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57. On the 2.Components of the Unstable
Homotopy Groups of Spheres. 11

By Nobuyuki Opa

Department of Mathematics, Kyushu University

(Communicated by Kunihiko KODAIRA, M. J. A., Dec. 12, 1977)

This note is the continuation of the part I with the same title. We
will state the results on the 2-components of the unstable homotopy
groups of spheres for the following cases: z",,, and =2, for all n*;
7.y for n* <29. Moreover, the following groups will be given: z?,,,
and 2", ; for n* <8. But the group z is not determined completely
and the group extensions are not settled for #}{ and z7,,, for n=6,7 and
8.

5. On the 29.stem. There are following new elements: &, &

e nd and ¢ e nly with the Hopf invariants +&, (mod other elements),
Oy (mod py, 0 ay), and ¢,; (mod 4v,; 0 ,g) respectively.
3= Z {0 0 Vi}DZ{y 0 15 0 3, YDZ {5 0 &, © Fra},
7o =2Zo{y 0 Vie}DZ y{vy o £y 0 Vi}DZ{vs 0 G0 @ n}DZ, 2{v3 0 £}
DZ {vs o g 0 s,0}PZ s 0 &o° i}

In the above group, the following relation holds: ¢;ovi=yv;00,0d,
(mod vyo kgo viy—vgo Fyy 0 va).

Now we define elements by Toda brackets: & € {6 o a1, 2 207},
0" € {0’ o0y, 031, 205}, Then we have 26”=—FE& and E*"=2(g,0d}).
Moreover there are following important results: 4(&;)=2¢ for some
& € nly amd 20" =vjo kyy=vg0 kyo viy (Mod yg00,05,,). Using these results,
we have

=2 4{5,}@Z4{§,}@Z 2{¢0 ° ”§Q}®Z 2{776 o &o 'Eus}:
=2 3{5”}@Z 2{0/ 0&y° "722}®Z 2{0/ oWy ° Vgo}@z 2{¢7 ° Vgo}@z 2{7]7 c&o ’Em}~
In the above group, we have ¢’ o w13y =FE& (mod E?z8). This is
obtained showing that ¢’ o w013, is not double suspended: If ¢’ 0w, 013
€ E*z,, we may construct the Toda bracket {o’cw,+ Zd;+ Yy, o ki, vk,
2¢3}, whose Hopf invariant is &, (mod other elements). Then we see
An2=0, which contradicts the fact that HA(s,;)=28,+0.
71'38 =7 10{0'9 o Gﬁx}@z 2{09 O W4 ° V%z}@z z{"s 0 €&4° ’524}
@Zz{% ERCTN 619}®Z2{7790510°E18}'
w5y =2Z{d(£:)}DZ,{4(EA,)}DZ 16{010 © FF}DZ{010 © V17 0 Too}

This results from the relation 44(z,)=ay,0 &, © k3.

We will use hereafter the metastable periodic elements: zjj=2Z,{C, -
Lo} D Z {010 05} D Zo{010v150 00}, 7 =Z{AdWE) + 20,0 0K}DZ,{A, 0 2, }DZ,

*  We omit the cases that n=2,4 and 8 (c.f. Proposition 4.4 of [11]).
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. {ECI ° ﬂz4}®zw{012 ° Uika}’ 71'42 “‘ZZ{EA ° /126}@Z8{0'13 © 0'20}’ 7'-'43 —Z4{0'14 ° 0'21}’ 71'44
= Zz{L1}®Zz{0m ° 0';:2}'

Let us choose an element P, e {om, 2040 £p};-  This enables us to de-
termine 71'45—Z2{0'16 ° 0'38}@Z z{P 1D, mis= {Uﬁ o 039}@Zz{EP 1}’ T =T, Ty
= Zz{Cz ° /139}@7546: 71'49 o =2 z{A ° /140}@71'43

Showing that E'P,=0 and that 4(c,)=4(,;) is divisible by 2, we
obtain the relations E*P,=2M;o0v,, and 4(e,)) =E°P,=2EM}oyv, It fol-
lows that =% =Z{M;ov @ Z{EA,0p}DZ,0% o0}, i =Z{EM;ov,}
SV 2{0';; ° 0'44}

It is not difficult to show that 2(M,ov,) =0 and A(vi)=E*M;o vy,.
Then we have a3 =Z,{E*M; o v,,}DZ {0% 0 0.5}, 3= Z:{ M, 0 v} DZ{E* M 0 vyo},
ﬂM—Z z{E M 2© l’51} 7755 =nk, 71'55——Z 2{0 o 7]55}@7754» 71'57 = z{As ° 7750}@Z 2{E Cs ° 7755})
mn=Z{EA 0.}, 1=2Z{d(cs))}, 7.2e=0 for n=31.

6. On the 30.stem. There are following new elements: @'

end, 0" en, 0" crll, 6V erl, 8 enl, 0 ¢ nk, O, € i with the Hopf in-
variants G (Mod 205), 710 0350 gy T2 © trany P (MO 2p41), o (mod 28s,),
ks © Gupy Nus © G TESDECEIVELY.

For n<8, the group extensions are obtained making use of the
known relations:

w =2 o Fio}DZs{es 0 vy 0 Fu}y

7r§5=Zs{v5 ©0g° Elu}@Zz{¢u ° azs}@zz{”u o Cs,s}@zz{vs oPgo ‘710},

n'ge:ZA{A(&m ° 031)}@Z4{0H o pls}@zs{ue 0090 ’?16}®Z2{¢6 ° 0'29};

=2 8{0, ° ﬁu}@Z 2{0/ ° ¢14}@Z 2{0/ ° ‘1’14}®Z 8{”7 ©0y° '317}®Z 2{¢7 ° 0'30}-

The relation 4(e%) =24,y 0 653=0y0 ¢, implies
T3 =Zw{0'9 °© pw}@Zs{o' 9° V16 © 519}®Z2{0'9 ° ¢w}@zz{‘79 ° ‘[’16}®Zz{¢9 © Gy},
TH= Zz{A(EAz ° 7741)}®Z4{‘l/'w ° 0'33}®Zw{0'm ° p17}®z4{010 OVyr 0 K’zo}@)zz{ow ° \an},
Lt =Zz{‘lfn o 634}@Z16{011 o ple}@)zz{au o Vg0 ’Ezl}@zz{an ° ‘Vls}-

We have to define elements by Toda brackets: 6" € {g,3, v1gs Caoh 6"

€ {80'14, a1y st}v 0" e {40151 T2 Pzg}n 0% e {2016’ a3y Pso}v 0" e {Am 77%0 0 0y 2‘49}1’

05 € {2043, O30y 205, 0}y This enables us to determine

= Zsz{ovn}@z4{am o Pyt 20v11}@z Ao 0'35}@2 {0120 ‘1/‘19}’

TE= Z sz{Pga}@Z 2{‘P‘13 °0 as},

Tu=2 64{0VI}@Z 2{0)14 ° Kao}@z 2{\”14 ° 0'37}’

T3=2 64{0v}®z z{wus ° 531}@Z 2{"!"16 ° 038}’

Tie= Z 123{0“]}@2 16{E 67 +26 IV}(‘BZ z{B 1° ’Csz}@z z{ww ° ’Csz}EBZ z{‘!fw ° 039}-

In the above groups, we have the following relations: 8"
= 40,0 P, Fh=E6" (mod 2E6™), 20" =2, (mod 20%), 26" =E6™ (mod
2E6"Y), 326" = +16E6".

Next, we have

77-'47 =Z, 64{E 0w}@z 2{E B ° ’533}®Z 2{‘/’x7 ° 0'40} 71'43 =27, 64{E 20“,}9 7713 = W}g-

From the relation 4(E*6" —2x6"")=0 (x: odd), it follows that

78 =Z,,{0""YDZ (B0 — 220"}, nii=Zo{EG"'}.
We will use Proposition 11.18 of Toda [11], to show the existence
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of 8’ such that F¢” =26;, which appears in the next
=2, m{ﬁ”}@z z{Vz ° V49}: Ty = 04{0 3}®Z z{E Vyo Vio}-

A result of J. F. Adams gives us an easy computation of the remain-
ing part of the 31-stem: According to Corollary 1.3 of Adams [1],
A(egy) =1lts1, £51] 18 @ 9-fold suspension but not a 10-fold suspension.

Hence we see 3 =2{4(04) —40;}DZ {02} DZAE*V ;0 vy}, mos="2Z3,{0%}
@ZAE YV, ovy}, mp=Zulby), wh=mm wa=2Z{d(vy) —405)DZy{0}, w3
=Z16{0§9}; 71'§2=Z3{0§0}, ﬂ%}:Z&ﬁQ,}, 77:2+30—Z2{0n} for n=32.

7. Onthe 31.stem. There are following new elements: e,
¥ e mg, £* e mlt with the Hopf invariants vy o8y, vk, vygo ks, Tespec-
tively.

We have the relations: 2w;=0, Ea;=20a}, Eai =2a3", B*a})’ =2a"
(mod 735 0 035).

71'34=Z2{53 ° 0'27}@Z2{53 oyp© /E14}®Z2{”/ 0é&° /514}@Z z{¢, ° Ugs}»
m%=2, Vs 0 B¢ 0 vya}@Z,{vg 0 5y 0 Elo}@z Vs 0 &5 0 B} DZo{d; 0 029}@2 z{aé}-
We note that the relation 25,0 v, 0 £,=y; 0 & o &;, holds in the next
”g7=Zs{A(TW)}@Z 2{A(E Ao ’fzo)}@zdﬂs OV © /317}®Z z{Ve ol Z¢W ° ”34}
®Z 2{50 ° 0'30}@Z 4{“”}
my =20’ o 0'14}@22{0 o flyy 0'31}@Z2{”1 o w50 By} DZ{0; 0 081}®Z8{0/”}°
Following two groups are not determined completely.
=2 {00 0,6} Z {0y © 1150 033} DZ {0y 0 T16}DZ {0, 0 035}
@0 or Zz){f’s RRStaY ’320}@Z1o{“§v}’

The last direct summand but one does not affect the next group,
sinece 950 vyg 0 £y =0.

Ta=Z{d(eYD(Z, or Z,DZ,){rf;, 610 03 }PZ\{E a3’}

Although the above group extension is not a complete one, we have
the relation 6,,00,,=0. Hence we obtain the complete group structure
in the next stage.

T =2k} DZ | B’ 0"}, iz = Z,{d(kr)}Pri.

We define an element o € {o,5, 32¢5, p2s};. Then 20 =E‘al’ and H(ay)

=4Z,;,. Thus we have
7= Z {5} Zfad).

Let us choose an element £*' € {wy;, 2¢y, £5};,, and make use of the
periodic elements [9] to obtain the following isomorphisms: zif=Z,{D%}
DZ DS 0 0 }DZ {x*'}DE s, mit = Z{B"}(-BZz{B{D o0 0y} ®Drs, mis = Z,{EB}'}
BZAEB 0 0,} D ZE*)®Exs®, nlf = Z{E'BN@ZAE " \DExY, 0,y
=Kz} for n=19, 20, 21, 22,

Similarly we have n3i=2Z,{D}}®Z,{D, o 0,,}PE}, ris=Z,{B}DZ,{B,
0}, mH= z{EBI}@Zz{EB 0 0, }DE T, wy=2,(E*B}}®FEny, ny. =K
for n=27, 28, 29.

®  The direct summand Ex}i must be understood as the image of the iterated

suspension whose restriction to this group is incidentally monic.
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We have to show the following results;
=2 s{wﬁ}@z 2{Kﬁ}@z 04{.03.14}, Eng=2Z z{mﬁ}@z z{xﬁ}@z 64{‘03,15}'

We see 4(v¥)= 420wk and 8w¥=0. Moreover E': Erji—al is an
isomorphism onto. Hence by Proposition 3.6 [11], we conclude that
there exists an element p,., of i sSuch that s, € {16¢s, 204, pun} ond
205,u=FEof (mod 2E oy, 20¥), which also implies H(p; 1) =7y fizs (Mmod v5).
This determines the group structures of =it and Ex;:.

8. Some results on the 32- and 33.stems. We have the follow-
ing results.

”gn"——zz{’/ ©NsC &0 ’Elb}®z4{¢, ° 028}®Z2’

wyr=Z{§" 0 03} DZx{vs 0 750 & 0 k1) DZs,

75 =ZGPYDZ {d(0,30 £o) Y PZ [ A(EAVDZ {A(EAP © 055}
@Zs{ESZS” ° 0'31}@Z2,

7z"3{9=Zz{0/ ° #3,14}@Z 2{0'/ 0N °015° /222}@Z8{E 2¢” ° 0'32}@Z2'

In the above groups, the last direct summand Z, must be read as
Zz{#s.n © G pyap)e

ﬂge=Z2{V, ogyo 029}@Z2@Z2,
=2y 05 0 v 0 Erg}DZy{vs 0 Py © 03} DZ,DZ,.

Following groups are not determined completely. The element «{
has the Hopf invariant p,; o &,,.

= Zz{A(EA§2))}®Z2{A(EA1 ° wzo)}@zz{A(EAl 00y ° /132)}

®(Z,DZ, or Z4){"—':3, Vg © 090 Vy5° E19}®Z2@Z2’
=20’ oy o Hx.xn}@zz{a7 ° Uge}@(zz@zz or Z4){’C;’ Y7 © @9 © Yi7 © Ry}
PZ,PZ,.

In the above groups, the direct summands Z,DZ, must be read as
Zz{#4,n}@zz{77n © M3, n41° 0n+26}-

References are listed in the part I, which appeared in Proc. Japan
Acad., 53, Ser. A, No. 6 (1977).



