX, and [H,, X,] = (v, ) X,. De-
fine ad,(X) (X)) = [X,, X,], and (ad,(X)))"(X,) = ad,(X)) (ad, (X))
X)), Put a; =2(, )/, @) € Z_, if (a;, a)) # 0. Let Ej... =
[---[[E,, E]\, Edy, -+ 1,

We are going to define the Kac-Moody Lie superalgebra g(&, IT, p) by
imitating the definition of the Kac-Moody Lie algebra in §1.3 of Kac’s text
book [3]: Let g(&, II, p) be the C-Lie superalgebra defined by generators
H €y, E,, F, with parities p(H) = 0, p(E,) = p(F;) = p(a;) and the rela-
tions obtained by substituting O for % in (2.1-3). We define g(&, IT, p) as
the quotient Lie superalgebra §(&, IT, p)/x where r is the ideal maximal
among the ones such thatr N § = 0.

Theorem A. Let (8, II, p) be the datum in Section 1. Defining relations
of g(E, II, p) satisfied by the generators H € §, E;, F; (0 < { < n) are given
by substituting O for h in (2.1-5).

3. Existence of a universal R-matrix associated to U,g(8, IT, p). In
Theorem 2.9.4 in [8], we defined the A-adic topological CI[[h]]-Hopf super-
algebra U,(8, IT, p) in an abstract manner. By showing U,g(§, IT, p) =
U,8, II, p), we have Theorems B and C.

Theorem B. (i) As a CL[Al]-module. U,g(E, II, p) is topologically free.

(ii) U,g(8, II, p) is a topological Hopf superalgebra with coproduct A such
that A(H) =HQ®1+1QH, A(E) =E; Q1+ exp(hH,) Q E,;, A(F)
= F,Qexp(— hH,) + 1Q F,

(iii) U,g(8, IT, p)/hU,g(8, II, p) = Ug(8, II, p) as C-Hopf superalge-
bras where Ug(8, II, p) is the universal enveloping algebra of g(8, II, p).

Let ¢ be the generator of Z/2Z. Let Z/2Z act on U,g(8, I, p) by
6. X=(—1D"%X (X< Ug@, II, p)). We define the algebra U,g(8, IT,
p)° as the crossed product U,g(8, I, p) @,Z/2Z. We denote the element
XQ®o°€Ug@ I,p) R ,Z/2Z by Xo°. Then we can regard U,g(8,
IT, p)° as the Hopf algebra with the coproduct 4° such that 4° (Xo°) = Z;
Xi(l)a(p(x‘(Z))+0) ® X P0° where AX) = X, X" ® X,?. Denote the antipode
and the counit of U,g(8, IT, p)° by S’ and &’ respectively.

Let M, and M_ be subsets of U,g(8, IT, p)° defined by M, =
{E,--+E Hy"- “Hpyo | Hyy €9, 2, 2, ¢ € Z,o) and M_= {H,* - H,,0°
F,--F, |Hy €Y, y,2 ¢EZ,,. Define deg,: M, — Z,deg_:M_—Z
by deg,(E, - "E, Hy " H,0) =x + z,deg_(Hy - H,0o°F,--F;) =
z+ y. For o(h) € CLIRII\ {0}, put v(e) = lim,_,(k(de(h)/dh)/¢(h)).
Let U;,/—bi (resp. U;,/_b':) be a subset of U,g(&, IT, p)° defined by {7,
P:(MX, (X, € M, (resp. X; € M), ¢;(h) € CLIAID |lim,_., (v (p,(B)) —
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27'deg, (X)) = + o0 (resp. lim,_., (v (g,(h) — 2 'deg_(X))) = + o0)}.
Then U/—b and UJ_b are Hopf subalgebras. Let C((h)) be the quotient
field of C[[h]]

Theorem C. There is a non-degenervate CLLAL]-bilinear form

(O UJ— b x UJ— b, — C((h)) determined by the conditions:
(i) <o, H>—0 <0 F» =0,<H,F» =0, <H, 0d>—0 {E;, ") =0,
<1:: H>—o {o°, o’ = (- D, <Hu,H>——h ‘(u, v), <E,, F) =
(e —e"” "5,
(ii) <X, ) = <A°X), 2z Q@ o, (XY, =<Y®X, A°(x)>, <5°(X),
S =X, o, X, 1> =X, {1, » = ().

Put U,° = U,g(8, IT, p)° @ C((h)). For y € Q, let U, (resp. U_,) be
the C[[h]] submodule of U,{_bi (resp. UJ_b ) generated by the elements
E;,---E; (resp. F; - F, a’pm) such that a; + - + a =7. Let {e), €
U,’} and {er, = U } be bases such that (e,,, e, > 0 if i #j. Let C, =
Z(e,,e,) ®e,,EU & U, .Putt—(Z,lH ®H)+H,,®
H, + H, ®H5, c0—2_1 im0 (— 1)*0° ® o',

Let Ue denotes the z-adic completion of U,” @, C((2)). For 2= (A,

2,) € (C((2))"*', define a Hopf algebra map pz:U ,”— U by
p—(a) o, o:(H) = H, 0:(E)) = AE,, 0:(F) = A;'F,. We say /I—— Ao, - . .
) > Z= (g, ... 1) if 3,/ € zC[[z]] for all i. For 4 > 1, we put R(R
B = (X, o+ 07 0;(C)) - e B = Uw®(f Define 7: Uw® Uy’ —
Uw®way T(X®Y)—Y®Y Defme L1y b1gy Dogt UM®UW UM®
TR U by i, XQV) =XQYR®1, i, XN =XQ1QY, iX
@N=1XRY. Put RA, @), = i,,(R(A, @)). By using the quantum
double construction, we have:

Proposition. Let 1, t, 0 € (C((2)))"*" be such that 2 > f > D. Then
we have:

(i) The inverse of R(A, &) is given by R(/_i 0 '=8"®idRQG, p).
(i) RA, »0;Q 0; A°XRA, )" = 0; R 0:(c A" XN (X € Ty)
(i) = ;R 0; @ p; (A° ® id(C,e™¢)) = R(A, D) ;R (@, D)y

reQ*

Z 0: ® 07 ® o5 (1d ®A° (C,e™¢)) = R(A, D) ,RA, D)y,

(iv) R(ﬂ It) satisfies the Yang- Baxter equation
RQ, m),RQ, )R, D), = R(@, ©),,RQ, D) ,RQA, B 4,.

Remark 1. Let g’ = [g, gl /(center). For U,g”’, we can also obtain re-
sults similar to the ones of this note. As the image of R(/_l, ) under the vec-
tor representation of U,,SAI(L|M)’0, we can recover the Perk and Schultz
R-matrix [5], which is an extention (with Z/2Z-parameters) of Jimbo's
R-matrix obtained by using U,,sAl(L + M)’

Remark 2. Similarly to Tanisaki’s argument [6], we can give analogues
of the Casimir element and the Killing form for U,g(8, IT, p)° by using {,>.
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