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18. An Extension of Certain Quasi-Measure

By Munemi MIYAMOTO
Department of Pure and Applied Sciences, University of Tokyo
(Comm. by Zyoiti SUETUNA, M.J.A., Feb. 12, 1966)

1. Introduction. In 1956, I. M. Gelfand and A. M. Yaglom
[38] pointed out importance of probability-theoretical treatments of
certain partial differential equations, It would be interesting to
construct (signed) measures on function spaces which stand in the
same relation to some partial differential equations as the Brownian
motion does to the heat equation. Let us consider the Cauchy
problem for an equation:

o o*u o*u

(1) T aW-l—b-b? (a>0).
The solution % with an initial value f is given by

where
g(t, w):i. S“ 6i€x~t(a54+b52)d$.
2

—00

Let 2 be a function space with a coordinate mapping z,. It is
natural to define a measure P, of a cylinder set C={w: (x,(w),
x (@), «++, @, (W) e '} in 2 as follows;

Px[C]—_—SS e Srg(tl, Yo — )G (b —1, Yo—1Yy) + - -

X g(tn”"tn—b yn—yn—l)dyld?h e dym

where n=1, 0=t,=¢,< -+ <t,=<T" and I'CR". It is easy to see
that P, is well defined on the algebla ¥ consisting of all cylinder
sets and that it is a finitely additive signed measure on . We
call P, a quast-measure corresponding to the equation (1).

Kolmogorov’'s extension theorem (cf. [5]) shows that if P, is
nonnegative, then P, has the extension to the c-algebra B generated
by . But in our case it turns out that P, may actually be negative
and that its total variation is infinite, Therefore P, can not be
extended to B. This fact was shown in 1960 by V. Yu. Krylov [6]
for a wider class of quasi-measures. At the present time we know
some sufficient conditions in order that a quasi-measure may be
extended to a o-additive signed measure, which we will call a
Markovian system (cf. [1], [T]).

In this note we try to obtain a reasonable extension of P, to

1) Throughout this note, a positive constant T is fixed.
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an algebra wider than . Let us consider a system of equations:

ou, =a au; + Bi(Uy—uy),
(2) ot oz
a‘;f; =a, %uj + Bl — ),

where a,, a, > 0 and

81: (al_b)alaz , 1322 . (az—b)a1a2 .
a(a, —a) a(o,—a,)

Eliminating u,, we get
a ouw, _ (1 1) ofu, | 0u, o*u, o,
a0, Ot? a,( 1+ otox* + ot ta oxt —b ox?
Formally, we obtain the equation (1) by sending off «, and «, to
the infinity. On the other hand, it will be proved that there exists
a Markovian system P, on the state space {1, 2} x R' corresponding
to (2). Thus the quasi-measure P, is approximated by Markovian

systems,

The procedure to approximate the equation (1) by the system (2)
was suggested in the course of discussion with M. Nagasawa on an

unpublished note of N. Ikeda, which gives a probabilistic treatment
to the transport problem.

=0.

2. Construction of the Markovian system. In this section
we construct a Markovian system corresponding to (2). We write

_B B
a a

(PS%(2))= exp {t y '
B B
&, a,

2
Because ma ZI PR(t)| = exp {Zt-max Bi }E@V“”“, there exists a
j=1,2 b=t i=L2 | @

Markovian system (4,, P;*) with the space 2,={1, 2}(*=) of elementary
events, such that
P[0, =k]=p{(t) (1=7, k=2).”

By (&, P,), we denote the one-dimensional Brownian motion defined

2
on the space 2, of continuous paths with the generator a—

x?
Let zt—(ﬁt,é ), P&, =P x P,, and =0, x Q,. We geta Markovian
system (%,, P, defined on @ with the state space {1, 2} x R'. As is
easily seen, the Markovian system corresponds to a system of equations:

2) Theorem 1 in [7] holds not only for contraction semi-groups, but also for
semi-groups T: for which || T || < evt.
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My B ),

ot ox*
%_ 0* 0" Uy 62 3)
ot ow | (s =20,

Applying to Z, Volkonskii’s random time change (cf. [8]) induced
by a positive additive functional Sta(ﬁx)*ds,‘“ we get a Markovian

system (z{*, (‘,'”’x)) which corresponds to (2). Let 2 be the set of all

functions w(t)=(w,(t), @,(t)) in [{1, 2} x R*]®™= with the continuous

second coordinate wy(t). Let zt(w)~(0,(w), 2 (w))=w(t), and let
POyl z(w)e Al=P,[7 e A].

We obtain a signed measure P®,, on 2. Thus we have

Lemma 1. There exists a Markovian system (2,, P$,,)" corre-
sponding to (2), which is equivalent to (2, P("")

It is essential for our argument that z, does not depend on the
parameter «, while 2z{*) does. As for practical calculations, however,
we utilize z®’, because the construction of the latter is clearer than
that of the former.

Let § be the algebra consisting of all eylinder sets generated
by x, and let B be the smallest g-algebra including .

Lemma 2. We write

B,={w: z,(w) is differentiable at some ¢},

B={0: Im |z(@)—a(@)|  _ m},

N eV Ti—s g [ t—s [T

B={o:lm_ |2@—a@)| __ L
=14 @ elf?Vlt—si-lglglt—sl“l + or some s

Then P,[B]1=0 for any Be®B such that BCB,UB,UB,.

Proof is based on general properties of Brownian paths (cf.
[40).

3. Approximation of the quasi-measure., The solution % of
the Cauchy problem for the system (2) with an initial value f is
expressed in the form;

wit, )=\ {(FWODE 5—1)+ LW, s—widy,
where

053¢, =\ g, Has
with

38) We always use a conventional notation u;(t, ) in place of u(t, (4, x)).

4) We write a(-) for a. (cf. the preceding footnote).

5) The Markovian system (zt,P(‘ﬁ’x)) gives an affirmative answer to the
question propounded by Yu. L. Daletskii and S. V. Fomin [2] whether there
exists a measure which may actually be negative.
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@5, €)= exp {t ('“‘Z“ S fg;_ s

Concerning ¢'%, we have following
Lemma 3. If a, and a, |+ with a;=o(a,), then
it 2)—g(t, x>z;,1~3°° greieet s,

91°(t, 2)—0.
Proof. An elementary but somewhat complicated calculation
shows that
g{f)(ty S):_l— I:{IOSO-W) +a2§2+‘82}etp_(g) = {p(—w) +a2§2+32}63p9)] ’
P — o
B, )= [ e )
where

o= %—[~ {(oz1 Fa,)E+ “17“2} 14/ {(oq +a)é+ %‘3‘—2}2 - 4041“2{*3“ +%52}]-

When «, and a, | 4+, then p®(§)——aé&*—0b&* and (&)~ —a,a;/a.
Therefore if a; and a, | + o~ with a;=o(«,), then
B
psg)_lo(_w)
and the others vanish, Thus we have
gio(, )—e s and  gi(t, £)—0.

From Lemma 3 it follows

Lemma 4. For every Ac,

lim P*,[A]=P,[A],

where lim means the limit along the way such that a, a,| + oo,
alzo(aZ) “and P, is the quasi-measure defined in Introduction.

We write

M={AecB:lim P,[A] exists for every x},
P,[A]= lim P®,[A] for AcIN.

Then we have

Theorem. FCM. P, is an extenston of the quasi-measure
to IR,

M is a quasi-algedbra, i.e., it possesses the following properties;

i) 2,6,

ii) If AeI, then 2\ A eI,

iii) If A and Be WM, then ANBe M is equivalent to AUBec M.

4. Some properties of P,. From Lemma 2 follows immediately

Proposition 1. Ewvery Be®B such that BCB,UB,UB,; belongs

to MM and the equality P,[B]=0 holds, where B,, B,, and B; are
those of Lemma 2.
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An analogous result is anounced by V. Yu. Krylov [6].
Let o be the first passage time to the origin, i.e.,
o(w)= inf {t; x,(w)=0}.

As to o, we have

Proposition 2. For any Borel set I’ in R' and for any t=0,
{e,e "', o>t} and {x,.€} belong to M. Plx,edy,c>t] and
P2, € dy] are the fundamental solutions of initial-boundary value
problems for the equation (1) for x>0 with boundary conditions
u(t, 0)=0 and u(t, 0)=u(0, 0) respectively.

Proof, It is easy to see that

2
Piulo.e I, o>t]=31| (05, a—1) =g, o+v)dy,
from which the result follows.
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