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§1. Introduction. Let 2 be a bounded domain in R"(% = 2) with 08
€ C”. Let ¢ be a given nonnegative smooth function on £ and equivalent to
a distance to the boundary:

2= {p >0}, 02 = {px) =0},dp+ 0 on dRQ.
Let a(x) be a C>-function on £2. In the Dirichlet problem (D-P), we impose

on a the following condition (D).

(D) Z—:: =0 on 082, #: unit normal.

The purpose of this note is to study the homogeneous Dirichlet and Neumann
boundary problems defined by

(D-P) [— div(e®Vu) + c@o* 'u=f in 2
h u=0 on df2. We assume (D).
—div(@*Vu) + c@)o°u=f in 2
(N-P) du

n = on 0£2.

As for (D-P), we have

Proposition 1. Suppose that a satisfies (D) and @ < 1 on 082. Then, there
exists a positive number M such that if inf,., c(x) = M, then for every f €
C“(9), there exists one and only one solution u to (D-P) which is written as u =
©' "% with a function v belonging to C**(2) such that pv € C*™(Q).

From the theory of ordinary differential equations, we see that (D-P)
has no solution vanishing at x, = 0 if & = 1. So, the condition o <1 is
necessary for us. If we set u = gol_av in (D-P), this proposition follows as a
corollary to the theorem due to C. Goulaouic-N. Shimakura [1] in which the
equation @dv + 20,0 + f= 0(f € C*(2), Rz > 0) were studied. Note that
the restriction (D) can be relaxed as follows:

a€ CHD, | (Vo, Va)l, ¢ | da| = 0(p?), for some & > 4.

§2. Preliminaries to the Neumann problem. In the Neumann problem,
we have to deal with unbounded solutions as we shall show in §4. So, we are
obliged to modify the classical Schauder spaces to admit unbounded solu-
tions.

Definition. Let 0 <y <1,8# 0, and let f€ C(R}) be compactly
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supported in R_Z A function f is said to belong to the class Ag(R}) if
=B, (=B, | f@x) — fly |
Yo )T

| fl,, = sup min(z,””"",

z lz—yl”
is finite. Here (# — B), = max(0, ¢ — B). For a positive integer k, f is said
to belong to the class Ay “(R}) if D'f € A;_,(R}) for any 7 with | 7| =k
and we denote

|f|k+u,,9 = )T§k | Drflu,,s—k-

We also set Az(R};loc) = {f€ C(R)); gf € Ay(R}), for any g€
Co (R},

| - |, is then a norm on A3(R}), and A;(R}) is endowed with the in-
ductive limit topology of Banach spaces exactly as C* (R:). For these spases
we can show

Lemma 1. (1) C*(R}) € A5(RY), and A5(R}) = C*(RY) if B = p.

(2) If f€ AG(RY) and B<O0, then f€ C; = {f:f€ C(R}) and sup]| f|
z,? < + oo},

(3) If B> 0 and f € A5(RY), then f(x’,-) € C™™®*(RY), uniformly in
z = (x,,...,x,.) € R""

(4) f€ AZ(RY) N Cyif and only if f/x, € As_o(RY) N Cy_y.

(5) If fE ALLRY), B> — 1+ p), thenf € C*.

(6) log x, € AL(RY ; loc) if and only if B < 0.

In (2), the number SUp g, | flzx, 8 s uniformly bounded for f with support in
a fixed compact set.

Our goal is the theorem of existence and uniqueness of the solution to
(N-P) in the function space A;:’; (Theorem 2 below). And this is relied upon
an a priori inequality for solutions (Theorem 1 below) and the method of
continuity.

To obtain an a priori inequality, we proceed as follows. By a partition
of unity of the closure £, the question is essentially reduced to prove an ine-
quality for # with small support in a neighborhood of a boundary point. This
is because the operator is not degenerate in the interior of the domain so
that a nice inequality in the interior is guaranteed by a classical result of J.
Schauder. Let z° be any boundary point. Then, there exists a neighborhood
U of x° and a diffeomorphism ¥ from U N 2 in the x-space to a semi-ball
{lyl <7, y,=0}in the y-space such that x(") =0, x(UN 8Q) C
{y, = 0} and that ¢(x '(y,)) =y, Clearly, a(x) is close to the constant
function a(xo) in U. Rewriting the new coordinates y again by x, we can
locally approximate (N-P) by a problem
(N-P) —zfAu—az'0u=f inR’; gTu =0 on {z, = 0}

n
for # with small support in a neighborhood of the origin. Here a is a con-
stant satisfying @« > — 1 and f on the right hand side contains an error
term arising from the localization.

Green function for (N-P’). For a > 0, let us set

K., = Colz—y* ™|z -yl Fla, »), a>0,
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where

€. = ("8 2) 1 (8)

and F(a, w) is a hypergeometric function defined by

mp<j ﬂi—_@_),«(“g) ;
Fla, w>=r<a+§i"2)r<%> z F2(7'+a) : T

The kernel K, (x, ) is not defined for & < 0. However, it can be continued
to an entire function with respect to a. For example,
Kz, y) = Colz—yl" +lz—y" '),
K, @, p=C_(lzx—y |4—n + |z - Z/* |4—n = (n— dx,y, lx—y
+ =Dz, lz—y* "™, if n>4.
Here C, and C__,, are positive numbers independent of (z, y) € R}.
Then

IZ—n

u=Kf= fm K, (x, ») f@)dy

is a solution of the problem (N-P’). Following is the key lemma for the Green
function.

Lemma 2. Suppose that a> —1, —1+u<B+#0 and f/x, €

ta(RY). Let u= K,f. Then, 0,0,u, (8,u)/x, € Ay_, (R} ; loc) for 1 <,

k < n. Furthermore, 0,u = 0 on the boundary if 8> a — 1.

§3. Results. First we define the function spaces A;(£2) analogous to
the previous ones.

Definition. Let 0 < ¢ < 1, 7 # 0. A function # is said to belong to the
class A5(Q) if

(—r),u |

lell,.=1ul,.+ suplo
is finite, where
(u-7),

| %|,, = sup min(p(z) , o) lu®) = @ | u(ﬂy) |
2x2 l r—y [
Also, # is said to belong to the class A51%4(Q) if D'u € A%(Q) for any 7 with
I T| < 2 and we denote || u ||Z+,,,2+, = Zirlsz “ 'u "u,z-
Theorem 1. Assume that a(x) > — 1 on 0Q. Let T, ¢t and « satisfy
(1) max(—1, -1+ pu—a@) <7<0 on 082.
Let u € AZ“(2) be a solution of (N-P) for flo@*® e AL(Q). Then it holds

that
Ve loeszee + 1 07 (P, 700 e < Cl-L e + € Nt
@

Here C and C’ are positive numbers independent of f and u.
We get first the inequality for solutions to (N-P’) with small support
with the aid of Lemma 2 and estimate the error terms arising from the parti-
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tion of unity. We need Lemma 3 below for an interpolation argument and to
treat the terms involving log ¢. Finally, to prove Theorem 1, we sum up the
both sides of a finite number of inequalities in the local coordinate neighbor-
hoods.

The existence and uniqueness of the solution to (N-P), which is the main
theorem in this article, is stated as follows:

Theorem 2. Assume that a(x) > — 1 on 382, c(x) > 0 on 2 and that
(2)max(—1+pc, -1+ upu—al, —%, —%_'_—1) <7t<0omdfR.
Then, (N-P) has a unique solution in the space A;I‘T‘ (8) for every f such that
f/ % € AL(Q).

Theorem 2 is proved in the following way: First, we prove the unique-
ness of the solution with the aid of a function space

W) = [u:j;(l Vul> + clul®o®dx < 00}.

Note that f belongs to the dual space of W(R) provided that = > — (a +
1)/2 and o > — 1 on 0£. Since the weak solution is unique in the space
W(8), the classical solution belonging to As+() is also unique if there ex-
ists any. Second, if a(x) is identically equal to O, then (N-P) is a variant of
the classical Neumann problem for the Laplacian in a bounded domain.
Third, for general &, we make use of the method of continuity. More precise-
ly, we introduce a family of operators
L= — ¢ " div(¢™grad w) + cu

with parameter 8 € [0, 1]. The given equation is then L,u = f/¢”. Let F be
the set of € such that L, has the continuous inverse operator under the
homogeneous Neumann condition. Then, F is non-empty because 0 € F by
virtue of the above remark. And Theorem 1 guarantees that F is an open
and closed subset of [0, 1]. Therefore, F = [0, 1], in particular, 1 € F. Con-
sequently, (N-P) has a unique solution for every f satisfying the prescribed
condition. In each step of the reasoning, we need some restrictions on the
values of c(x), a(x), 1 and 7 (see (1) and (2)).

Remark. Theorems 1 and 2 are also valid for the following (N-P”) if
7 # 0 (in place of 7 < 0) and if inf, c(x) is sufficiently large.

— ¢o"Au— ap® " (Vo, Vu) + c(@)¢p®u=fin 2

(N-P”) du

d——O on 012.

In the proof of Theorem 1, we need the following interporlation lemma:
Lemma 3. (1) Assume that u € A2T4(Q), > — 1 + p. Then
= 10ul, < COUE 17ul,+ lul,d.

(2) Let p < B.Q wr = Br(®) N .Qfor a small R > 0 and u € A27%(wy),
0>7>—1++ u. Then

I 8,ulog ¢ ; Ai(we) | < OR™"|log RD e,y 200 fori =1,2,...,m

§4. Example. Here we give an example of unbounded solution to
(N-P). For simplicity we consider (N-P) locally in some neighborhood of the
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origin of Rﬁ in place of a general domain £.
Example. Let L be the operator defined to be

. x
Lu = — div(x'Vu) = — x,' [Au + j 0,u + (log x,)0,ul.
n
L
Then, for u = x.logx, — 2x, — 2x., we have —x"l =—14+zx € C” and
xn
0
—axin z,=0 = 0. However 'u =3+ 2logx, € C* And we see that u €

AZE(RY ; loc) for any ¢ € (0, 1) and any 7 < 0.
Note also that w = x, ' satisfies Lw = 0 with the homogeneous
Dirichret condition w|x”=0 =0 if ; <1 and the homogeneous Neumann

ow
condition 3 = 0 if x; < 0 respectively. According to Proposition 1,
n

Zy=0

we can consider w as a null-solution to the Dirichret problem (see (D-P)
with ¢ = 0). Moreover, we see that w is excluded from our framework for
the problem (N-P). To see this, let K be a compact set contained in RZ n
{x:—1<x <0} such that KN {x:x, = 0} # ¢ and assume that w €

0w
AZH(K ; loc) for some ¢ € (0, 1) and 7 < 0. Then, we have > = x,(r, —
I,
Dz, ™™ € A“(K ; loc). Furthermore, it follows from the assertion (2) in
Lemma 1 that 7 < min,exn (5,0 (— 1 — x;). But this contradicts to the con-

ditions (1) and (2) in the main theorems, so that the assertion follows.
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