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(Comm. by Z. SUETUNA, M.J.A., Nov. 13, 1950.)

We put h o(k)where k is a positive integer and (k)is
Euler’s function. Iet : (n) denote one oT the h Dirichlet’s char-
acters with modulus k. is the conjugate complex, character of. (s,w) and L(s, ) denote the functions defined for > 1 by S.

0

(n+w) and.(n)n respectively, where 0w1 and s=a+t.
Throughout the paper, the notations AB and A=O(B) for B0
show that AIKB, where K is a positive absolute constant.

We know from the recent work of Rogossk ([11], Theorem 1.)
that the number of L(s, ) which have a zero in the rectangle

1-- log kT-r 1, t-T IKlog kT

where log k ::>- @(k)

_
log log k and T TI+2 does not exceed

B exp (A (k)+5 log log kT). From this we are able to deduce that.
the total number of zeros of all the L-functions with modulus k
in the above rectangle does not exceed

C exp (A (k) + 8 log log kT) (1)

where A, B, C and K are positive absolute constants.
The aim of this paper is to estimate the total number N(a,

of zeros of all the L-functions with modulus k in the rectangle

al, ltIT
using Ingham’s method [7]. The main result is that, if

(+ ti, w)--w =0 (! t ’) (2)

where c is a positive absolute .constant, then

N (a, T)=O{kW" (T+ k) )- log kT}

for a<::l, T2. From this We are also able to deduce (1)
and so Rodosski’s main theorem ([11], Theorem 2.) iia thg theory
of primes in an arithmetic progression.

We use some well known theorems in the theory of functions
in the following forms.

Theorem A. (Jensen, [6], Theorem D, p. 49.) Suppose that
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H(s) is regulsr in the circle iS--Sol R, and has r zeros in Is--Sol
; r ( R). Then if H(so) 0

where M is the maximum of IH(s) on iS-So
Theorem B. Littlewood, [13], p. 132.) Let C denote the re-

ctangle bounded by the lines a=a,, a=a (a a), t T, t T. Let
h(s) be analytic and not zero on C, and meromorphic inside it.
N*(a) denote he excess of he number of zeros of h(s) over the
number of poles in the part of the rectangle where a a Then

2v (a)dq= r{log h(a, + ti) I--log h(a + ti)

Theorem C. (Doegeh, [8].) Suose tha (, ) is regular
nd 0) lg(,) is bounded in he srip , .

- o-

Theorem D. (H@d.Ih-Pa, .) Suppose that (s,)
is regular and G(s)= (s, x) is bounded in the strip ;.
We write J() .(+ t0 d. If J() and J() are convergent,

then J() is convergent and

() ()()-I express my hearty thanks to Pro. Suetuna and Mr. Izeki
for their kind advices.

1. On N(,, T).
Let F()denote MSbius’s function. We define s, x,z)=

() .()-’, #(s, , z) L(s, ) (s, , z)-l, (s, , z) 1-#
z), K(, r, z) ax (T--.5 ltl r+ .5) l#( + t, , z)

aad

Lemma 1. If +2al (0), then

1 {i(_, T,z)+I(2, T,z)+N(., T)<
+ x(--)K(,T,)--lo(--ex K(,T,))

Proof. Le m ba he number of eros of he function
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tt(s, T, z) It h(s + Ti, , z)+ Hh(s--Ti, , z)

on the segment a < < 2, t = 0. Hence m cannot exceed r(a, T, z)
the number of zeros of H(s, T, z) in the circle Is--2

__
2--a. It

is well known that

arg h(a+ Ti, x, z)l

__
(m + 1) r , (a, T, z). (3)

On the other hand

+ a)2--a Max (I s-- 2 2-- a + $) H(2, T, z) (4)

by Theorem A. Further we have

H(2, T, z) 2 9l H h(2 + Ti, , z) 2 9t 11{1--f (2 + Ti, , z)}
; 2{I--(H(1 + If(2 + Ti, ,

4--2 exp N If(2+ Ti, y, z)I,
Max (Is--21 2-a+) H(s, T, z) l_ exp {Max

--a+) If(s+ Ti, X, z)[.o} +exp{Max (Is--2

___
2

--a+5)

_
]f(s--Ti, , z)[’} 2 exp {Max (a-

--a+ ) g(a, T, z) }.

From (4), (5) ad (6) we get

(5)

(6)

+ log 2-- log (4--2 exp K(2, T, z) ) 1
Now we put

a a--, r 2, h(s) h(s, , z), N* (a) N* (a, T, ))

in Theorem B. We write N* (a, T) N* (a., T, ). Noting that

l I -lI:_N*(o., T) d and N(a, T)__ N*(a,N*(a, T) __- ._N*((r, T) d o- o.

T) for +2 a < 1, we obtain the result.

2. On (n, z).
We define

’- l. (n, k) 1

/ : (n, k) > 1

for z k,
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and

Lemma 2,.

D(m) D(x, z, m) 2 g(n, z).
nm(mod, k)

1D(m, z, m) log .
Proof. If (m, k)= 1, then the number of the solutions of

does not exceed

,d---m (rood. k),

Hence

p(n) 1 log z for 0 < ; 3.Lemma 3. ] n:_ < z
(,nod. k)

Proof. 1
(n+ly/

by Lemma 2. By the substitution u- zv-

I logu . lOgZ IlogvU,i+ du= aZ v dv + zv

Lemma 4.

dv < log z

for 0<8_3.

Proof. Let d(m) be the number of divisors of m. Since

we have

n=mCmod, k)

d(m),,_ n+e ,,_ m+

p(m)p(n) p(m) P(n, )_
(mny/ =.,_ n/ ,.C. C(1+

n(mod, k)

log z 1 log z
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Lemma 5. p(m) p () 1
,.<,:. V <mlg ’"

Proof. By the above method, we oan easily deduce the result.

Lemma 6.

Proof.

by a well known lemma. ([5], Lemma B2.)

Lemma 7.

1 1 1

_
-)+, there-Proof. From he inequality- log" < v m --msul is obvious by Lemma 5 and Lemma 6.

3. Or, K(e, T, z).
For > 1, we have

f(s, X, z)=_I X(n)n- ,(n) X (n)n--1= a n-.
where a,, X (n) (d) for n 2, 3, and a, 0. Therefore

....., (mn)+, ,. (d) aX,(d)
d<z

Hence

For n> I

Lemma 8.
1If z >= k and 0 < 3, then K(1 + $, T, z)< -7.

(7)

(8

Further if k is sufficiently large, then K(2, T, z)2< .
Proof. From (7) and (8), and by Lemma 4
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From this the result is obvious.
For we use the inequality

[f(+ti, X, z)l 2(1L(+ti, x)l-lQ(+ti, x, z)l’+ 1). (9)

Since

L(s, X) X()-+ X() k ( (s, ,k-’)--(k-’)-’)

we have

Max (T--1.5 t] T+l.5) L(.}+ti, x)i "/-T.
by (). On the other hand

(10)

whence

Q (+ ti, , z)1= t(m)tt(n)/(m)(n)
,,,< v mn

t(m)t(n)()
,)=

Lemma 9. If z k, then K(, T, z) kT z.
Proof. We have by (10) and (11)

(11)

-,<.-\---k- + 1 k (z+kV--) k T" z

Now we write g(s, x, z)---------- f(s, X, z), G(s, z)= g(s, x, z)l,
8 COS .., x

aad M(, z)=sup G(S, z) f.or : 1 + , 0 < $ ; 3. In this strip,

g(s, y., z) is regular aad satisfies

e ’ If(s,x,z) if(s, x, z)1. (12)

Therefore G(s, z) is certainly bounded in this strip for fixed k,T and z..
Lemma 10. If z k(T+ k), then

! {k4 T (T+ ky}’-log kT.
K((, T, Z)

log kT.
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Proof. By Lemma 8, Uemma 9 and (12), we have

M(1 + , z)- M(, z) kT’’ z

if zk. Put z k(T+k), and use Theorem C, then we get

Further we put a (a 0) then we have
log kT

M(a, z) {k T" (T+ k)}’(’-) (log kT)’-

for - 1+. Thus we get the result by (12).

4. On I (, T, z).
1Lemma 11. If zkT and 0 < 1, then I(1 +

Proof. From (7) we have

(13)

We know from Ingham’s estimation ([7], p. 260) that

f(n) d(n) 1 (14)

On the other hand

p(m) (n) < e(m)
,>., (mn)+ log’ __n ,,>., (mn),+

p(m) p(n)+E
"> m n+-n log n__

by Lemma 4. Since

(15)
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by Lemma 7. The result is obvious from (13), (14) and (15) if z kT.

Lemma 12. If z k-, then I(, T, z) kT-" (kT/ z) log z.
Proof. From (9) we have

Further

by (11). Hence we get the result.
We write

J(., z)= G(.+ ti, z) dt.

It is easy to see that

Lemma 13. If z k(T+ k), then

Proof. By Lemma 11, Lemma 12 and (16), we hmre

1
J(l+, ) -, J(r, ) " (T+) log

(16)

if z k(T+ k). Put z k(T+ k), and use Theorem D, then we get
l+-o

a (a>0) then we haveFurther we put ;
log kT

J(, z) < {k T" (T+ k) log kT}(’-) (log kT)

< {k To (T+)T-o og kT
for a 1. Thus we ge the result by (12).

5. Main theorem.
Theorem 1. If a_l and T__2, then
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N(a, T) {k T" (T+ k):}- log kT.

a (a0) and insert the results of LemmaProof. Take ;
log kT

8, Lemma 10, Lemma 11 and Lemma 13 in Lemma 1, we get the
above estimation for + 2 <= a 1. But if a + 2 , then it
is well known that N(a, Tlog kT. Therefore we obtain the
main theorem.

5. Application.
As an application of the main theorem we shall investigate

Hoheisel’s Problem [7] concerning the difference between consecu-
tive prims in an arithmetic progression.

We know from Hadamard’s theory ([8], p. 507.) that if is a
primitive character with modulus k ( 1), then

L’ 1F’(sa) ( + 1) (17)

where

t,o x(-z)
tl )(--1) --1.

and p(.)=p B+Ti is a typical zero of L(s, ) those for which
7 0, B 0 being excluded. If we put s 2 in (17), then we get

Now we consider

b+-I __1

2-i ---(--.-(s, ) ds

where the integral is aken .in the positive sence round the rec-
1tangle with vertices +/- Ti, : Ti. Take =1+ 10gin ’and-

--, then we have

, )(n) A (n)+ > xP x logO. (kx)

:for

_ ___
2, where A() is the MangoIdt netion. It is easily

seen hat the result is valid or the imprimitive charaeter if its
leader f is reater than 1. From this we obtain the extended
Landa’s theorem [9].

Theorem 2. If

___
T 2, then

E (n) A(n) E() + +E,())
m’ x log.O (km)
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where

E,(u) u u’
(0) x:,,

Xo is the principal character, ;, is the special real character in
is the special real zero in Page’s theory ([10], Lemma 9), and

If we write

4( k, ) A (n)

for (k, l)= 1, then we have

by Theorem 2.

Since

(iv + y)--

1 .(/) x--+O( x lg" (kx))h x r!<r O T

x+y

U- du

if 0.(yx, we have

(18)

4,’(x + y k, 1)--(x k, 1

=Y’-h + E,()O yx. ’- ""O ITI<:T
El xI-I "" O

X logET (19)

It was proved by Tchudakoff [12] that

bB (T), (T) Ma x{log k, (log

if ]IT where b, and / are positive absolute constants.
example we can take /=+ s (e > 0) by Titchmarsch [14].

Now, by Theorem 1,

For

’ ’-=,{-’ + j’x- log da}< x-’ N(0, T) + I ’ x- log x de

x- kTlog kT+ N(, T)x"- log x d
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if

< m- kT log kT+ I {k T4’; (I’+ k):}- (log kT)x- log x dx

k To (T+k) _<_
Now we assume that

(21)

If we take

then

log x
(0 < s < 1) (22)log k

_
b s

log log .
T xz ,t

4 (28)2+

k T4 (T+ k): 2k T+" x -z

when x is sufficiently large, and so (21) is satisfied.

Hence, by (19) and (20)

k,/)-(; k, l)= -- +E,(x)o(Y.’,-)
T exp(o(T) log"+-O {-. k log kT+

+_o(hX log (k))yT

Using (22), (23) and (24), we have, when . is sufficiently large,

{ 1 log +loglogxl__Tx k log kT .- exp ---(1--) log x +--b s
log log x

< exp {--(1--- )log x},

(24)

exp{to(T) log k T (Tz+ k) } (log kT) log x

exp 9 log log x- o(T) -2- log x

hx log (kx)
yT

1 log x- exp (1--,) log x+- bs log log a:

1
exp ---- s log"

if y :> z -7+x

+2 log loft x--log y}
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Hence we obtain

(+y; k, ) (; , ) . +E ()0 +

y { e } YO{exp(--blogx)} (25)+TO exp (9 log log --(T)-log ) +

where b b (e) is a positive constant.
Now

__
1 log z 2 logx

9 log logx(T) log x

_
9 log logxb e log k -- b. log

if (log x) log k b s log x On the other hand
20 log log x.

b, e log x
9 log log ix--(T)-logx 9 log log x--2a (log x)--b’ (log x)

if logk ; (logx) and x is sufficiently large where b;----b; (s) is a
positive constant. Thus we conclude the following Lemma.

1+4c

Lemma 14. If (1, k) = 1 andx
__

y ..._ x (a 0), then there
exist positive constants A=A(s), B-----B(e) and C--C(s)such that

(x. +y; k, l)-- (x; k, l)- +E,()O (yx-’ ) +
logx x)

log x
1---g-xlog

/

O {-exp(--A (log x)’-)}, log k ; C(logx)

From this we can prove he following theorem by usual method,
+

Theorem 3. If (k,/)=1, x -’-7.+ y x and r(x; k, l) denotes
the number of primes satisfying p x, p -- (rood. k), then

x+

(+y; k,/)-(; k, 1)= -KJi0g + O\h log -. +
y .og

C(log x)

_
log k B loglog----0 --exp A.og

0 {--exp(--A (log x)-)l,, log k__ C(log x)

Further if we use Siegel’s theorem ([2], [15]), we obtain the
following theorem.

Theorem 4. If (k, l) 1,x+’ y x and log k

_
8 log log x

( 0) then
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r(x+ y; k, 1)--(x; k, l)
r,/ y

1 du U _)
h I +O exp (--A (log ) }

where A A(e, ;) is a positive constaat.
Finally we get the followiag result. We omit the proof. ([1],

Theorem . Suppose that a ad m are the given positive
numbers. If N is aa odd integer and N_A, then there exist
such primes p, p’ and p" that

N p + p’ + p" 1V N p, N N- --a
(log N)" <<" p’ p’ - + a (log fr)

where A A(a, m) is a positive constant.
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