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76. A Uniqueness Result for the Semigroup Associated
with the Hamilton-Jacobi-Bellman Operator

By P. L. LioNs® and Makiko NIs1o**)
(Communicated by Kdsaku YoSIDA, M. J. A., Sept. 13, 1982)

1. Introduction. We consider controlled diffusion processes of
the form;
(1) {dX ) =0 X®), v(®))dB,+b(X(t), v(®)dt

X0)=xecRY

where B, is an n-dimensional Brownian motion in some probability
space (2, F, F',, P), equipped with a filtration satisfying the usual con-
ditions, o(x, v)(resp. b(x, v)) is an N X n matrix-valued (resp. N-vector-
valued) function on R¥ X V and V is a separable metric space. Precise
assumptions on ¢, b will be made later on.

The control v is any progressively measurable process with respect
to F', taking its value in a compact subset of V. We introduce a cost
function of the form:

(2)  J@, t g v()=E j " F(X(s), v(s) exp (—j (X (D), v(z»dz)ds
+ ¢(X (%)) exp (-—f c(X(s), v(S))dS)

where f(x, v), c(x, v) and ¢(x) are real valued functions.
We will always assume : 3C >0 such that
(3) {HD;xp]ILw(RN)gC, vveV, Va2, Vy=a, b, f, c.
w(x,v) is continuous in v, V& € RY, V=g, b, f, c.
(4) ¢eX=BUCR")={veC,(R"), v is uniformly continuous on R"}.
Finally we set
(5) J(m,t,¢)=i1(1¥.](x,t,¢,’v(-))

where the infinimum is taken over all controls v(-) defined above. We
also denote by (S,(H)@)(@)=J(z, t, §).

Then, we know (see A. Bensoussan-J. L. Lions [2], N. V. Krylov
[6], M. Nisio [11]) that the mathematical formulation of the dynamic
programming principle is the following :

i) S, is a semigroup on X.

In addition, one knows that S, satisfies :

i) J(x,t, ¢) e BUCRY %[0, T] (VT <o) (or in other words S,(-)
is strongly continuous),
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i) S8, if $<y in RY, (VE>0),
iv)  [[Ss@)p— SOV ||z amy < €| @ — || (nr, Where Z,=inf {e(z, v) ;
reRY, veV}, and
v) If ¢, D¢, D*¢ € X then (1/t)(S°(t)¢——¢)70—+>J¢ in X,
uniformly for functions ¢ such that ¢, Dé, D¢ are equicontinuous,
where ] stands for the Hamilton-Jacobi-Bellman operator defined on
smooth functions by

Ap=1inf {A(x) — f(x, v)}, for + e C3(R")
vEV
and
Av=37 a,(®, v)3,+ 2 by, v)o,—c(x, v), oz, v)= —;—o(x, v)o?(w, V).
(%
Therefore, in some formal sense, S,(t)¢(x)=u(x,t) is an integral

solution of the following Cauchy problem for Hamilton-Jacobi-Bellman
equation ;

(6) %:Ju in RY % (0, oo)
7 ww,0)=¢(@  in RY.

In P. L. Lions [7], it is proved that if ¢ e W>>(RY), then u solves (6),
(7) in some appropriate sense.

Recently, one of us (M. Nisio [12]) investigated the uniqueness of
strongly continuous semigroup whose generator is an extension of the
operator _4 (defined for example on C3(R”)). This question was solved
under appropriate assumptions, using general results concerning
abstract nonlinear semigroup theory (see P. Bénilan [1]) and the ex-
istence and uniqueness results on Hamilton-Jacobi-Bellman equations
(HJB in short) proved by P. L. Lions [7].

We propose here a direct answer to that question by using the
notion of wiscosity solution of (6) introduced by M. G. Crandall and
P. L. Lions (see P. L. Lions [8], [9]), extending the notion introduced
in M. G. Crandall and P. L. Lions [4], [5] for first order Hamilton-
Jacobi equations. We recall the definition of such solutions in §2
below. The main feature of these solutions is shown by the following
result proved in P. L. Lions [8] (see also [9]) ;

S,(t)¢ is the unique viscosity solution of (6), (7) in BUC (R %[0, T])
(VT < o0).

This will enable us to show the following :

Theorem. Let (S(f)),-, be a strongly continuous semigroup on X
satisfying
(8) S®p<SE in R, if <y in RY, Vi>0
(9) Vg, ved, A/DSBIg+ tv]—gH@)—>v(x)+ Ad(x), Yxe RV,

£104

where P={¢ € C*(RY), D*¢ € C,(R"), Ya}. Then,
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S®)=8,?), vi>0.

Remarks. i) The above result should be viewed as an example
of application of the uniqueness of viscosity solution; in particular
gsimilar results will hold for controlled diffusion with boundary con-
ditions, or for deterministic problems (differential games, etc.).

ii) It is clear that property (iv) of S, implies that S, satisfies (9).

iii) We do not know if the presence of + in (9) is necessary. By
a simple modification of the proof below (remarking that by an ap-
proximation argument one can take below ¢(z,?) of the form ¢,(x)
+¢,(t)) the result is still valid if we assume, instead of (9);

(9) VYge 9, VYreR, (1/t){S(t)(¢+tr)—¢}(x)TO+>r+Jl¢(x), Ve e RY.
In particular (9’) holds as soon as we have

lim, ,, @/{SE(p+tr)—SE}x)=r, VYge 9D, YreR, YxeR".

2. Proof of Theorem. Let us first recall one possible form of the
definition of viscosity solutions of (6) (see [3] [5]); u e C(RY x (0, 0)) is
said to be a viscosity solution of (6), if for all ¢ € C*(R" x (0, o)) then
we have,

(10) (aaf — inf {}; QB+ b AG— cut f})go,

at any local maximum (x,, t,) of u—¢,

(?ﬂ — inf {Z 00,0+ >, bop— cu-l—f})zo
at veEV ij i

at any local minimum (x,, t,) of u—g.
In addition it is enough to check (10) at any global extremum (z,, t,) of
u—¢ for ¢ ¢ DRY %[0, ) (x, € R, t,>0), see [3] [5] for related argu-
ments. Therefore, by the uniqueness result recalled in the introduc-
tion, it is enough to check that u(z, t)= (S(£)¢)(x) is a viscosity solution
of (6) and thus we will consider, for example, a global maximum point
(20 t)) € R¥ %X (0, o) of u—¢ where ¢ ¢ DRY %[0, ). Let he(0,t),
since without loss of generality we may assume wu(x,, t,)=¢(xo &), We
have by assumption (8)

(@0, To) =0y £0) = {S(R)u(ts — M) }(@e) < {S(R)p(t, — R} (o)

where u®)(-)=u(-,t), ¢ (-)=¢(-,t). Now there exists ¢(h)>0 for
h e (0, t,) such that

#(a, tr— <@, 1) —h % @, t)+he(),  in R*

e(h)—>0 as h——>0.
Next, let ¢,>0, for h € (0, ,(e;)) we have 0<e(h)<e,, Thus using again
(8), we deduce
(@0 £) <SM){p(Eo) + Ry} (o)
with = — (0¢/3t)(-,t)+¢&. Using now assumption (9), we obtain
dividing the above inequality by . and letting 2—0,
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(’aa% — J¢>(xo, £)—&,< 0.

We conclude, sending ¢, to 0.

In the same way using the general uniqueness results of M. G.
Crandall and P. L. Lions [4], [6], we have the following result on
general first order Hamilton-Jacobi equations ;

Corollary. Let H € C(R"). Then there exists a unique strongly
continuous semigroup S,(¢) on X satisfying (8) and
©") Vg, ¥ e D, 1/ DIS,E @+ ty) — g} @)—>y(@) — H(Dg(x)), Va e R¥,
and (S,(&)u,)(x) is the unique viscosity solution in BUC(RY x [0, T']) (for
all T<<oo) of

%_@tb +HDu)=0  in RYX(0, o)

w(x, 0)=u,(x) in R¥.
Remarks. i) Using the general results of [4], [5], we could con-
gider as well general Hamiltonian H(z, ¢, s, p).
ii) These uniqueness results for semigroup are used in P. L.
Lions, G. Papanicolaou and S. R. S. Varadhan [10] in order to deter-
mine the limit of various asymptotic problems.
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