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32. Probabilities on Inheritance in Consanguineous
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Department of Mathematics, Tokyo Institute of Technology
(Comm. by T. FURUHATA, M.J.A., Feb. 12, 1954)

IV. Ancestors-descendant combinations through an
intermediate marriage

1. Ancestor-parent-child combination immediate after a
marriage

Suppose that two individuals 4., and A,; are accompanied by
their uth and vth descendants A4, and A, respectively, and that
these descendants are married and originate themselves an #nth
descendant A.,. Let the probability of a triple consisting of (A,
A.s As,) be then designated by

AaﬁA-rsep.vm(aB) '78; E"))‘
The probability of parents-descendant combination, ¢,, treated in I,
§ 2, may be regarded to correspond to the lowest case p=v=0; in
particular, €,=¢,,, represents nothing but ¢. Here we distinguish
Jour systems in case of higher generation-numbers g, v according
to u>0=y, n=1 or p=0<vy, n=1; p>0=y, n>1 or u=0<y, n>1;
u>0, v>0, n=1; and p>0, v>0, n>1.

The first system will now be treated. By virtue of an evident
quasi-symmetry property with respect to a8, v8 and pu, », it suf-
fices to consider the former. Its defining equation

eunni(aB, 783 &) =SV, (a3; ab)e(ab, v8; &)
can be brought into the form
€u0;1(aB, v8; &) =w(v; &n) +27+Cy(aB, ¥8; &n),
where C, is defined by
Co(aB, v8; &n)=23"Q(aB; ab)e(ab, v8; &n).
The values of C, are set out as follows:

O, i; 1) =1—i, Cy(ii, i6; i9) =—g;

C\(@3, ik; ) =1 —1), C(tt, ik; th) =31 —i—k),
Cy(#, tk; kk)=— 1k, Cy(%, tk; i9) =—1g,

Cy(%, ik; kg) = —19;

C\(4, kl; ik) =1—3, C\(43, Foke; k)= —F,

C(w, kk; kg)=—g;

C\(35, hk; ik) =3(1—3), O\, hk; hk)= —3(h+F);
Cu(tg, 55 90) =%(1—20), Co, ;i) =3(1—2j),
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Co(tg, it; 19) = —4g;

C(%, 1 1) =#(1—21), Co(ig, 45; 1) =4(1—1—7),
Co(1g, 175 19) = —4g;
Co(tg, th; 1) =+(1—29), Co(ig, thk; 1k) =34(1—20—2k),

Coi, tk; k) =31—29);

Cy(1g, kk; k) =11 —20).

The values of Cy(aB, ¥8; én) are independent of @B, provided A,
contains no gene in common with A, as well as A.,. It further
satisfies the following relations:

SICo(aB, ¥8; ab)=S1A,,Cy(ab, ¥v8; &n)=0, SA,,ColaB, ab; &) =Q(a8; &)

2. Ancestor-parent-descendant combination distant after a
marriage

We consider the second system with u>0=y, n>1. The reduced
probability is then defined by an equation
snwm(ale, VH 51))‘—"25,,,0;1(&,8, v8; a'b)’cn—l(ab; E’?)
which leads to an expression
elwm(a.sr v8; E’)>=/‘n('78; 577)"’2—”-,”.10(0‘/3’ v8; 5”])°
The values of a quantity defined by
ClaB, v8; En)=2 3] CaB, v8; ab)x(ab; &n)
are set out in the following lines:

C(dt, 44 1) =i(1—1), C(it, i3 19) =g(1—21),
C(w, 195 99) =—9% C(w, ; f9) = —2fg;

Clut, ik; 1) =1(1—1), C(it, tk; tk) =k(1—20),
Clie, ik; kk) = —K?, Cliz, ok; 19) =g(1—21),
C(i, tk; kg) = —2kg;

C(it, kk; 1) =i(1—1), C(it, kk; ik) =k(1—20),
Clit, kk; kk)= —I?, C(it, kk; 19) =91 —20),
C(it, kk; kg)= —2kg;

C(wi, hk; ik)=k(1—27), C(4t, hk; hk)= —2hk;

C(eg, 155 11) =3i(1—20), Clig, 465 i) =3(i+7—44),
C(ig, it; 37) =45(1—29), C(ag, w; 19) =39(1—49),
C(ig, v; 59) =39(1—4j);

C(ig, 75 1) =%(1—20), C(ig, 17 19) =30+75—44),
C(ej, 1j; 19) =39(1—49);

C(¢, tk; 1) =3(¢+ 75 —449), Cig, ik; ik) =3k(1—47),
Clig, ik; jk)=4k(1—47);

C(ig, kk; 1) =3i(1—20), C(ig, kk; ig) =3(2+7—44j),

C(vg, kk; k) =3%k(1—49).
Several identities are satisfied by C; for instance, we have
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SIC(aB, v8; ab)=A,,C(ab, 78; £n)=0, " A,C(a8, ab; En)=Q(a8, &),
7Q(a8; ab)Elab, 78; &n)=1Q(aB; ab)Clab, v8; &n)=3C(aB, ¥8; &n).

3. Ancestors-sdecendant combination immediate after a
marriage

The defining equation of the third system with w, »>0, n=1:

ep.v;l(aB’ v8; 577):2”»(“18; ab)’cv('ys; Cd)e(ab) Od; 57])
leads to an expression
e0s1(a8, 93; En)= Ay +27HQ(af; &) +27°Q(YS; En) + 27+ Diy(al, 78; &n)-
The values of a quantity defined by
Dy(aB, v8; En)=4 3 Q(aB; ab)Q(v8; cd)e(ab, cd; &n)
=23 Q(aB; ab)Cy(v8, ab; &n)

are set out in the following lines:

Dy(iz, 155 1) =1 —1)% Dy, 13; 19) = —29(1—1),

Dy, 7; 99) =g Dy, w; f9) =2f9;

Dy(it, tk; i) =341 —1)(1—20), Dy(et, tk; tk) =41 —1—38k + 4ik),

Dy(iz, ik; kk)= —3k(1—2Fk), Dy(iz, ik; 19) = —39(8—44),

Dy(it, tk; kg)= —39(1—4k);

Dy(it, kk; it) = —i(1—1), Dy(iz, kk; ik) =1—1—k+2ik,

Dy(iz, kk; t9)= —g(1 —20);

Dy(it, hk; th)=3%(1—i—2k+4ik), D3, hk; hk)= —3(h+k—4hk);

Dy(ig, ig; ©t) =$1—20)%, Dy(1g, t5; 1j) =%1—2¢—2j + 4ig),

Dy(ig, tj; ig) = —9(1—20);

Dy(ig, ik; ig) =¥(1—2i—45 +85), Dy(ed, ik; jk) =31 —25 —2k 1 8jk).

The quantity Dy(aB, v8; &) satisfies, besides a symmetry relation
with respect to a8 and 8, further identities

S1D(a, 78; ab) =34 Diab, ¥5; &n) =0,
S2Q(aB; ab)Dy(v8, ab; &n)=4Dy(aB, 18; &n).

4. Ancestors-descendant combination distant after a marriage

The reduced probability for the last generic system with u, »>0,

n>1 is given by an equation
Euvsn(@B, V85 §) =23 1€y11(aB, ¥8; ab)kcn_1(ab; &n)
whence follows
Euin(@By V8; En)=Ag, + 27" {274Q(aS; &) +27Q(7S; En)} .
In fact, there holds identically a relation
SIDy(aB, ¥8; ab)Q(ab; Ex)="Dy(aB, v8; ab)x(ab; £7)=0.
It is in passing shown here that there holds a further identity
21Q(a; ab)C(¥8, ab; §n)=0.
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Asymptotic behaviors of ¢,,;,, as pu, v, or n tends to < are
readily derived. There hold, in faet, the limit equations

‘l"l_)rorcl ep.v;n(aie’ v8; E’])=/Cv+n(78; ‘57))) H’Ig- anv;n(aﬂ: v8; E’])="p.+n(a18; E"?)’
and
!HE ep.vm(alg, vS; 677):“-2&»]’

which are valid for any values of u, v, » with »=0, =1, with
u=0, n=1, and with x>0, v=0, respectively.



