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74. Some Generalizations of Chebyshev’s Conjecture

By Akio Fuju
Department of Mathematics, Rikkyo University

(Communicated by Shokichi IYANAGA, M. J. A., Sept. 12, 1988)

§ 1. Statement of the results and the conjecture. Chebyshev [2] as-
serted, in 1853, that

lim 3 (— 1)@ Y2 e = — oo,
x—+0p>2

where p runs over the odd prime numbers, although the proof has never
been published. In fact, in 1917, Hardy-Littlewood [3] and Landau [5]
have shown that the above statement is equivalent to the Generalized
Riemann Hypothesis (G.R.H.) for the Dirichlet L-function L(s, X) with the
non-principal character X mod 4. Later, Knapowski and Turan [4] have
extensively studied this subject, and proved among others that the follow-
ing statement is equivalent to G.R.H. for L(s, X)

lim >3 (—=1)®"""log p e7#*®" = — oo,
xz-+0p>2

The purpose of the present article is to give a generalization of Chebyshev’s
conjecture and prove its equivalence to G.R.H. for L(s, ) for some special
cases.

To state our theorem we define the function &(x, k) by

()= j: x* & (x, k)dx,

where I'(s) is the I'-function and k is an integer =>1. £(x,1)=e"* and
&(x,2)=2K,(2v ©) with the Bessel function K (x). We shall prove the
following theorems.

Theorem 1. Suppose that 0 <a<a,, where a, may be >4, Then the
statement that

lim Z (_1)(17—1)/2 e~ WP~ __ o
r-+0p>2

is equivalent to G.R.H. for L(s, X).
Theorem 2. The statement that
lim 3 (=)@ Y"*.logp-&(xp, 2)= — 0

x—+0p>2
is equivalent to G.R.H. for L(s, X).
We may state our generalization of Chebyshev’s conjecture as follows.

Conjecture. (i) For any positive a,
lim > (—=1)@-D72 g-EP* — _ oo,
x}v+01;12 ( ) € °
(i) For any integer k=1,
lim 37 (=1)@-P2&(xp, k)= —oo.

x—+09>2

§2. Proof of Theorem 2. We denote &£(x,2) by f(x) and I'*(s) by
F(s), for simplicity. We use the well known properties of L(s, X), f(x) and
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F(s) without mentioning the references.

1 2+ 10 L’ 1 2+ do0
-2 ["F , Da-*ds=3 1(p™) log p—- - nap)-s
o [ F@ s, Datds=3 1@ log p mj " F() () ds

2—1c
=,,Z (=Dme-b2.logp- flaxp™),

where m runs over the integers >1. Moving the line of the integration to
Re (s)=—1/2, we get for 0<z<x,
S_=_Z (=D ""logp- f(xp)= —Z log p- f(xp®)

— > (=Dme-Dlogp- f(xp’”) ZF(p)x e

p,m=3
+( log x-—(o x>+2r'(1>—<0 x>+( )(0 x>)+0<xlﬂ>
=SI+SZ+S3+S4+O(£I}‘/2),

say, where p runs over the non-trivial zeros of L(s,2). We put T'=1/z.
S« 3 logp(—loglt0)+ > logp-e (/D)

pmsT,m23 T<pm<T6/5,mz3

+ > logp-e PT(pmT) M

PpmZTOB,m23

Llog®T > ~1-|—Z”:logn~e‘2"””
p<Tes n=2

LT logT.
S.«logT.
=-Si=(2 + Z )log p- f(ap®)=8,+S,, say.

< VT p> VT

,.,=L f(vZ/T)d(v+R(v))=L f(vZ/T)dv—2LT F0YT) 2 R@)do

+0(v/ Texp(—Cvlog T)),
where we put > ,.,.,log p=v+R(v) and C is some positive absolute con-
stant. The last integral is

- J‘ I“T (—140(w/THR®)/v dv< v Texp(—Cv'log T).
We remark that
1 T . 1 we
TTL f(v/T)dv:J ( —2logu—2C,~2logu 3] "

= (k1)
+23 s e+ D) )du
1
—2-20+2 3 kr)2(2k+1)\2k+1+‘”(k+1)>

+0(log T/¥VT)>1.8
for T>T,, where we put (x)=I"/I"(x) and C, is the Euler constant.

S=[_ r@Dav-[_reT2v-RO)T-dv.

The last integral is «+/ T exp(—C+vIlog T). We now assume G.R.H. for
L(s,x) and write p=4+17. Then we get

Sl Z [FG+in|=a"" rzﬁ cosin(ﬁr)
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<0.001z-'7 3 + ——<0.0002z"",

>0
where the first 7 is known to be >6 and we have used the estimate
e (1 +79<0.001 for r>6 and > ,.,1/(1+71%)<1/5. Combining all the above
estimate, we get as x— 40
S<—1.2x2,
This proves that G.R.H. for L(s, X) implies the equality in Theorem 2.
For the proof of the converse, we notice that for Re(s)>1,

F©3 "_(7’1)_;_3&=j: 2~ (T 1(p) log p- fap) da.

Then we have only to use Hilfsatz of p.2 and the same argument as in the
Section 3 of Landau [5-1].

§3. Proof of Theorem 1. Let « be a positive number. We denote
ae " by f(x) and I'(s/a) by F(s). Using the same notations as in the
previous section, we get

S, =— % r_f(uz)du+ 0(v/ Texp(—C+log T))

~ _71_. L 1(1/20)+0(/ T exp(— Cy/Iog T)).
S;+8,4 VT exp(—C+vlog T).
For S,, we notice that under G.R.H.
IF(P/OC)1=’\/z—‘ﬂ(lrl/a)aﬂa)_(‘/z)e_ﬂ”/zale“r’a)ly
where
o dx ar an

AT, )% < < 9

4@, )= 8lo| Jo (@+(x/|o)+ 1D T 2-8Vi+1* T 8V145
Suppose that 0<a<5.9. Then (F+47)rd/ =-d/Me-=ta jg gtrictly decreasing
for ¥=6 and get

< Al 1 Al
«/ x S+ bV
where we put A(a)=145w/ 7/2(1/a)O/D+ AR gas/s Vg U -4/ g=35/«  (OQpn the
other hand by Binet’s formula we get
(1/2e)"(1/2a) = (1/2a) /2 + 40 g=1122,/ 27> A(0) 5
provided that 0<«e<4.19. Thus for 0<a<4, we get
C
—S <-— W
By p. 147 of [3] or p. 215 of [5-II], we get
’— 12 - (zp)a C
S __,pz;é (=1)@-Drg-nel ¢ﬂog(1/x)'
This proves the half of Theorem 1. The rest is the same as the last part
of the previous section.
§ 4. Concluding remarks. As is seen obviously, we have obtained,
in fact, a theorem for a more general function which is suitable for the
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argument above. As consequences, we may replace &(xp, 2) in Theorem 2 by
AKX 2+ zp) or e **?K (xp/2). Knapowski-Turan’s function exp(—log*(xp))
belongs to the same category. We remark only that the Mellin transform of
4K:2v ) (or e~ *"*K(x/2) or exp(—log*r)) is I'(s)/I"(2s) (or I'*(s)v = /I'(s+3%)
or 2¢**, respectively). We remark finally that the condition on « in Theorem
1 may be relaxed a little if we get a numerical data of a few zeros of L(s, X).
We have in fact used only the fact that the first 7 is >6.
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