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56. On Uniform Distribution of Sequences

By P. KISS*),*) and R. F. TICHY**)

(Communicated by Shokichi IYANAGA, M. J. A., June 9, 1987)

Let z: z0=0z z... be a subdivision of the interval [0, ) with
z--c as n-c. For an increasing sequence (x)= of non-negative real
numbers, define the sequence (in) of positive integers by

z_lx,z.
Then (Xn) is said to be uniformly distributed modulo the subdivision z i the
sequence

( 1 ) {xn}z= Xn--Z_I

Zin-- Ztn-I
is uniformly distributed mod 1, i.e., if
( 2 ) lim (1/N)A(x, N, {xn}z)-- x (0x<_ 1),

where A(x, N, {Xn)) denotes the number of indices n, l<=n<=N such that
{x} is less than x.

The ollowing distribution properties of the sequence (Xn)=(nO)(t an
arbitrary positive real number) are well-known"

(i) I Z--Zn_c and Z/Zn_xol as n-c, then (Xn) is uniformly
distributed mod z (W. J. Le Veque [6]).

(ii) If z-z_x is decreasing, then (Xn)is uniformly distributed modz
for almost all t; this result also holds in the case (Xn)=(nr) for any fixed
’0 (H. Davenport and W. J. Le Veque [3]).

(iii) If z/z_--.1 as n--c and if the number of terms z with znN
is less than c.N- (c, a>0), then (x) is uniformly distributed modz for
almost all t (H. Davenport and P. ErdSs [2]).

In the following we prove a generalization of some of these results by
an elementary method (cf. [7]). For this purpose we define a sequence (x)
to be almost uniformly distributed mod z if there is an infinite sequence
N<N<... of positive integers such that
( 3 ) lim (1/N)A(x, N, {x})= x (0x-<l)
see Definitions 1.2 and 7.2 in the monograph of L. Kuipers and H.
Niederreiter [5]. For further results on uniform distribution modulo a
subdivision see Burkhard [1], P. Kiss [4].

Theorem. Let t be a po.sitive real number and let z=(z) be an increas-
ing sequence of real numbers with conditions z0=0 and z/n-c as n-+c.

Then the sequence (x)--(On) (n= 1, 2, ...) is almost uniformly distributed
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modulo z. It is uniformly distributed mod z if and only if lim (z/z_)=l.

Proof. Let x be a real number with 0xl and let

(x-z_)S= F, Zo,)
n=l Zn-lX_Zn, Zn Zn

where Z0,x) is the characteristic function of the interval [0, x) and M=M(N)
is an integer defined by

z_xgz.
The definition of M implies that there is a real number (04<__ 1) such that
( 4 ) N=(1/O)(z_+2(zz--z_)).
Using the notation AZn--z--z_ we derive from

that

Hence we have

0__ X--Z_ X
AZ

(1/)Zn_ < k (1/O)(Zn_+ xAz).

x--z_ ) x,z +0(1)(5) E Zo,x)
z-l<x<z zZ

for every n with nM.
Let first x. In this case, (5) holds also for n=M, and so

S= .xz +0(1) xz +O(M).

Thus by (4) we obtain

(,(6) S.= xz+O(M) =x z_ (1--2)+2 + O
N zz_+2(z:--z_) z

Now let 0<<x. In this case we have

( x--z_) N z_ -O(X)=-(z z_)+O(1),ZE0,x)
ZM--I<Xk<ZM, ZMk<N

and so by (5)
XZlZn 01 (XZ +2(Z, Z ))+ O(M)Sv= -F 2z/z -4- O(M)=-:-_

_ _
t-----I

Similarly as above we derive in this case

( 7 ) S x+((z/z_l)-l) +Y l+2((z/z_)--l)
By (6) and (7), since M/z----O as M,

limS/N=x

does not depend on 2 i and only i lim z/z_ exists and equals to 1. Thus
M

the second assertion o the theorem is proved. Let N, N, be the
sequence of natural numbers defined by N=[z/O], where [.] denotes the
integer part unction. For these integers, similarly as above we obtain

+ O(M(Nm + 0[, M(N )

Hence
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lim Sv/N.-- x
i.e. is (x) is almost uniformly distributed mod z. This completes the proof
of the theorem.
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