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76. Transgression and the Invariant ki

By Minoru NAKAOKA
Osaka City University, Osaka
(Comm. by K. KUNUGI, M.J.A., May 18, 1954)

§1. Let X be a topological space with vanishing homotopy
groups m(X) for 73=n,q(l<n<q), and let x,c X be a base point.
For the sake of brevity, we write in the following =,=m,(X) and
m=m(X). We call a space of type (w,r) any space Y such that
m(Y)=00&F7r) and m(Y)~s. Then, following Cartan-Serre,” we
have the fiber space (F, p, B) in the sense of Serre® such that

i) the total space E is of the same homotopy type as X,

ii) the base space B is a space of type (m,, n), and XC B,

iii) the fiber F=p~*(x,) is a space of type (g, Q).

q+1
Congider in this fiber space the transgression r: E*%{—— E*7t10

of the singular cohomology spectral sequence with coefficients in
w2 Then, since the singular homology group H;(F’; =,)=0 for i<gq,
we have ELi=H"F';r,), E*3i1°=H*""(B; m,) and
r=p*~to§* : H(F'; m,) > H™Y(B; ary),
where &* : H(F'; wy) — H**'(K, F'; 7,) is the coboundary operator,
and p*: H*Y(B; 7y) > H**Y(E, F'; r,) is the homomorphism induced
by p». Let &'e HY(F;m,) be the basic cohomology class,” and let
k2 ¢ H**Y(B; w,) be the geometrical realization of the Eilenberg-
MacLane invariant k2*'e H"*'(sw,, n;w,) of the space X.* Then &°
and kz** are related by = as follows:
1.1 7bl= —Fk*,

The main purpose of the present note is to give a proof of (1.1).
The proof is given by making use of the theory of J. H. C. Whitehead.?
In the proof we shall obtain several relations among the various

invariants of E, X, Band F. In conclusion, we shall formally extend
(1.1) to a more general situation.

§ 2. Following J. H. C. Whitehead,® we have the exact sequence
S'(K) and the partial exact sequence > *(K;G) for any simply
connected CW-complex K and any Abelian group G:

. : ! .
SWE) ¢ e T Hy (K -5 ) o TL(K) 25
SHE; )z s o TN ) —r TI(K; G) s HMYK; G) s - -

These are derived from the sequence



364 M. NAKAOKA [Vol. 30,

.r+ d"* "' dr
eI o S Ak s oK)

and the G-dual

A ¥ df I
> e o s

>CHEK; G) — A¥K; G) — CFa(K; G) ’
where C, (K)=mr (K™, K"), A(K)=m(K") if r=2, Cy(K) is m
(K2, K made Abelian, d,,,, j- are the boundary and injection
homomorphisms, and CH¥K; G)=Hom (C/(K), G), A¥K; G)=Hom (4,
(K), @), d¥,, j* are the G-dual of C(K), A(K), d,.,, j- respectively.®
Reecall that

T(K)=3:%0), II(K)=A(K)/dp.1Crs:(K)

Hy(K)=Z(K)[3r,1Crii(K);

I"(K; G =d¥340), 1(K; G)=ANK; Q¥ CHE; @),

H(K; G)=2Z"(K; G)/8C}(K; G),
where O,,,=j,° dr,1, S=d¥°j¥,, Z(K)=07%0) and Z"(K; G)=571,(0).
We notice that IT(K) is isomorphic with ».(K) by the injection
homomorphism. Using this isomorphism we make the identification

IL(K) = (K).
Let % : A(K)——II(K) be the natural homomorphism, and

let Iy € II"(K; w+(K)) be the class containing 5 ¢ A¥(K, r.(K)). Then

lxodr: Cri(K)—— A(K) — I1(K) is trivial, and so d}¥ [%=0.
Therefore we have
2.1) Uy e I"(K, w(K)), t*le=1%.

Let f: K——> K’ be a cellular map of K into a cell complex K'.
Then f induces the homomorphisms f%: C(K)——> C(K') and fi:
A(K)—— A(K"), and further these induce the homomorphisms f,:
SH(E)—— 3K and f*: MK ;@) —SMK;G). As for the
group II"(K;G), we shall here note the following fact: Let g:
K™'—— K’ be a cellular map with a (cellular) extension g : K —— K.
Then g determines the homomorphism ¢*: II"K’; G)—— II"(K; G).
g* does not depend on the choice of an extension §, and further
it is an invariant of the homotopy class of 9. Therefore we may
write g*=g*.

Let (Y, Y’) be a pair of topological spaces, and let K(Y), K(Y")
be the singular polytopes of Y, Y’. Then K(Y’) is the closed sub-
complex of the CW-complex K(Y). Let «:K(Y) >Y be the
projection. Then « induces the isomorphism «u(«*) between the
homotopy (singular cohomology) exact sequences for (K(Y), K(Y")
and for (Y, Y’). By this isomorphism, we shall identify two exact
sequences. Let f:(Y,Y") »(Z,7") be a continuous map. Then
f induces a cellular map K(f): (K(Y), K(Y")) — (K(Z), K(Z")), and
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the induced homomorphisms K(f), and fu(f* and K(f)*) are equiv-
alent to each other by xu(«*).”

Let M(Y) be the minimal subcomplex of the total singular
complex of Y.® Then it is obvious that M(Y) has a geometrical
realization M(Y) in the singular polytope K(Y). Further it can
be seen® that M(Y) is a deformation retract of K(Y), and that we
can find the retraction ¢ : K(Y) » M(Y) which is cellular.

If Y is simply connected, K(Y) and so M(Y) are also simply
connected. Therefore we can consider the above sequences of

J. H. C. Whitehead for K(Y) and M(Y), and they are isomorphic
by the homomorphism induced by ¢.

§ 3. The fiber space (&, p, B) stated in §1 is precisely as
follows: The base space B is a space obtained by attaching cells
of dimensionality ¢+1,¢+2, ... to X in such a way that =,(B)=0
for i>=q, and the total space E is the space of paths {f:I— B,
f(0)e X, f(1) e B}, where I is the unit interval. Further the pro-
jection p: E—— B is the map such that p(f)=£(1) for all fekFE.
Thus the fiber F' is the space of paths {f:I—— B; f(0) ¢ X, f(1)=2,} .
Notice that X is the subspace of B.

Let &:F CE be the inclusion map, and let »: X——F be a
map such that (5(x))(¢)=2 for x ¢ X,t ¢ I. Then & and 5 induce the
isomorphisms

E# : WG(F)qu(E), I WQ(X)QWQ(E)‘
Since F' is (g—1)-connected, we have the Hurewicz isomorphism :
T (F)~H/(F). We shall use these isomorphisms to make the identifi-
cations
I{q(F)zwq(F)z'T"q(E):Wq'
Then, the basic cohomology class b € HYF', ;) is the element which
goes to the identical isomorphism by the natural homomorphism
HY(F; my)~Hom (H(F), mq)=Hom (H,(F), H(F)).

Since the inclusion ¢ : X C B induces the isomorphism . : m;(X)

~qr,(B) for 1<q, we may choose M(X) and M(B) as follows:
M(X)C M(B), M(X)*‘=M(B)*.

Let A :M(B)*'— > MX)~*C K(X) be the identical map, and
let A=h'° (p| K(B)*') : K(B)*! > K(X). Then it follows'” that A’
has the cellular extension 7’ : M(B)" —— K(X) and that the secondary

obstruction ¢**(%’) ¢ H**(M(B), =,) is geometrically equivalent to
the Eilenberg-MacLane invariant k2*'e H**'(sy, n; w,). Therefore, if

we write k2" ¢ H**Y(K(B); ;) the element which corresponds to kI*!
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by the natural isomorphism H**Y(K(FE); m,)~ H" (7, n; m), then we
have

c‘l+1(h)___k-3‘+1.
Let hg. € IINK(B); m,) be a class containing the element % x,°
7y e A(K(B); ). Then it is obvious that
(38.1) R x =R sy,
where A2* : I K(X); ;) —— INYK(B); 7,) is the homomorphism deter-
mined by 4. Furthermore, since ¢** 1(7L)=71:;t °dgs; by the definition,
we see that
(8.2) ki =dihi s,
where dj : Y K(B); m,) —— H* (K(B); m,).
We have the commutative diagram
TI%K(B); mp) ——> TAM(B); ) < TI(K(B); m,)
kor| ey e T

v ~ — V. ~ |
NE(X); 7rq) —— IM(X); 7y) <= TINK(X); o),

where all the horizontal arrows denote the isomorphisms induced
by the inclusion maps, and A'~! is the inverse map of #/. Therefore
it holds that A*'=K({)* and so from (8.1)

(3 .3) l Koo= K<) *hlgcn) .
Since p°5={, we have the commutative diagram
K(p)*

% K(E); ) <

I1(K(B); )

OYK(X); m,) ¥ .
Further it is obvious that K(»)* is isomorphic and ZZ.x,=K(»)*l2z.
Therefore it follows from (8.8) that
(3.4) Udmy,=K(p)*hi s,

Since H(F)/>,(F)=0, we have j,A(K(F))=Z,(K(F)).*® Since
further Z(K(F')) is free Abelian, there exists a homomorphism
2: Z(K(FY) > A(K(F)) such that

(8.5) Jr oA Z(K(F)) —— C(K(F))
is the inclusion.

Let u ¢ A¥(K(B); m,) be a representative of hgy. Then it
follows from (38.4) that w - K(p), ¢ A¥(K(E); m,) is a representative
of 1&z. On the other hand, we see from (2.1) that [Zs is a
representative of IZm,. Therefore it follows from the definition of
I K(E); m,) that there exists an element v ¢ C¥(K(E); m,) such that

(3.6) vo Je=ldm—u° k(D)y,
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where jz=j,: A(K(E))—— C(K(E)) is the injection.
Consider the commutative diagram

Con R 225 cy k) 0¥ ¢, (k@)

i ZEEY . s
l D% 4,KE) "2 4, (B,
and notice that
Ui ° K(&)p=ldu, K@)y K(&)y=0.
Then we see from (3.6) and (2.1)
ve K(S);t ©Qgpy=V°jg° K(S); °dyiy
= dm—u° KD)y) o K&y © dgsy
ZZIECF) ° dq+1—‘u' ° K(p)# ° K(E)lt; ° dq+1=0:
and so v K(¢)y € ZYK(F); m,). Moreover we have for any element
z € Z(K(F))
v o K(§)y(R)=v o K(&)y © Jiw ° A(2)
B.7)  =v°ojzo K(&)yoAR)
=y —u° K(D)y) o K(E)y © A2) =1 A).
Since it holds obviously
vo Jr=liu,
where v: Z(K(F))—> H(K(F))=wmr, is the natural homomorphism,
we have from (8.5) and (3.7)
v o K(&)y(R) =1, ° M@) = 0 o 2(&)=1(2).
Therefore we see from the definition of &7 that the cocycle v o K(§),

is a representative of 6% Thus 5*8? is the class of H*"(K(E), K(F);
) containing 6zv. However

8pV=v°0p=vojz°dg
=km—u° KD)y) o dn
=—uo K(p)yods (see (2.1))
=—uodyo K(D)y.
Therefore
§*b'=—p* o d} o iy
and it follows from (8.2) that
8 b= —p*k1ti.
Namely we have (1.1).

§4. Let X be a l-connected space, and write briefly o (X)=1;
(7=2,8,...). Consider a space B obtained by attaching cells of
dimensionality r+1, r+2,... to X in such a way that =,(B)=0
for ¢=r, and construct a fiber space (¥, p, B) by the same way
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as in §3. Then we can see easily that the fiber F' is an (r—1)-
connected space, and the homology group of B is naturally equivalent
to that of the Postnikov model complex K. =K,y ..., 70y}
0,k, ...,Ek._), where k, denotes the Postnikov invariant of the

space X.'0 Let k._, ¢ H*\(B;m,) be the geometrical equivalent
of the element k,._, ¢ H"**(K,_;; m). Then we have by the similar
arguments as in § 3

'Tbr= '—k—r_l N
where & is the basic cohomology class of F, and =: H"(F; m) ——
H™YB; 7,) is the transgression.
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