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1. A topological space is said to be locally peripherally compact
or semicompact (--semibicompact) if every point has arbitrarily small
open neighbourhoods with compact boundaries. The purpose of this
note is to establish the following theorems.

Theorem 1. Let f be a quasi-compact continuous mapping of a
locally peripherally compact Hausdorff space X onto a Hausdorff
space Y such that, for each point y of Y, the inverse image f-(y) is
connected and the boundary Bf-(y) of f-(y) is compact. Then f is
a closed mapping and Y is locally peripherally compact.

Theorem 2. Let f be a closed continuous mapping of a locally
peripherally compact Hausdorff space X onto a locally peripherally
compact Hausdorff space Y such that f-(y) is compact for each
point y of Y. Then f can be extended to a continuous mapping of
7(X) onto 7(Y), where 7(X) and 7(Y) mean the Freudenthal com-
pactifications of X and Y respectively.*

Our Theorem 1 generalizes a theorem of A. H. Stone [6, Theorem 2
as well as a theorem of S. Hanai [2, Theorem 3.

2. Proof of Theorem 1o Let X be a locally peripherally com-
pact Hausdorff space. A finite open covering {G,..., G} of X is
called a 7-covering of X if G is compact for each i. Let {lI ! e A}
be the totality of all the y-coverings of X. Then the following prop-
ositions are proved in our previous paper
(1) For any two /-coverings ltz and 1I there exists a /-covering lI
which is a refinement of t and 1I.
(2) For any y-covering 1!. there exists a /-covering 1I, which is a
star-refinement of llz.
(3) For each point x of X, {S(x, lIz)I A} is a basis of neighbour-
hoods of x.

Now let f be a quasi-compact continuous mapping of X onto a
Hausdorff space Y such that, for each point y of Y, f-(y) is con-
nected and Bf-(y) is compact. Let Y0 be any point of Y and let
G be any open set of X containing f-(Yo). Since f-(Yo) is compact
and X is locally peripherally compact, there exist a finite number of
open sets H, i=1,..., m, of X such that 3H is compact and HG
for each i, and that f-(yo)[H[i=l,...,m}. Let Go=

As for the Freudenthal compactifications, cf. [3].
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i--l,..., m}],Int f-(Yo). Then we have
( 4 f-(Yo) C GoC G
and Go is compact.

Let 1I be an open covering {Go, X-f-(yo)} of X. Then lIZo is
a /-covering of X since Go and f-(Yo) are compact. Let us put
5 W,-S(f-(yo), lI)Int f-(Yo), Ao.

Here we denote by A0 the set of indices A such that lIz is a
refinement of 1o. Then we have clearly
( 6 WGo, for e Ao.

Let { Vc,(yo) IOe tg} be a basis of open neighbourhoods of Yo in Y.
We shall prove that, for each atg, there exists an element 2 of Ao
such that
7 f(W) V(o).

For each point x of !Sf-(yo) there exists an element t(x)of Ao
such that
8 y (yo),

where denotes a covering {S(x, )]xeX} for any covering (cf.
7); the existence of such an index t(x) is seen from (2), (3) and
the continuity of f. Since f-(Yo) is compact, there exist a finite
number of points x, i-l,..., n, of f-(Yo) such that
( 9 ) f-(Yo)" {S(x, lt) i=1, ,.n},
where t-(x), i-- 1,. ., n. Let llz be a /-covering of X which is
a refinement of for each i. Let x be any point of S(3f-(yo), 1I).
Then there exists a point x’ of 3f-(yo) such that x e S(x’, 1). From
(9) it follows that we have x’e S(x, 1I) for some i. Hence we have

and from (8) we get f(x)e V(yo) (it is to be noted that /,--t(x,)).
Thus the existence of 2 e Ao satisfying the condition (7) is proved.

From (7) it follows immediately that

(10) f(Wzj Y(yo).
.A

Since Y is a Hausdorff space and {V(yo) let?} is a basis of open

neighbourhoods of Yo, we have V(yo)-Yo and hence

(11) f f(W) Yo.
A

Now we shall prove that there exists some W, 2 e Ao such that
(12) f-(f(Wz)) Go.
To prove this, suppose that there exists no such e Ao satisfying (12).
Then for each eAo there exists an element y of Y such that
yf(Wz), f-(y),.--,(X-Go)::-O. Since f-(y)Wz::-O and WzGo
(cf. the relation (6)), we have f-(yz)GoO. Since f-(y) is
connected by the assumption, we have f-(y)Go O. Therefore for
each e Ao we have
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0.

Now the family {f-(f(W))Go I2 A0} has the finite intersection

property, since we have W W if l is a refinement of , for
jl

each j. By the construction of G0 G0 is compact. Hence we have

(14) f-(f( Wz)) G0 0.
2A0

On the other hand, from (11) we obtain

f-(?(W;))-f-( fW))-f-(yo).
2Ao A

Hence we have f-(yo)GoO from (14), but this is a contradiction
to the relation (4). Thus the existence of 2e A0 satisfying (12) is
proved.

The relation (12) shows that if f-(y)WzO then f-(y)Go.
Hence {f-(y)]y e Y} is an upper semi-continuous decomposition of X.
Since f is quasi-compact continuous, f is a closed mapping. This
proves the first assertion of Theorem 1.

In 6] A. H. Stone has proved that if f is a closed continuous
mapping of a locally peripherally compact Hausdorff space X onto a
Hausdorff space Y such that, for each point y of Y, f-(y) is con-
nected and f-(y) is compact, then Y is locally peripherally compact.
Thus we see that Theorem 1 holds.

3. Proof of Theorem 2. As is proved in 5, Lemma 3, if A
is a closed set of Y such that A is compact then f-(A) is com-
pact. Hence by virture of the proof of 4, Theorem 3 we see that
f can be extended to a continuous mapping of 7(X) onto 7(Y).

4. Remarks. As is observed in Stone 6, the condition that
f-(y) be connected for each point y of Y can not be omitted from
Theorem 1 even if X is locally compact. If we omit from Theorem
1 the condition that X be locally peripherally compact, we can not
conclude that f is a closed mapping; this is seen from 1, p. 70,
Example 2]. Likewise we can not conclude the closedness of f without
assuming the condition that f-(y) is compact for each point y of Y,
as is remarked by S. Hanai 2, Example 2.
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