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30. On Finite Groups, Whose Sylow Groups
Are All Cvyclic.

By Kinya HONDA.
(Comm. by Z. SUETUNA, M.J.A., May 12, 1949.)

In this paper we shall call those finite groups whose Sylow
groups are all cyclic, hypercyclic. The group of order may also be
called hypercyclic. The aim of this paper is to study the structure
of these groups and then to find out all hypercyclic groups of a
given order. The proofs of the results will be published after-
wards elsewhere.

§ 1. Structure of Hypercyclic Groups.

When a group G has a subgroup A and a normal subgroup B,
and AB=G AB=E, where E is the unit subgroup of G, then we
shall say that G has a splitting inlo A and B, and shall denote
it by

G =(A, BU()).

Every element @ of A gives rise to an automorphism r (xaxa, x ¢ B)
of B. Let 7. correspond to @, then we have a homomorphic map-
ping in the group of automorphisms of B from the group A. The
o in (1) should be understood as a symbol of this marpping. The
elements of A, permutable with all elements of B, form a normal
subgroup F of G, and will be called the foundation group of the
splitting (1) The index (A :F]), if it is fnite will be called the
index of the splitling (1).

Henceforth we shall study only finite groups. When afnite
group G has a splitting into G, and P, where P is a cyclic group
and at the same time a Sylow group of G, then we shall call it a
simple splitting of G. Let F be the foundation group then G/F is
cyclic. Now we have following theorems ;

Let

G=(G()’ P/d)

be a simple splitting of G, and F be the foundation group.
1) First Reduction Theorem on Subgroups. Any sub-
group H can be expressible in a form

H=a"' HF a,

mherve H and P are subgroups of Go and P respectively, and a is an
element of P.

2) Second Reduction Theorem on Subgroups. If
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(2) alH/P/a/za//—lH//P//a//
where @' and a'' are elements of P, and H', H' are subgroups of
G,, and P', P arve subgroups of P, then
HU/EH;J”’ P/EP//’
and in case of H' F
a/ a//—l e P/ s
and conversely from these three conditions we obtain (2).
3) If N is a normal subgroup of G, then N has a splitting
N:(NO) P//d),
where Ny=N)G, P=NAP, and in case of PP
N, < F.
Conversely, let Ny and P’ be normal subgroups of G, and P respecli-
vely. Then N, P will be a normal subgroup of G, when either P'=
P or N,<F.
4) Let Hy and P be subgroups of G, and P vespectively. Then,
n cose of H<F
NG(HUPI):NGU(HU)‘P:
and in another case
Ne(HP')=Ng(H,)+P,

5) Reduction Theorem on Commutator Groups. Let C
and C, be the cnmmutator groups of G and Go repectively. Then, in
case of G=Gyx P,

C = Co
and in another case
C=CyxP.

Now we shall study the structure of hypercyclic groups. And
subgroup of a hypercyclic group is hypercdclic, and any group that
is homomorphic to a hypercyclic one, is also hypercyclic. Let G
be hypercyclic H be a subgroup of G, and N be a normal sub-
group of G, then (H | N]=(H]V[N]® and (H | N]J=(HJA[N]®.
Consequently, if G has a normal subgroup of order s, there is no
more subgroup of order s other than N. If N is a normal sub-
group of N, which is a normal subgroup of G, then N’ is a normal
one of G.

When there exist two systems of subgroups of a group G

A, Agy-veoe VAo, A,
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G2) GS’ """ ) GT"I! Gr ” G,

and
G2 =(A1’A2/0'1>: GS :(G2’AS/U2)’ """ » G;«=(G)~_1,A7/d,'_1),

then we say that G has a successive splitting inlo Ai, As,Ar,
and shall denote it by

(3) G=(A17A2) """ ,A7/0'1y0'27 """ )dr—l)'

Let the index of the splitting Git1=(G:, Airi/o,) be fi (i=1,2,-,
r—1), then we shall call the system of numbers fi,fz, - , fr-1 the
system of indices of the splitting (3)

The systematic study on hypercyclic groups is based upon the
following

First Splitting Theorem. Lel the factorization into primepo-

wers of the order n of a hypercyclic group G be n=P* PSP,
where p; pi—1 (1=i<j=<r). Then there exists a successive splitting

(4‘) G=(P1;P2’ """ ,Pr/0'1y0'zy """ 101,

where every Pi is a (properly taken) p-Sylow group of G.*

If py<pa<ioeeres <p. of course p; p;—1 (1=i<j=r). In this par-
ticular case the splitting (4) will be called the fundawental splitting
of G.

From this theorem and the reduction theorem on commutator
groups we can easily obtain the

Second Splitting Theorem. Every hypercylic group G has a

splitting
G=(H, N/o),

where H, N are cyclic, and [HJN[N])=1. One can take the com-
mutator grnup of G as this group N. Couversely such a group is, of
coures, hypercyclic.

This theorem is equivalent to the theorem of H. Zassenhaus.®

From the first reduction theorem on subgroups and the frst
splitting theorem we can obtain the somewhat interesting

Conjugateness Theorem. Let H. and H: be sudgroups of a
hypecrcycic group G, and [H,) be a multiple of (H.) Then there
exisis an element x in G such that x"'Hx>=H. Consequently two sud-
groups of the same order arve conjugate in G.

§ 2. L-Similar Classes of Hypercyclic Groups.

We will attempt to solve the problem of finding out all hyper-
cyclic groups of a given order.

The lattice. which is formed by all subgroups of a group G,
will be denoted by L(G). Two finite groups G and G of the same
order will be called L-similar, and will be denoted by G~G, when
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there exists a lattice isomorphic correspondence ¢ of L(G) and L
(G) with the following properties :

1) If H—H (H<G, H<G) by p, then (H]=[H].
2) If H—H (H=G, H<G) by p, then N,(H)<—N.(H).

Two L-silimilar groups have almost same structures, but are not
necessarily isomorphic.

L-Similarity Theorem. Let G and G be hypercyclic groups of
the same ovder, and G have a successive splilting

GZ(PpPz; ...... rPr/0'1,0'2y ...... ,0-)‘_1),

where P: is a p-Sylow group of G (i=1,2,------ ,7), and the sysiem
of indices of this spltiting be fi‘fe, -+ Jo-1. Then G~G, if and only if
G has a successive splitting of a form

G=(P1,P2, """ ,Pr/‘71:02’ """ »0rat1)s

where P; is a pi-Sylow group of G (i=1,2,----- ,¥), and the system
of indices of this splitting is fi,fe, -+ , -1

Corollary. Two hypercyclic groups of the same ovder ave L-simi-
lar, if and only if the systems of indices of their fundumental aplit-
tings coincide with each other.

We can now find out all L-similar classes of hypercyclic groups
of a given order.

Let # be a given integer, and the factorization into prime-
powers of n be n=p."p."p", where p; p:—1 (1=i{<j=r)" Then, by
the first splitting theorem any hypercyclic group of order » has a
splitting

G:(PI’P2’ """ :Pr/alyd‘z, """ ,67‘—1):

where P is a p-Sylow group. Let the system of indices of this split-
ting be fi,fs, - Jr-1. If we fix the permutation pi,ps, -+ ,pr, then
the system fi,fs, -+ ,fr-1 is uniquely determined by the group G.
Therefore, by the L-similarity theorem, we can express the L-
similar class, in which G belongs, by a symbol (fi,fz, - Jr1). Let
S=pA (1.'72 b 1) y Le=P1"D" \ (ﬁs—' 1) AR y Gr1 =D A (ﬁr -
1), then of course

i) filgse (i=1,2, 7—1)

2) If flc:l:-[, then Di+1 fj. <]:1,2, """ ,¥—1)
The latter can be obtained from the the reduction theorem on
commutator groups. Conversely, for any system of r—1 integers
Su, fo, oo , f~1, which fulfils the conditions 1) and 2), there exists

a L-similar class of hypercyclic groups of order #, that is expres-
sible by the symbol ( fi, fe, , f-1). Therefore, the problem of
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finding out all L-similar classes has, in a sense, been solved.

Finally, we will find out all (not isomorphic to each other)
hypercyclic groups in a given L-similar class.

Let G~G, and a p-Sylow group P of G be a normal subgroup
of G, then G has a simple G=(G,, P/s) and G has a simple split-
ting Go=(G,, Pls), where P is the p-Sylow normal subgroup of G
and G,~G,, P=P. If, in particular, G=G, then G=G,.

Now we take (fixed) hypercyclic group G, and a (fixed) cyclic
p-group P, where [Go) A[P]=1. Let the commutator group of Go
be C,, then GC, is cyclic. Let the order of P be p*(ex=1), and
we take a subgroup F of G, such as F+C, [Go: F]|p—1. In the
group of automorphisms of P a subgroup of order [G,: FJ is uni-
quely determined, and is a cyclic one. Let it be generated by = and
we fix this automorphism r. Now, if, for an element d of G,, dF
is a generating element of G,/F, then d can determine a hypercy-
clic group (G,, P/d, v) followingly :

1) (Go,Pjd, v) is a set of (a b). (be P)

2) The product of any two elements (a:, b,) and (a., b.) is
defined by

(ay, b)(dias, b)=(a,dias, b b,). (az ¢ F)

We shall call the centraliser of the commutator group of a
(hypercyclic) group G the ramification kernel of G.
Ramification Theorem. We have

(GO:P/dn 7);(60’ p/dZ; T,)’
if and only if
dl d2—1 € Ro F:

where R, is the ramification kernel of G,.

Therefore, the problem of finding out all (not isomorphic to
eachother) hypercyclic groups of a given order has in a sense,
been solved.

On ramification kernels we have following

Reduction Theorem on Ramification Kernels. Let G=
(Gv, Plo) be a simple splitting of a finite group G, and F be ils
foundation group, and R, R, be rvamification kernels of G, G, respe-
ctively. Then we have

R=(R0~F)XP.

From this theorem we can easily obtain the
Enumeration Theorem. The number of all (not isomorphic
to each other) hypercylic groups in am L-similar class (fi, fe, Jr-1)
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is (for r=3)
T QNI N FINfirsd,

wheve ¢ is Fuler's funclion and il is when r=1 or 2.

(1). Ng¢ (H) means the normaliser of H in G.

(2). [H) means the crder of H, and (H])V(N) means the l.c.m. of (H] and [N].

(3). [HIA[N] means the g.c.f. of (H]) and (N].

(4). W. Burnside : Theory of Groups. 1 edit. (1897) p. 352.

(5). H. Zassenhaus : Uber endliche Fastkgrper. Abh. Semin. Hamburg, 11 (1936) p- 19
8. and the same author’s Lehrbuch der Gruppentheorie. Bd. 1 (1937) p. 139.



