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64. An Additive Problem of Prime Numbers. II
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(Communicated by Shokichi IYAN.a.GA, M. J. A., Sept. 12, 1991)

1. Introduction. We continue our study [1] on the mean value of
r(n)= A(m)A(k),

where A(x)=logp if x=p with a prime number p and an integer m_l,
and =0 otherwise. We put

1 (1-- 1
S(n)= (1+ p’i) (p-l) )"

Then in [1] we have shown under the Riemann Hypothesis (R.H.) that
(r(n)-- nS(n)) 0(X/).

nKX

Here we shall clarify the oscillating nature of the right hand side of this
ormula. We shall carry it out by expressing several places of the previous
arguments in [1] more explicitly. As a result we shall prove the ollowing
theorem.

Theorem (Under R.H.). For XXo, we have

(r(n)--nS(n))= -4X/ +O((X log X)+ /),
+ +ir)

where runs over the imaginary parts of the zeros of the Riemann zeta
function 5(s).

As is seen below, another oscillating nature connected with the distri-
bution of the zeros of 5(s) is hidden in the remainder term

O((X log X)
although the bounded quantity

G(x)
((/)+ir)((/)+ir)

reresens he main oscillation.
We assume N.H. hroughou his article.
Some information concerning he quaniy G(X) will be noieed in he

forthcoming article [].
Z. Proof of Theorem. Weu

R() A()- for V2 0.

We u N=IX]. hen we have
(x- +

nX mX 2mX-2

+ A(m)R(N--m)+O(logX)
2KmKN-2

S+S+S+0(log X), say.
We get first
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$1- (, A(m))dy-1--X+ R(y)dy+O(1)
m<y 2

)- x-2x, +o(x),
2 ((1/2)+i,)((3/2)+ i,)

where we may notice, without assuming any unproved hypothesis, that for
X>I,

[,x X+ X_
( A(n) y) dy XJo . )=0 p(p+l) =x 2a1)

We see next that
S= A(m)( A(n)--(X--N))((X log X.

2<re<X-2 N-m<n<X-m

To treat S, we decompose it first as follows.
S- A(N--m)R(m)- , A(N--m)R(m)+O(Xo/logX).

2KmKN-2 XsIKmKN-2

1( X )2/3=_1y<T<_y<_lx3/4. Togetanex_Now suppose that- log X - -plicit formula for the last sum, we shall apply pp. 406-412 of Wolke [5].
We put

1with=.
logX

Then g(m, T) is a continuous function of T and satisfies

g(m, T)=R(m)---A(m)+
Moreover we have

1 A(N--m)g(on, T)dT
Y (1/2) Y XsI<m,N-2

/o

Z
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S+S+O(-), say.

We fix this T below.
We shall evaluate S first.

1 1 /-A(Y_m)m,rS=- ,rr ((1/2)+i.)ir _<.-.

12v- R(u) du)1 1 yd(2 ym-R(Y-y)+ - Y u-- rr ((1/2)+i)i d
1 r 1 fy(1/)+trdy+l X fyrR(N--Y) dy= ,, ((/2)+ir)ir

,
((/2)+ir)

((1/2)+ir)ir J y

___1x X
2 rtr ((1/2)+i)((3/2)+ir)iy

+0 E R(N y)dy +O(JlogX)

XirX +O(X log/2 X),
2 ((1/2)+i)((3/2)+i)i

where we have used the estimate
R(Y) dy((X.
Y

Using the same argument as in [1], we get

( 1 ,
S, -2 e((/)/) log dt dx

2ut 2

/I;I 0
+ et log d( JmA(N--m))dt

2t

+ log X))
_-S+S,+Ss+O(T log X( JTX log x+,z.//()+x log X)), say.

To get the last remainder term has been the main subject of our
previous [1]. We should notice that Gallagher’s lemma [3] has been used
for this purpose.

z,= 1x’/3(f x’ l log dt)+O(logX)(/4it

( ((/2)+ )S= -2x3 0< +O(JXlg x).

S,=-3 .-log- log (EJA(N m))
z [J1 k T 2z 2n/ix rake
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1__ {S9+ $10} + O(log X), say.

$9=
\ T

log 2----- ix
dx

log 2--- -(X- (-/R(N-- ex))

+-(
l f’/eR(N_e){--xl(e

xr

T
_log
2
T e log 1)

+1 (ier log
x 2

-==-.1 l/eR(N_e) log--+2i x T 2
log (2)_ I e((3/+)x dx+O(x T

--ie log dx

log

log T log X)+0(X log X).

Hence, we get
__1 {S}= log (2u) t{Li(X(3)/)}+o(Xm7 T
Similarly, we get

S0 1 log dt dx
ixt

log T log X)+O(X log X).

1 log ( /e R(N e)) dt
ixt

;o: e’ ( t )( l +it)dt dx+ (-/eR(N--eO)--X 1--1og-- ---1 ’1 t ;e dx dt+0(X log X).log
2ue x

Hence, we get

u
log (Li(X(/)+**)}dt+O(Xlog X).

2ue
By our choice of T, we get

r(n) X-2X/2 ((U2)+ir)((3/2)+ir)
xr+Ax

2 ,(/,o,), ((1/2)+ir)((3/2)+ir)ir

+ 1 XZ{f:x/’x)’" X,, _1 log t dr}T (a/2)+it t

{ Xr } log(2)-2x/3 E +{Li(X(/’*’)}
o<r(xno,x) ((3/2)+ ir)r

+ 1 -jx/o’x)lt log t {Li(X,/)+9}dt+O((XlogX),o/))

X 4X/
2 ((1/2)+it) ((3/2)+ it)
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+__1 X/ log dt
((3/2)+it)it

+1[1 log 2et {Li(X(/)+9}dt+O((Xlog X)+(/))

=X--4X/ +O((X log X)
2 ((1/2)+i3/2)+

This proves our Theorem, since

nS(n) X +0(X log X).
nKX 2
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