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Introduction. In 1962, E. Lorenz found the first example of
"strange-attractor" by investigating a hydrodynamical system.
Recently another equation which is even simpler than the Lorenz
equation has been proposed by O. E. RSssler, and by numerical solu-
tion, it was shown that these equations indicate the existence of a two-
dimensional attractor which has a compact "ribbon-like" structure.
Since the attractor can be treated as a "single-sheeted" quasi-two-
dimensional object, we take a cut across the attractor and construct
a Poincar map by means of which we can reduce a three-dimensional
continuous flow to a one-dimensional discrete map. Thus one-dimen-
sional models serve as the simplest example of models for some dy-
namical system. They appear in the original paper by Lorenz, and
also in more recent work by Guckenheimer, RSssler, and others [1]-[6].

This procedure, however, has not been justified rigorously so far.
To be more precise with the problem, let us cnsider a two-dimensional
map under some conditions;

H; R2--R, H(x, y) (f(x)-q-l(x, y), py + .(x, y)), where (x, y)
(i=l, 2)is of class C, and f: R-+R is a one-dimensional continuous
map of piecewise C-class such that f(I)cI (here I denotes [0, 1]).

This map could have an w-limit set/2 near I (0) under some con-
ditions on (x, y) and/. So, if we could construct an invariant stable
oliation on 2, then we could say that the study of the behavior of the
system near/2 can be reduced to the study of the one-dimensional map
on 2. One of the aims of this work is to show the existence of an
invariant stable foliation on 9 almost everywhere with respect to
Lebesgue measure. (For the precise definition of the invariant stable
foliation, see Theorem 2.)

For instance, when (x, y)--O, e(x, y)--x, the map H has "trivial"
invariant stable foliation which is (x--Constan), and hence the be-
havior near the w-limit set is reduced to the one-dimensional map f
on I.

In this paper, we assume the following conditions on (x, y)
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(i=1, 2) and/; ,(x, 0)=0, I(a,/3y)(x, 0)l , (i=1, 2) for (x, 0) e I {0},
and/>, ++1.

Namely, H is supposed to leave invariant the set I{0}R. The
tangent map DH(x, 0) at (x, 0) e I {0} is expressed by an upper trian-
gular matrix.

1. The existence of an invariant stable foliation for a two,

dimensional map. Recently, D. Ruelle has proved that if H is a dif-
feomorphism of a eompae manifold, an invariant stable foliation
exists almost everywhere with respect to H-invarian measure, mean-
while Pesin presented a stable manifold theorem under the assumption
that a smooth invariant measur exists [7], [8]. However, since in
our ease H does not necessarily have an invariant measure which is
absolutely eninuous with respect to Lebesgue measure, we can not
apply their results to our problem directly.

The proof of Ruelle’s stable manifold theorem is based on the
study of random matrix products and perturbations of such products
occurring in the multiplieative ergodie theorem; that is, he used this
theorem, essentially [9]. In contrast, since in our problem the tangent
map on I {0} is expressed by an upper triangular matrix, this prop-
erty makes it possible for us to form an invariant stable foliation
withou using the multiplieative ergodie theorem. We only require
some assumption on the ratio of eigenvalues of the tangent maps.

Denote by B(z, cO the open ball of radius cr centered at z in W, and
by B(z, oO its closure.

Theorem 1. Let H" R2--R be a differentiable map of C2-class.
Assume that there is a set FcR such that H(F)cF and that a tangent
map DH(z) is expressed by an upper triangular matrix for all z e F.
We write for z e F,

(n n), and Tn=To...oT=(Tn DH(H ’(z))
0 , 0

Suppose the following"
(1) lim sup 1/n log T I1=< 0,
(2) there exists 0 such that In/On +1 Iexp (--n) for all nO,
(3) --lim sup 1/nlog
(4) det TvO for all nO,
(5) lim sup 1/n log det T ]= 0,
(6) --lim sup 1/n log fl I<0 and 5(-
Let 2 be a constant such that -4(-)2+(-).
Under these conditions, there are 0, 0 and 110 with the

following properties"

(i) S(ll) {u e B(z, oG) Hn(z- 4) Hn(z)I[ "//z" exp (n2) for all

n>0} is a Cl-submanifold of B(z, c), tangent at z to U.
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(ii) If u, v e S(IIz), then ]iHn(z+u)-Hn(z+v)II<=L Ilu-vll exp (n2)
for all n>=O. (Here U denotes the corresponding eigenspace to the
smallest eigenvalue of the matrix /T T and U=lim U.)

2. An application for our problem. Now, let us apply Theo-
rem 1 to our map H" RR, H(x, y) (f(x) + (x, y), ZY + (x, y)),
which is mentioned in the introduction. By using this theorem, we
can obtain cnditions on H which guarantee the existence of an in-
variant stable oliation almost everywhere with respect to Lebesgue
measure, and furthermore these conditions can be expressed in terms
of Z which measures a degree of contraction, perturbing terms and
a one-dimensional map f. Our main result is the ollowing.

Theorem 2.*) (1) If f is a continuous map of piecewise C-class
and inf [f:(x)]0, and Z, (i=l, 2) are suciently small

i.e. if ]f:(x)]>Z+:,
if f2(x) (Z+:)

then the map H has an invariant stable foliation on Ix{O}. That is,
there exists {C x e I} such that

( ) C are Lipschitz-continuous curves,
(ii) (x, 0) eC,
(iii) H(C)C(),
(iv) there are 0 and0 such that for z, z e C

]H(z)-H(z)]]y exp (n2)]]z-z]] (nO).
(2) Let f(x) A.x(1-x), where O A 4. If f has a stable

periodic point Xo e IA, where A denotes the set {x e I f(x)= 1/2 for
some k0}, and Z, are suciently small, then the map H has an
invariant stable foliation on I {0} almost everywhere with respect to
Lebesgue measure whose leaves are class C.

The proof of Theorem 2 will be published in Tokyo Journal o
Mathematics.

We remark that the cnditions on f can be weakened considerably
at the cst of the simplicity of their expression.

In cnclusion, I would like to thank Pr’os. Toshio Niwa, YSichir5
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[1]

[2]

References

E. N. Lorenz" Deterministic nonperiodic flow. J. Atmo.s. Sci., 20, 130-141
(1963).

I. Shimada and T. Nagashima: On the C-system-like property ot the Lorenz
system. Progr. Theor. Phys., 58, 1318-1319 (1978).

*) Added to this note; recently, the author has obtained the result which
partially extends Theorem 2 by different method [10].



No. 4] Existence of an Invariant Stable Foliation 129

[3].

[4]

[5]

[6]

[7]

[8]

[9]

[10]

O. E. RSssler: An Equation for continuous chaos. Phys. Lett., 57A, 397-
398 (1976).

R. M. May" Simple mathematical models with very complicated dynamics.
Nature, .2.61, 459-467 (1976).

J. Guckenheimer, G. Oster, and A. Ipaktchi: The dynamics of density de-
pendent population models. J. Math. Biol., 4, 101-147 (1977).

R. Shaw: Strange attractors. Chaotic behavior and information flow. Z.
Naturforsch., 3.6a, 80-112 (1981).

D. Ruelle: Ergodic theory of differentiable dynamical system. Publ. Math.
Inst. HES, 50, 27-58 (1981).

Ya. B. Pesin" Lyapunov characteristic exponents and smooth ergodic
theory. Uspehi Mat. Nauk, 32, n4 (196), 55-112 (1977).

V. I. Oseledec: A multiplicative ergodic theorem. Lyapunov characteristic
numbers for dynamical system. Trudy Mosk. Mat. Obsc., 19, 179-231
(1968).

M. Yuri" A construction of an invariant stable foliation by the shadowing
lemma. Tokyo Journal of Math. (preprint).


