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123. Fourier Series. II. Order of Partial Sums

By Masako SAT6
(Comm. by Z. SUETUNA, M.J.A., Oct. 12, 1956)

1. Introduction. Let f(t) be an integrable function with period
2r and its Fourier series be

_a0 + , (a cos n +b sin n).
--1

By s(x) we denote the nth partial sum of the Fourier series. We
put as usual x(u) f(x / u) /f(x u).

H. Lebesgue [1 has proved the following

Theorem 1. If, for a fixed x,

( o( =o(

as t-> 0, then
(2) s(x) --o (log n).

S. Izumi 2 proved
Theorem 2. The conditions

(3) Ox(U) du o(t), (4) (u) du O(t) (t O)

do not imply (2) in general.
Then there arises the problem: What condition with (3) does

(2) imply? As an answer of this problem we prove the following
Theorem 3. If (3) holds and

( 5 (f($ + u)-f(-u)) du-o(t) (t --> O)

uniformly in in a neighbourhood of x, then (2) holds.
This is proved by the same idea as in the proof of Theorem 7

in 4.
On the other hand O. Szsz ,3 proved that:
Theorem 4. If

( 6 )

then
()

(8)

G(x)--o (log log n).
Analogously as Theorems 2 and 3, we prove the following theorems.
Theorem 5. The conditions

o(u)du-o t log,
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\/

do not imply (7) in general.
Theorem 6. If (8) holds and

(o) f du-o(S(/u)--S(-- u)) \t log log-l-, _og(
tl

unTior 7n ne7ourood of , tAen (7) ods.
lhis m De proved imilrl a lheorm ],

prooL
2.

(t -+ 0)

and we

Proof of Theorem 3. We have

,(x)-- 1 p() sin d+ o(1)

If f:l
,z/n

By integration by parts, we get
/ sin nt n cos ntIS l--_< l@(t)

t t

where @()= c_,o() d-o() as -0.

where

omit its

We now write

J= p(t)-s-i-n n-t-dt-J,--J: + o(1),
t

/n

n/f: 2kln) o(t (2 !)/n)j cp(t + + ---sin nt dr,
: t + 2kr/n

"/f:/" ( 1 1o(t + (2k--1)r/n)J=
,: t / 2kln t +(2k--i)in- sin nt dt

and further we divide J into two parts as follows:
’/ (t+2kln)-(t + (2k- 1)/n) sin nt dt

2k/n

/ (t+2k/n)-m(t + (2k- 1)v/n) t sin nt dt
do (t + 2ktn)2kln

-=Jii-J:.
We shall first estimate J. We have

:
(f(x + t + 2kln)-f(x + t + (2k- 1)/n)) sin nt dt

(f(--/)-.f(----(2--l)/)) sin dt

(/
and
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/2n

J (f(x + 2lcr/n)-f(x + (2k- 1)r/n-t)) sin n dt

/2n

+ (f(x+2]cr/n+(r/n-))-f(x+(2lc--1)r/n +(r/n-t))) sin n d

(f($ +t)--f($--t)) sin n dt.- (f($ +t)-f($-)) sin n d,
/2

where $-x+2k-/n, r=-’/n. By integration by parts and by the
condition (5)

f’/ dul(f(+ t)--f(--t)) sin nt dr= [sin ntf(f(e+ u> f(e u>)

r/ dtf u) dunj cosnt (f( + f(-- u))

=o(1/n) +o (nf/"t dt)--=-o(1/n),
and also

f=/(f(e + t)-f($-t)) sin nt dt-o(1/n).

(n--l)/2 nHence J]l=o (log n).

Similarly we also get -- 2-]--o(logn), and thus we have

proved that J=o (log n).
On the other hand we write

J’ =(/.- -2-ffn If f(x + t + 2krr/n)t +-f(x2kr/n+ t + (2k- 1)rr/n) t sin nt dt

/f:f(x-t- 2krr/n)-f(x-t-(2k-t + 2krr/n
1)rr/n) t sin nt dt ]

Hence by integration by parts and by the condition (5), we have
(2krr/n) sin nt + nt cos nt + 2krrt cos nt dtJi1/2-- Fx(t)

(t + 2kr/n)
and hence

(,/2/=1 2k4Jll2=n(/( n )- - ate)dr-o(1),

where F(t) (f(x + u + 2krr/n)- f(x + u + (2k-1)r/n))du- o(1/n)

uniformly for x and k as n-->o (0t r/n). In the same way we

get /2--nJ=o(1),,. and we thus have J,.=o(1).

Finally we shall prove J.=o(log n). By Abel’s !emma
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(j_ , i i

= t+2jrr/n t+(2j-.1)r/n

((t+ (2k- 1)/n)-(t+ (2k-3)/n)) sin nt dt

+ (t sin nt dt
m t + 2d/n- t + (2j- 1)/n

say. Then by integration by parts

= n = (t+2j/n)(t+(2j--1)/n)
sin nt (2t + (4j--1)/n)

(t + 2]/n)(t+ (2- )/n)

whence

((p(u + (2k-- 1)rr/n) o(u + (2k-- 3)rr/n)) du,

j., f,(n_ n ) (_)+ o 1 dt-o (log n)

by the condition (5). Furthermore, we have also by integration by
parts

( n cos nt
n = (t + 2j/n) (t + (2j- 1)/n)

(2 + (4j-- 1)/) sin d (+/) g
(+2j/)(+ (2j- 1)/)

and then alying the condition (8)

nj=io

+f
--/

where A is an absolute constant. hus the theorem is roved.
3. Proof of Theorem 5. Let

l 3, 32- (k 2, 3,’’’)
and f(t) is an even function such that

/1 in ((2j-1)r/.<t<2jr/t),f(t)--e_/og 2jr

/---- in (2jr/tt<t<(2j+l)rr/t),---s og
2jr

<1,where j--l, 2,..., ((/_)-1)/2, k-l, 2,--- and 0<e= e 0 as
k for each j. For example, we take

e=I/ (ldk), --I (j>k).
Then, if /<</-l, then there is a j such that

(2j- i)/,<<(2+ i)/,.
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For such

where

and

ft f(u)du

f(u)du-- f(u)du + f(u)du
a/1k "/lZl+

Thus we have

/*
f(u)du O

/l+

We have also

If(u) du--A -iog.(2riu)- A og
t

On the other hand

s=(O)---2-f f(t).si__n_nu_.du + o(1).
r U

For n=, we put - + + ) +o(1)
/ /-

e [+j+g +o().

We have then
l

o(1),ISi< "-: du-
log 1/u

/ID
and then

f(u)I J-sie--J du,
U

duJi>A >Aloglog
u log (2r/u)

Finally

Aeeordingly

.If(u) du A log 1_ A log log log #.
U

i.e. n(0) ==k== 0 (log log n) for infinitely
proved.

s<(o) ___> A log log

many n. Thus the theorem is
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