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2. Some Characterizations of Fourier Transforms. III

By Koziro IwWASAKI
Musashi Institute of Technology, Tokyo
(Comm. by Z. SUETUNA, M.J.A., Jan. 12, 1962)

1. In this paper we shall denote with P the space of all functions
on the real number field of class C® whose derivatives decrease
rapidly and with © the subspace of P consisting of all functions in P
with compact support. For the topology P and D see the Schwartz’s
book ([4]). And we denote ¢(x+h) with ¢,(x) as a function of z.
The purpose of this paper is to prove the following

Theorem. Let T be a continuous linear mapping from P to itself
which satisfies the following conditions:

D T =p(—a),

II) T(ex)=T¢ T
Then To(x) must be equal to Eo(x) or Eo(—x), where Ep(x) is the

Fourter transform f wez"mgo(t) dt of ¢(x).
2. First we shall prove a few lemmas.

Lemma 1. Let ¢, ¥ be elements of D and the support of ¢ be
contatned in [a,b]. If we put

Fula)y=2"2 S ola—h)¥(h)

n

for every matural number n, where h,=a+(b—_na—)‘7, then the series

fi®), fo(x),- - - converges to ¢x¥ in D and, a fortiori, in P.
We omit the proof of this lemma because it is very easy.
Lemma 2. There is a continuous function r(x) on the real
number field such that
To,(x)=exp 2rihr(x)) Te(x)
for every function ¢ in P and every couple of real numbers b and x.
Proof. TFor any given x there exists an element ¥ of P such
that T (x)2=0 by Condition I. Let us denote T¥,(@) with wu(h, x)
TY¥(w)
or u(h). Because

(px¥) =g =px{,

T%(x) Ty (x)= Tﬂo(x) T‘i"n(x)
by Condition II. Therefore
Toy(x)="Te(x)u(h)
for every ¢ in . From this we can claim u(h)==0, because there
exists an element ¢ of P such that T¢,(x)3=0. Also we see that if

we get
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To(x)=c0 then T¢, ()20 for all h. And by the fact ¥,, =), we
obtain
TY¥y. (@)= TV (x)u(h+k)
=TV (2)u(k)
= T (x)u(h)uk)
and u(h+k)=u(h)u(k).
Because v, is continuous as a functional of %, TV, is continuous
with respect to & and w(k) is also continuous in A. So we can write
u(h, ) as exp (2zthr(x)) with some (complex) number »(x). Moreover
r(x) is continuous, for Tr,(x) and Ty (x) are continuous in .
Lemma 8. There is a real number a such that r(x)=ax for all .
Proof. By the hypotheses of the theorem we get
T(ToxT¥)(—x)=T*(—x) T*¥(—x)
= p(x) ().
Applying T to the first and third terms in the above equation we
obtain
Tox Ty =T(p-¥)
by Condition I. If we substitute ¢, and ¥, into this formula we have
To TV, =T(¢rV)=T((e¥)),
or

f " exp @rihr(x—t) To(@—t) exp (2rihr(£) Ty (t) dt

=exp (2rihr(x)) T(e¥)(x)
and

f “exp (2rih(r(@—1t)+r(t) — (@) Tz — ) T (t) dt

= f “To(e—t) T () dt

for every ¢ and ¥ in . Because the set of every To(x—t)T(¢)
with ¢ and ¥ in P as a function of ¢ is dense in P, we get
exp Crih(r(x—t)+rt)—r(x))=1.

Therefore r(x—t)y=r(x)—r(t)
and so there is a number a such that
(%)= ax.

Now we shall prove a is a real number. Let a=pf-+7i where 3
and 7 are real numbers with y==0, say y>0. We take such a func-
tion ¢ in P that the support of T¢ is contained in [1,2]. Then the
support of T¢,(x)=exp (2riahx)Te(x) is also contained in [1,2] and

5 () 2 o] T

dx” n=0 \Mm dx™
in [1,2]. Therefore Ty, converges to 0 in P if ~ tends to o« and
0, (x)=T Tep,(—x) converges to 0 in P by the continuity of 7. But
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this is impossible. Q.E.D.
3. By Lemmas 2 and 3 we have
Ty, (x)=exp 2riahx)To(x) for every ¢ in P.
Now we consider the functions ¢ and ¥ in Lemma 1 and shall use
the notations in the same lemma. Then we have
—_ n b___ n .
Tf, () == 31 To., (mb(h )=~ Srexp (—2eich a)¥ (h) Te(o)
And by Lemma 1 and the continuity of T we get

T () = f “exp (—2riawh )W (h)dh - To(x).

By Condition II we obtain from this formula

TY¥(x)=Ev¥(—ax) for all ¥ in D.
But this equation is valid for any function in P because D is dense
in B. And « is different from 0. Then,

V() =T @)=L BBy (2 (—av))

| —al
=L Ey@=—ty(-a),
|| ||
So we get a==1 and
TY¥(x)=EVv(x) or Ey(—x).

Thus we have completed the proof of the theorem.
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