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(Comm. by Zyoiti SUETUNA, M.J.A., Sept. 13, 1965)

§1. Introduction. In [2] R. Salem and A. Zygmund proved
the
N N
Theorem. Let Sy(t)=>a, cos 2an,(t+a,) and Ay=(27>] al)'?,
k=1 k=1

where {n,} 18 a sequence of positive integers satisfying

1.1) Ny >N, (L+¢), for some ¢>0,
and {a,} an arbitrary sequence of real mumbers for which
Ay—+ oo, and | ay |=0(4y), as N— -+ co,

Then we have, for any set EC[0, 1] of positive measure and x,

(1.2) hm [{t; te B, Sy(t)<wsAy}|/| F| —(271')—1/2S exp(—u*/2)du.*
Recently, it is proved that the lacunarity condition (1.1) can be

relaxed in some cases (c.f. [1] and [4]). But in [1] it is pointed

out that to every constant ¢>0, there exists a sequence {%n,} for which

Nys1 >N (L+ck™?) but (1.2) is not true for a,=1 and E=[0, 1].
The purpose of the present note is to prove the following

Theorem. Let S N(t)zé a,, cos 2, (t+a,) and Ay=(27 é aD'?,
=1 k=1

where {n,} ts a sequence of positive integers satisfying
(1.3) Nyy1 >N (L+ck™), for some ¢>0 and 0<a<1/2,
and {a,} an arbitrary sequence of real numbers for which
1.4) Ay—+oo, and | ay |=0(AyN"%), as N—+ oo,
Then (1.2) holds, for any set EC[0, 1] of positive measure.
From the above theorem we can easily obtain the
Corollary. Under the conditions (1.3) and (1.4), we have

(1.5) lim sup | 2. a, cos 2n,(t+a,) | =+ oo, a.e. in t.

N—+oo
For the proof of our theorem we use the following lemma which
is a special case of Theorem 1 in [3].

Lemma 1. Let S N(t):é ay, cos 2wk(t+a,) and AN=(2“§_ a)'?,
then we put 4,(6)=S,4.(t)— Su(t) and By=Ay.. Suppose if
By—+oo, and sup | 45(t) |=0(By), as N—+ oo,
and,
tim ] B 330+ 24x ()i} 1 d2=0,

N—oo JO

then (1.2) holds, for any set EC[0, 1] of positive measure.

*) | E| denotes the Lebesgue measure of the measurable set E.
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§2. Some Lemmas. From now on let us assume that {n,}
satisfies the gap condition (1.3), and put, for k=1, 2,---,
(2.1) p(k)=max {m; n, <2},
If p(k)—|—1<p(lc+1), (1 3) implies that
2> My M1 > E)+l(1+cm““)>1+c{p(k+1) p(k)—1}p~*(k+1).
Thus we have
(2.2) {p(k+1)—p(k)} =O0(p*(k)), as k—+oo.
Next for any given k, j, ¢, and h satisfying
(2.3) () +1<h<p(j+1)<plk)+1<q<p(k+1),
we consider the number of solutions (%., %;) of the equation:
(2.4) Ng— N, =N, —Mn;, Where p(7)<i<h and p(k)<r<q.
Then from the above relations, it is seen that
’nr:nq"—(nh—ni)>nq_2j>nq(1_zj—k)>’n’q(1+2j~k+l)_]'
Therefore, the n,s in (2.4) must satisfy the inequalities
(L + 277 < m, <m,, and pk)<r<q.
Thus if m,(or m,) denotes the smallest (or the largest) index of n.s
satisfying the above mequahtles, we have, by (1.3),
(1+2"’°+‘)>nm2+1/nm1> H (1+0m““)>1+0(m2 my+1)p~*(k+1).
Since p(k+1)/p(k)—1, as Ic—>+oo the number of m)s in (2.4) is at
most 27-*Cp®(k), for some positive constant C. Further for any given
q, r, and h, there exists at most one n,; satisfying (2.4). Hence we
can obtain the following
Lemma 2. For any given k, j, q, and h satisfying (2.3), the
number of solutions (n,, n;) of (2.4) is at most 2:~*Cp(k).
In the same way we can prove the following
Lemma 3. For any given k, j, q, and h such that j<k—2,
(G +1)<h<p(i+2), and p(k+1)<g<p(k+2), the number of solutions
(n,, n;) of the equation n,—n,=n,—n; where p(7)<t<p(j+1) and
pk)<r<p(k+1) is at most 2:-*Cp*(k), where C s a positive constant.
§3. Proof of the Theorem. To simplify the computations
we will work out the proof of the theorem only for cosine series,
the proof of the general case follows the same lines.
I. First let us put, for k=1, 2,

4,(t)= MZH) a cos 2nm,,t,* and B,=A, 0.
Then we have, by (1 4) and (2.2),
ik
B.1)  sup|4Q0)[< E L o |< max | a, l{p(k+1) p(k)}

k)<m<plk

—O(ka““(k){p(k+1) p(k)}) O(Bk)’ as k—+oo.
On the other hand we have
(3.2) LB — |1 4, [P=U(t) + Vi (2),**

*) If pk+1)=p(k), then we put 4i(t)=0.
*6) Forany fi)eLe®, ), Il fIl=(| rxtat)"".

1/2



No. 7] Lacunary Trigonometric Series 505

where
1 p(k+1) plk+1)
Ut)=2"" >\ a, > a,cos2a(n,+n)t,
(3.3) ISP bl

Vit)="3) a4, S a, cos2a(n,—n,)t.
g=p(k)+2 r=p(k)+1
Then the Minkowski inequality and (3.1) imply that
p(k+1)
Il Uy IISM%HM [ 4i [|=0(By || 4, 1), and
| Vill=0(Be [ 4, ID), as k—+oo.

Thus we have E [| Vi HZ_O(X‘,B2 || 4, |®)=0(B%), as N—+ . Fur-
ther smce the sequence of functlons {U(t)} is orthogonal, it is seen
that HI; U, [|2__o(k§‘, B || 4, |H)=0(B%), as N—+ . Therefore, we
have, by (3 2) and the Schwarz inequality,
(3.4) HE{A @)=l 4 IIFHP<2]| 2 U.() |I* +2 IIZ‘. V@) [P

—o(BY)+4 %;goVk(t)Vj(t)dt, as N oo.
In the same way it is seen that

N N k—2 (1
(3.5) 113 4(040) [F=oB)+ 2T | Moy Wiwat, as Nt oo,

p(k+2) p(k+1)
where W, (t)= > a, > a,cos2rw(n,—n,)t.

q
¢=p(k+1)+1 r=p(k)+1

II. If k>j, then we have, by Lemma 2 and (3.3),

1
IS Vi) Vi) dt
& p(k+1) p(j+1)
<2/- Cp“(k)( max |a [)( max Ja;[) > |a;| > |aul.
(k)<r<p(k+1) P <i<p(F+1) g=p(k)+1 h=p()+1

On the other hand (1.4) and (2.2) imply that ( max |a,])

p(k+1) p(k)<r<p(k+1)
=o(Buy~ (k) and 1 |a;| =04, {ple-+1)— p(e)}"*)=0(| |4, (p(k))"),
as k—-+ oo, Thus, we have

Q_Smwvmm

—O(BN)Z‘. I 4, 1| p*"*(k) Z 2775 45 [{o(g) + 1}, as N—+ oo,
Further smce p(k—l— 1)/p(lc)~—>1 p(k)-—>—|- oo and p(k)=0(k?), as k— 4+ oo,
we can find a constant C, such that 22""{10(3)4—1} * < Co{p(k)+1}+,
for all k Therefore, we have, by the Schwarz inequality,

5Py §0Vk(t)vj(t)dt4
=0(B3) 33 | 4¢ [P} 21| 45 | 1+(5) 27 (p(3) + D~}
=o(B3) 3111 44 | S 2 | 45 |1y
SRS PRLESISERIPATPE
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—O(BN)(E l4; 1P, 2 2T =0(By), as N—+ oo,
Hence, we can obtam from (3.4)
(3.6) IIZ{A @®— 14, [P} =0(B%), as N— oo,
Using the same arguments, we have, by Lemma 3 and (3.5),
(3.7 l E 4,(8)d1:(F) [|=0(B%), as N—+co.
From (3.6) and (3.7) 1t follows that
(3.8) || B> {A ) +24,(8) 4,1 (D)}—1||=0(1), as N—+ oo,

III. By (3.1), (3 8), and Lemma 1, we can complete the proof.
§84. Proof of the Corollary. Let us assume that (1.5) does

not hold. If we put SN(t)zﬁ ay, cos2mn,(t+a,), then there exist a
k=1

set EC[0, 1] of positive measure, an integer N, and a positive
number M such that | Sy(t) |[<M for te E and N>N, From our
theorem it is seen that |{¢; te K, |Sy(®)| <M} |—0, as N—+ o,
This is a contradiction.
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