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137. A Remark on the Unique Continuation Theorem
for Certain Fourth Order Elliptic Equations

By Taira SHIROTA
Osaka University
(Comm. by K. KUNUGI, M.J.A., Nov. 12, 1960)

1. Unique continuation theorems for solutions of certain fourth
order elliptic equations, which are iterations of two second order el-
liptic equations, are considered by R. N. Pederson [4], S. Mizohata
[8] and L. Hormander [2].

Here we prove the following results with weaker vanishing re-
quirements than these authors.

Theorem 1. Let L (x, D) (¢=1,2) be homogeneous, second order
elliptic operators with coefficients of class C® in a meighbourhood G
of the origin in Euclidean n-space such that L®(0,&)=L®(0,&). Let
L(z, &)=L®(x, &)L®(x, &). If a function u(x) of class C* in G satisfies
the following two conditions:

1.1) for any a>0
lim{ > | D* ul}r'“:O,
r>0 \[Bl=4

(1.2) for a positive number M
| L, Dyu(e) =M {[u@lr-*+ 53 | Dhuta)r

+ S Du@Prt+ 3 | Do) @e ),

then u(x) identically vanishes in a meighbourhood of the origin.

The proof is based on the method used by H. O. Cordes [1]
and R. N. Pederson [4], but we use only the transformation

s=r f 26“"‘°’-1)—1—dz‘. The result was suggested by Professor H.

Yam;be and Dr. S. Ito.

2. Let K“(R,) be a class of functions u(x) satisfying the follow-
ing three conditions:
(2.1) u(x) is defined in a cubic neighbourhood G of the origin with
radius R and is in class C™(G), for any a>0
2.2) lim{ 53 | Drulfr-e=0,

>0 \|f|=m

(2.8) u(x)=0 for any x such that |2|=R, (R,<R).

Lemma 1. Let L be an elliptic operator of order 2 represented
by polar coordinate systems such that
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n—1 1 1 f 51
(2'4) L(u)::ulrlr_l_ r u|r+ ‘Ir—z‘l\ru_‘"?,_(br?’l’lr)lr"‘_'2 1<27b.ﬂu[r>]p

(2.5) Nu=2"(2a,,% )0
where a,;(0)=0,,,

X, X;
Qop= oy 0./, aﬂlxj/a'ij _1_'@_7’1

X, ¥
b,=a,;x, 0u/xj/aij‘f‘7,i

E:;Irsaél’zzmoa—;susﬂzlslz

801302° M ‘30,,_1
for any real vector £=(£,,&,--+,&,.1). Then there are constants k,

and a, depending only on n and also on @,, (tn particular m,)
respectively such that for any ue K®(R,) and for a>a,
f f 1 L(u)lzfr‘z‘”3e'm°'d01drgk1moay f |- dO,, dr,

where dO; ts the usual unit surface element.

Lemma 1 is proved by the same method used in our previous
paper [5].

Let L® (I=1,2) be a second order elliptic operator such that

[ — D o*u

Lo =as 0x,0%
elements are functions of class C*G). Let k;, be a constant depend-
ing only on » and af? and let @, and R, be constants depending also
on m, Then using Cordes’ transformation, by Lemma 1 we see the
following

Lemma 2. There are positive constants k,, R, and «, such that
for any ue K*R,) and for a>a,

flL(l)(u)|2,r-a+3ea¢(r)dx_2k2mo{a:tflu|2,r-aea¢(r)dw

in G, where ((a$?)) is positive definite matrix whose

(A)
-l-af] Vu]zr‘“*ze“‘”‘”dw} (=1, 2),

where é(r) =fr(1—e‘m°‘)%.

3. On the other hand, using Pederson’s consideration [4, § 2,
Lemma 17, we see the following

Lemma 3. There are constants k,, R, and a, such that for any
u(x)e K?(R,)) and for a>a,

P f]D"uIzr"“e“’”‘“dxéflAulzr‘“e“““dx

151=2
+ ksazﬁ Vulr=-2e*"dz.

From Lemma 3 and assuming a{?(0)=d,; we may prove the fol-
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lowing inequality: there are constants k,, R, and «, such that for any
u(x)e K®(R,) and for a>a,

HZ ﬂDpulzr—aea¢(r)dw§k4ﬂ L<2’(u) lz,,.—aeays(r)dx
(B) =
+k4a2f| VuPr=<-%e*"dep.

Using inequalities (A) and (B) it implies the following
Lemma 4. There are constants k., R, and «a, such that for
ue K®(R,) and a>a,

(C) ﬁL(I)L(2)(u)'2T*aea¢(r)dxgk5mg E‘/‘lDﬁulz,’.—aeaqﬁ(ﬂdm.
1AT=5
Thus we see the following basic inequality:
Theorem 2. There are constants Iy, R, and «, such that for
any ue K®(R)) and for any a>a,
fjL(u)lzr"“e“""”dxg/cemg{z | DPu Pr-e*¢dx

B=3

_I__ Z a2ﬁ Dﬂul2r—a—2ea¢(r)dx_|_a4 2 ﬁDﬂuIZ,’.—a—~4ea¢(r)dx
= 1Al=1
+a6ﬁul2r-a-ﬁea¢(7)dx} .

Theorem 1 follows directly from Theorem 2 with sufficiently large
m, such that k,mi>M.

Analogous results in more general cases will be proved in a sub-
sequent paper.
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