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47. Algebraic Equaton, whose Roots lie in a Unit
Circle or in a Half-plane.

By Masatsugu Tsujt.
Mathematical Institute, Tokyo University.
(Comm. by S. KAKEYA, M.LA., May 12, 1945.)

1. Algebraic equations, whose roots lie in a unit circle.
1. In this paper @ means the conjugate complex of a. Iet

f(@)=a+az+... +a.x", ﬁ(x)zxf?(—L)=;”+J;_,x+ vt a0,
z

(1)

(a’o’ Qyy Azyeeny Gy (ao, 0, 0, eeey 0
0, ao, ayye.., s a, ¢, 0, ..0
A=]0, 0, aoye.., s |, A=|a, a, a, ..,01],
\O, 0, 0’ ey @y Cpyy Opy_2y Gpy_3y 00y Qo
Aoy Tosty Gp_zyesey Q1 (a,,, o, O, ..,0
0, @y Guyyeesy Q2 @, 1,0, 0, ...,;,0
B=10, 0, @, ..,a)|, B=|a.,a_,a,..,0],
\0, 0, O, ...,a, \a., A2y, A3y eeey @

$H=B'B—A'A=(v4),| % |=det. (va),

n-1
-6(27)=§'Yuxi Ty (Y="a), (2)
s 0, ey 0, | @0, @1y oeey @yy

Ay, Gy eeey 0, | 0, @y, ...pj@y_s
B P veseren

a‘n—v-i-l,a'n—v+2,-u,a”, O, 0, esey Qg
8,,: — N (U=1, 2,..-, n).

@, O, ceey 0, | @y Bty ooy Cyu_yaa (3)

ay, o, coey 0, 0, Ony  evey Ap_yi2

------------

Bty Qyzy ey oy | 0, 0, .oy,

We denote the determinant of a matrix A by | A| and it8 »-th section by
A,, which is a matrix formed with elements of A lying in the first v rows and
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first v columns, Then as Schur” proved,

av_ﬁ,v’ 81—‘ B.B,— A,A|=|(B'B—4'4),|, so that 5,=|$|. (4)

Then the following theorems hold:

Theorem 1 (1. Schur).” The necessary and sufficient condition, that all
roots of f(x)=0 lie in a unit circle | z|<1 is that the Hermitian form $§(z)
8 positive definite, or 8:>0, 8;>0,...,5,>0.

As Cohn proved,” 8,=R(f, f*), where R(f, f*) is the resultant of f(z) and
f*(), so that §(z) is of rank n, when and only when f(z) and f*(2) have no
common factor.

Theorem 2 (Cohn).> If flz), f¥(z) have no common factor, then §(z)
s of rank n and when reduced to the normal form:

f@D=ly P+ || +eeeHy= =]zl ~|af—.. =2,
a is the number of roots of f(2)=0 in |z|<1 and v i3 that in | z|>1.

‘We will give a simple proot of Theorem 2.

2. Proof of Theorem 2.

We assume that f(z) and f*(z) have no common factor, so that f(x) =0
has no root on |z|=1 and (=) is of rank n. Let f(2)=0 have = roots in
|#|<1 and v roots in |z|>1, then f¥*(#)=0 has v roots in |z|<1 and =
roots in | z|>1.

We assume that a,+0, @,+0, a,+@,+0 and f(2)+f¥(2)=0 has no
double roots. Let f(z)+f*(x)=0 have p roots (e;) in |z|< 1 and ¢ roots
() on |z]| =1, then it has p roots (»21;—) is |z| > 1, so that 2p+g=n. Since
() —f(2), f¥*(z) +f(2) have no common factor, we have in the neighbour-
hood of z,

fr(@) —f(=) __C Z‘( . e,,+a: 'r'k
F(a)+f()

')k ﬂk+x

- ebx
k=1

+ "
=—"2—°°+Z‘c,.x , (2p+g=n), (5)

n=1

where | e |<1, |7 |=1.

In the both sides of (5), we put L place of = and take the conjugate
2

1) Y. Schur: Uber Potenzreihen, die im Innern des Einheitskreises beschriinkt sind.
Crelle, 147 (1917).

2) I Schur: Uber Potenzreihen, die im Innern des Einheitskreises beschrinkt sind
(Fortsezung). Crelle 148 (1918).

3) A. Cohn: Uber die Anzahl der Wurzeln einer algebraischen Gleichung in einem
Kreise. Math. Zeits. 14 (1922).
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complex of the quantities involved, then the left hand side changes its sign. From
this, we conclude that ¢= —c, r,=7;, T,=1}, so that ¢ is purely imaginary and
1% are real. Hence

_Z‘(m,, +'rke,¢)+2r,;'7,, " Co=real). (n=0,1,2,...) (6)

Femanl

We consider a Hermitian form:

60, Cly ooy Cp

n—1

H(z)= Xc»-im, (=), H=| @ G| (7))

oooooooooooo

Caty Ca_gyeery €
Then, as Schur® proved, we have easily

(B'+ ZYH(B+ A)=2(B'B— A'4)=2%, (8)
since |B+A|=(a,+a@,)"+0, two Hermitian forms H(z) and $(z) are
equivalent, so that H(z) is of rank n.

Now

H(z)= Z‘H,,@) +Z‘Hk(:a), (9)

x=1

where H,(z) is a Hermitian form formed with (riex” +7:€r) and H}(z) is that
with (#95”), (»=0, 1, 2,..., n—1).
Since

TetTey, Tier +Trer = 'I';,[’(Z— e — 1 <0,
Ter' +ree,  TetTa Jef
Hi (2, %1, 0, ... , 0) is an indefinite form and since as easily be seen, H:(z) is
of rank 2, Hy(%) can be reduced to the normal form: Hy(z)=|ys[—|2["

Since Hy(x) =14 ,,Ixo+x,m+ «+ 2,172 [, if we denote the numbers of
positive and negative 7% by a, 8 respectively, then H(x) can be reduced to the
nomal from:

HCE)=| g P+ o P ove ] Gy | 2 P 22 = oo = 20s

2p+a+B=n). (10)

We will prove that p+a=m, p+B8=y.
Let z=2(a) be the root of f(z)+Af¥*(2)=0, so that 5, =2z(1),
Sl + f¥g)=0. Then from (f'(2)+Af*(2))dz+ j*(x)da=o and (5), we have

—_ =f*dd )= )
BT ) — B K . (ney B 3 Ao
dx=a;—"2:2—dl at 2=, =1, ayn

4) 1. Schur: lec. (1).
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Hence f(2)+A4f*(2)=0 has a root in |%|<1 in a neighbourhood of
my if >0, 1—8<A<1, or %<0, 1<2<1+8, when § is small. Since
J(2)+f*(2)=0 has p roots in | z|< 1, we conclude that

J(2)+4f*(2)=0 has p+a roots in | z|<1, if 1 -§<2<1 and
p+RBrootsin |z|<1, if 1<i<1+38. (12)
On the other hand, since f(2) has 7 roots in [2|< 1 and f*(2) has v roots in
|z] <1 and | f(z) {=| f*(2) | on | z|=1, we have by Rouché’s theorem,
J(2) +2f*(2)=0 has 7 roots in | 2/< 1, if 0<2<1 and
v Toots in | z 1< 1, if 1< A (13)
From (12), (13), we have p+a=m, p+B8=v, so that from (10),
H@)=|y: [+ 3 P+ H gz P—| 2 ~| 2 F ... —| 2, F,
(r+v=n). (14)

Since H(z) is of rank n. n linear forms ¥, ¥z,e.-yx, 21y 22y+++, 2y Of Zo,
Z1ye+e%,-1 are linearly independent.

Since as remarked above, H(2) and §)(x) are equivalent, (z) can be re-
duced to the normal form of the form (14). Hence Cohn’s theorem is proved
under the assumption, that a,+0, ¢,+0, @+a,+0 and f(z)+*(z)=0 has
no double roots. But as Cohn remarked this restriction can he removed as
follows. We change the coefficients of f(2) slightly, so that this condition is
satisfied. Let §'(2) be the corresponding Hermitian form, then §’(x) can be
reduced to the normal form of the form (14). Since [§| = 0, we see casily
that the numbers or and v remain unchanged, when the variations of coefficients
are sufficiently small, so that §(z) can be reduced to the normal form of the
form (14), which proves Theorem 2.

3. Remark.

If f(z) anl f*(x) have the greatest common factor g(z) of degree m( >0),
then §(2) becomes of rank n—m. We assume, for brevity, that g(x) =0 has
1o double r.ots. Let g(2)=0 have p roots (&) in |#| < L and ¢ roots (1;) oh

|2 =1, then it has p roots (—_1—) in |z| > 1, so that

g((:)) X( 17—'6;, : ) Z‘ T—m z‘u+1’(2.p+q='m))

n=0

P 9
c,,=E(e;;+§;")+Z‘q:=sﬂ(s11m of the n-th power of the roots), where |e:|<1,
k=1 k=1
[m]=1. We form a Hermitian form:
m—~1
H(2)= Yoo, (cs=0) (15)

0
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» 9
and as before we decompose H( %) into the form.: H(x)=XH,,(a:) + ) H(%),
k=1 k=1
where Hy(2) i8 a Hermitian form formed with (ef+e;") and Hi(x) is that
with (92)(»=0, 1, 2,..., m—1). Then as before, we see easily that H(z)
can be reduced to the normal form:

H(z)=|9: P +| e[+ e | Ypro =12~z —... = [ 2, , (16)
where p is the number of roots of g(2)=0 in |z |<1 and ¢ is that on | z|=1.
1f g(2)=0 has multiple roots, then p and ¢ are the numbers of distinet roots,
multiple roots being counted once. From (16), we have:

The necessary and sufficient condition, that all roots of g(x)=0 lie on
| z|=1 7s that H(z) 18 positive definile.

IL.  Algebraic equations, whose roots lie in a half-plane.
Let
f(@)=a”+ a5 +... +a,, g()=biz"" +b2z"*+... +b,
(ay+0, b,+0) an

g(=) _Z‘ Ca
f(z) A g’
Qgy Qpyececcsees y Qop_2
0, Goyeereeenn. y Qar_3
rk—1

ooooooooo

0, b], sesesscee N b-_rk_z Lk Cry Cratyeeey Cop

0, 0, ...,y ..., by

where a,=0, b,=0, if y>n. Then as well known,”
kk—1)
R,=(—1) 7 a*'Ci*™, so that

R=R(f, P=(~1)" % a'Gs"™, (18)
where R(f, ¢9) is the resultant of f and g. Hence if f(z) and g(z) have no
common factor, then C*~P %0, Let

f(2)=a"+ 2" +e.. + @, f(2)=Co2™ +@i2" " + ... +@p,
(@y=a,>0). 19

5) BEIR=M : REME—-% 462 H, Netto, Crelle 116 (1896), Netto, Algebra
I. p. 86.
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We assume that f(2) and f(x) have no common factor. Then f(2)=0
has no real roots. Let f(2)=0 has 7 roots in Jz<0 and v roots in Jz>0.
Then f(#)=0 has v roots in Jr<0 and 7 roots in Jz>0., We as- sume
that f(2)+f(2)=0 has no double roots. Let f(z)+f(%)=0 haye p roots
(ez) in Jz>0 and ¢ roots (7:) on the real axis, then it has p roots (&) in
Jrx<0. Since f(x) +f(x), f(x) —f(2) have no common factor, we have

( —'_( _ \ 13 l: \ ‘g
z{fsg) +§'(:))) _g( x‘q:'Gk. + x:'-Ek )+E xz"h

=), (2ptg=n), (20)

n=0

where Je;>0 and 7, are real.

It we take the conjugate complex of the quantities involeved in (20), then
the left hand side is unchanged. From this, we conclude that 1.=7%, Tp=1}, so
that r; are real. Hence

P Q
eu= Y rial e +Z'r:q:, (21)
k=1

k=1

so that ¢, are real. We form a real quadratic form:

n—-1

()= Yewstite, | 51=C5", (22)

Since f(z)—F(x), f(x)+f(x) have no common factor, C,X"~ =+ 0 as remarked
in the begining of the proof, so that §(xz) is of rank n
Let as before, §(z) =élHk(x) + é‘IH #(z), where Hi(z) is a quadratic form
formed with (rie} +Tier) and Hy(x) is that with (vfr), (v=0,1,2,....,0—~1).
Since

Ta+ Ty ThER+ Tier =1 *(ex—e)’ <0,

Tuex + Tuer, Trex +Trch
Hy (=, %1, 0...0) is an indefinite form. Since as easily be seen, Hy(z) is of
rank 2, H,(z) can be reduced to the normal form: H(z)=y;—2.

Since Hi(z)=1i%+ 2+ .. + Z._mi")?, if we denote the numbers of
positive and negative 1§ by a, B respectively, then () can be reduced to the
normal form:

G(@R)=yi+1+ .t Ypra—Z— 2% — oo — 2o,
(2p+a+B=n). (23)
We will prove that p +a=m, p+8=1.
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Let x=2(2) be the root of f(2)+Af(2)=0, so that n,==x(1),
fCn) +f()=0. Then from (20), we have as before, at z=n, A=1,

—fCne) __SCd=fCp) . Th
T o ¢ IS (") I T
dx=i—l’2'id/1 at z=mn, A=1. (24)

Hence f(2)+A4f(z)=0 has a root in Jz>0 in a neighbourhood of 7z, if
72>0,1<i<1+80or 1< 0,1 —-8<A<1, when § is small. Since fl@)+flz)=0
has p roots in Jz>>0, we conclude that

f(2)+4f(£)=0 has p+a roots in Jx>0, if 1<A<1+3 and
p+ 8 roots in Yz>0, if 1 —-8<A<L. (25)

On the other hand, since f (z? and f (a:? are regular in Jz=0, x=co
(z—i)" (z—i)"

being included andI f (a,)) |= ll J (a:? on the real axis, if we map Jz>0
(x—1i

on | 2|<1 conformally and apply Rouché’s theorem on —4<%__ 4 2_JC2)
(x—a)" (z—i)"

=0, then we see that

F(2) +4f(2)=0 has 7 roots in Jx>0, if 1<2 and
v roots in Jz>0, if 0<A<l.  (26)
From (25), (26), we have p +a=m, p+ 8=y, so that from (23),
S()=yi+yi+... + V=B —F—... —2,% (7 +v=n). (27
Since $(z) is of rank n, n linear forms i, ..., Yx, 21, ++y 2y are linearly
independent.

We assumed that f( %)+ f(#)=0.has no double roots, If this condition is
not satisfied, then we change the coefficients of f(z) slightly and conclude as
before that §(2) can be reduced to the normal form of the form (27).

Hence we have:

Theorem 3. Let fz)=apx"+ax” "' +... +a,, F@) =8+ 82"+ .o + oy
(@>0, a,=a,+1i8,). We assume that f(x) and f(x) have no common fact-
or. Let

n-1

f2) =) _ B +Bex 4 oo+ B _ )
i(fla) +flz)) oz +ad* '+ ... ta, z‘ "+1 » 3le)= Zc“kx'x

n=0 0

Then, $(z) is of rank n and when reduced to the normal form ;
H(@)=yi+gi+... +yn—d—Z—... =2, (wtv=n),
o 18 the number of roots of f(2)=0 in Jz<0 and v s that in Jz>0.
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Since by (18),

ao’ Afgececee 9 a2p-2
O, Apyecrcee y Op_3 Lk—]_
Ri— 0, 0, ..canyeeerar =( _I)K—’;:Q aZ-10¢" |
Blr BZ)' socey B‘Ik—l
0, Biyererey Bus ||,
O’ O;"'Bh"';ﬂk
we have:
Theorem 4. The necessary and sufficient condition, that all roots of f(x)

k-1

=0 lie in Jz<0 s that §(z) is positive definite, or (~1) = R,>0,
(k=1, 2,..., n).

From Theorem 3, we have

Theorem 5. Let f(z)=a@"+a:2" " +.c. + @0y, (@>0, Cn=a.+18,).
We assume that f( —iz) and f( —iz) have no common factor. Let

-2
A==,
F(2)—F(2) _ aa+Bt"  —asz"*— L™+ asz™" + B —...

(Fl2)+F2) e +Ba" " —at™ " — L™ +ad + B — ...

) n—1

=Z'_c"_ $( x)=Zc.+»mp

n+1’
z +
n=0

Then, $§(x) 8 of vank n and when reduced to the normal form:
S()=yi+y+... + v —d—24—...—2, (w+v=n),
ar 48 the number of roots of f()=0 in Rx<0 and v 13 that in Fx>0.
From Theorem 5, we have the following extension of Hurwitz’s theorem,”
who assumed that all a, are real.
Theorem 6. The necessary and sufficient condition, that all voots of f(x)
=0 lie in Rx<0 18 that H(z) is positive definite.
Analogous theorems as Theorem 3, 4, 5, 6 were proved by M. Fujiwara®

by means of Bézoutians.

6) A. Hurwitz: Uber die Bedingung, unter welchen eine Gleichung nur Wurzeln
mit negativen reellen Teilen besitzt. Math. Ann. 46 (1895).

7) M. Fujiwara: Uber die algebraischen Gleichungeu, deren Wurzeln in eimem

Kreise oder in einer Halbebene liegen. Math. Zeits. 24 (1926).



