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64. An Additive Problem of Prime Numbers. II

By Akio FuJn
Department of Mathematics, Rikkyo University

(Communicated by Shokichi IYANAGA, M. J. A., Sept. 12, 1991)

1. Introduction. We continue our study [1] on the mean value of
r(n)= 3, A(m)Ak),

m+k=n
where A(x)=logp if x=p™ with a prime number p and an integer m>1,
and =0 otherwise. We put
1 1
Syn)= (1 _._) (1____).
=111+ = ) T — 5 =5y

Then in [1] we have shown under the Riemann Hypothesis (R.H.) that

;Y (ry(n) —nSy(n)) = O (X*?).

Here we shall clarify the oscillating nature of the right hand side of this
formula. We shall carry it out by expressing several places of the previous
arguments in [1] more explicitly. As a result we shall prove the following
theorem.

Theorem (Under R.H.). For X>X,, we have

— — 3/2 Xir ] 1+ (1/3)
n&(%(n) nS,(n)) 4X m[,;:, A2+ G+ +0((Xlog X) )s

where y runs over the imaginary parts of the zeros of the Riemann zeta
function £(s).

As is seen below, another oscillating nature connected with the distri-
bution of the zeros of {(s) is hidden in the remainder term

O((X log X)'+ ™),
although the bounded quantity
XtT
G(X)-m[rzi:'? (A/2) 4+ ((B/2)+iy) ]

represents the main oscillation.

We assume R.H. throughout this article.

Some information concerning the quantity G(X) will be noticed in the
forthcoming article [2].

2. Proof of Theorem. We put

R(y)=§ Am)—y  for y>0.
nsy

We put N=[X]. Then we have
Z_}.{?’Z(n) =m§A(m)(X —m) +25 > _2/1(m)(R (X—m)—R(N —m))

m<X

+ 2. A(m)R(N—m)+0(log X)

2<m<N-2
=8;48,+8S;+ O(log X), say.
We get first
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Sl=f‘ (5 A(m)dy=L x4 j"R(y)deroa)
2 m<y 2 2
1 X'H‘
=_X?_2X*R o(X),
2 & amroemrn) 0@

where we may notice, without assuming any unproved hypothesis, that for
X>1,

3 Xe+t ) X2
I(ZA(n) Ydy= C"Z:)<1 oo+ 1) Xﬁm

0<R(p
_Yoyx+ (-1
C() +C( ).

We see next that
So=, 20 Am)( 55 Am)—(X-N)<Xlog X.

N-m<nX-m

To treat S;, we decompose it first as follows.

S;= >, AAN—m)R(m)= >, AN—m)R(m)+0(X*"log®X).

2<m<N -2 Xsli<m< N 2
3

X )/ E-—YngYg—X“*. To get an ex-

g? X 2 2
plicit formula for the last sum, we shall apply pp. 406-412 of Wolke [5].
We put

Now suppose that (l

1 _ 1+e+1T ___C__,_ m?

gom D=3, Am—gdm)—— [ (L) " ds
. 1

with e_logX°

Then g(m, T) is a continuous function of 7' and satisfies

man m
g(m, T)= R(m)——A(m)Jrléme(_f_).

Moreover we have
AN —m)g(m, TYdT

Y j(1/2)Y xsU<meN -2

1 A(k)
— AN — e
< Y:? Xsus%:sN—z ( m)kSmZ—‘_(‘m/Y) Iogz('m/k)

AN —m) 2 A(k)

X8l4i<m<N-2 m—(m/Y)<k<m+(m/Y)
Ak)

1
— A(N — ik - AN
+ Y2 Xsug%:'gzv-z ( m) m+ m/Ty<ksam log*(k/m)
A(k) X

+L s mAN-m) % <5

Y? xendman-2 k> ke logi(kfm)
Thus we can find T in the interval (Y/2)<T <Y such that

— mb X?
== iy AW —m/m P 1/2)+1y + 0(7_)

=_2;~5{ S JmAN—m) 3] m”}

2<mM<N -2 0<r<T T

5 VmAN—m) 5 " to( )

+—2- 2<MIN -2 = (1/2)+ip) iy
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2
=8,+ S+ O(—)Tg,‘), say.

We fix this T below.
We shall evaluate S, first.

1 1 —
R L AN —m)m*
3 Ao (D) L i) seimh s PAE —mm
=l __._L__ N (2 8/2 R(N — -1 R(w) d )
% A2 ((1/2)+ir)irj v\ g vtV YR y)+2 vs YN—u
1 1 (1/2)+ird tT R(N '!/) d
2 IT‘ET @2+ ipiy I v vty ”.Zsr ((1/2)+z7)j v v
£ 1 v RIN—y) dy+0WX log* X
+4 2 AD1iDG I V=g WHoW X leg' )
1 Xi?’
=2 X" 5 : .
27 2 (A2)+i)(BR)+ipiy
dy) 2
RN — Xlog’X
o( 5, o[, B —way [ &) +0wX log' )
~Lyuns X" +O(X log* X),
27 2 (A2 +i) (G2 +ip)iy
where we have used the estimate
X 2
2 Yy
Using the same argument as in [1], we get
=9 v B/ +it) v
s, qs< j I - log2 dt dw
z ((3/2) +1it) —
+]J e d( g, e
+j j e 1 1og b a( s ymAN — m))dt)
2 t 27L' m<er
X\, X
riex{ Ry e o (1 )
+O( logX<\/Tlog + +T og
2 X
p=— 7 T E— _]- 2X>)’ .
S+ 8 +Ss+0( logX(JTlogX+( ) +T og say

To get the last remainder term has been the main subject of our
previous [1]. We should notice that Gallagher’s lemma [3] has been used
for this purpose

S"_ WV( (3/2)+7,t 1 log ‘;;dt)+0<“/yl°g2 X)
S, = —2X3/2%(0<§T @72.*’)%7_) +O(WXlog! X).
SB=—_${f°”(e;T log ET; e log o >——d(m§, VAN —m))

_ I‘“N I e”“( __log__)d( ST AN — m))}+0(1og X)

1 qxt? m<e?
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- _%s{sﬂu Si}+0(log X), say.

log N 1T z,
SQ=I : (e log T_ e* log L) er dx
1

T 27 27
ewiT T 1
l - I‘il )__ T z ]
+[( 7 og 5 —e* log 5o (—+v e R(N —e%)
1 J‘IOB’N { (e:ciT T 1 >
= TR(N —e*){ ——(-—log — —e"t log —
), VERN e~ (T log 5o —ettlog o
+-1—<ie”” log — T —ie®t log —L)}dx
x 27 27

f"” 1 ErRN— e’”)(——log-— e log - )dw

_ log fsz) J s ¥ 9“3/:;”’” dx—l-O(XTlog T log X)-I—O(XlogX).

Hence, we get
3/2
~ L35y =180 gypicxomeoy 4 O(——XT’ log T log X) +0(X log X).
T T

Similarly, we get

jlogNJ‘ ezit ( 1 t ) s /2dtd
=— —log —)e** x
Sio it & 27

j [e”“ ( —1ogL)(—¢?R(N—ew))]l°”dt

zxtz

tog ¥ 1.
I ( —log—>(—-—+zt)dtdx
27
—_ le JERNN — w)__(l log—>dt da
1 r L jog b [ 4y dt+0(X 10g? X).
tt 2re J1
Hence, we get

10}_—— j 1 log — S)‘t{Lz(X“/Z)*“)} dt+0(X log® X).
By our choice of T, we get

15 oyp Xv
Znn=g X=X Ty )
1 - Xi?'
T2 X et DT GD DT

1 (X /log2X)2Is Xt 1 ¢
_XS/W{I B SO ) PS _—dt}
T, @R+t t 2

XiT
oz
3 0<rs(X§)g’X)?ls ((3/2)+i7')r
1 \[(X/logﬁ){)z/s 1

} 4+ log(2x) m{Li(X(s/z) +z)}
T

—log __m{L@(Xcs/Z) H} dt+ O ((X log X)1+ a/»)

1 X’lr
=_—X?—4X"R
2 S amrmen)
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1 o Xt t log (2x) LY (8/2) +1
L xungf(" X" g b gply 108C) gy ixem
T il GR+ii £ 2n }+  DHLAXEETO)

+ 1" Lrog L mizicxem ydt+0(X 1og X))
T J1 ? 2re

1 X
_Lx_yxp O((X log X)),
2 = ((1/2)+ir)((3/2)+ir)}+ (& log )55

This proves our Theorem, since

5 nSy(m)=-L X2+ 0(X log X).

n<X 2
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