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195. On Free Abelian m-Groups. III
By F. M. SiosonN

University of Ateneo de Manila, Manila

(Comm. by Kinjird KUNUGI, M.J.A., Nov. 13, 1967)

In this part, the notion of tensor product of abelian m-groups
will be introduced.
Definition. The tensor product of the abelian m-groups M and
N is defined as F/6 and is denoted by M[XN.
If |(x,y)|/0 is denoted by xXy, observe that
(2@ + + » @ ]y = [(@,XY)(@XY) « -+ (@.XY)],
XYY ** * Ym]=[(@Xy)@Xys) + -« (@XYn)],
and oKy =Xy = (aXy)™.
Theorem 9. Let M, N, P be arbitrary abelian m-groups and
fi MX N—P be a function satisfying the conditions

(a) f([xlxz e xm]’ y):[f(xu 'y)f(xm y) e f(xnn y)j)
(b) f@, [yYe -+ Yu)=LF(®, y) (@, ¥2) -+ F(®, Yu)],
(¢) f@™, 9)=f(z, y™),
Sor all x,2, -+, 2, €M and y,¥y, +++,Yn € N. Then there exists
uniquely an m-group homomorphism h: MXN—P such that the
following diagram is commutative
MxN
l NS
M XINTP,
that s, h(xXy)=f(x, y) for all xe M and ye N.
Proof. Let F be the free abelian m-group on Mx N and
1. M x N—F be the injection i(x, y)=|(x,y)|. Consider the following
diagram.

MxN — = F

S

X s
/

s/

MX N P

By Theorem 4, f possesses a unique homomorphic extension f* F—P
such that f*-i(x, y)=f(x, y) so that f¥|(x, y)|)=f(x, y). Since
FH (@@, « - @p], ) D=fL2@ « -+ @], ¥)
=[S, @ Y) -+ f(@my Y)I=LSH @0, 9) 1) - -+ S5 (@my 9) DT,
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S @ (98 Yu ) =S, [YYs + - Yn)
=LA, y)f@, vs) - £, yu)1=LSH (@, ) ) -+ L@, ¥a) D],

FH @, 9) ) =f(@, y)=f@, y™) = (, ¥*) ),
then 6= f*o(f%*. This implies then that f* factors through the
natural homomorphism p: F—F/6=MXN, that is to say, there
exists a homomorphism h: MXJN—P such that hop=s* Thus

h(xXy) = h(p(| (2, ¥) )= (h o p)(| (2, ¥) N=/F%( (=, ¥) N =S (=, ¥).

The proof is thus completed.

The following follows from the preceding theorem and its proof
is similar to the proof in ordinary groups.

Theorem 10. (a) MXN=NXM;

(b) (MXIN)XP=MX(NXP),
for any three abelian m-groups M, N, and P.

The following Lemmata will be needed in the following.

Lemma A. (1) If a, -+, %, €M such that (&, +++, Tp_y) 1S
an (m—1)-adic identity of M and y € N, then ((x,Xy), * -+, (X))
18 an (m—1)-adic identity of M[XN.

(2) If Yy, +++,Yns€N such that (Y, *+*, Yn_) 18 an (m—1)-
adic identity of N and xe M, then ((xXy.), -+, @Xyn) s an
(m—1)-adic identity of M[XN.

Proof. For each x¢ M, note that [(2,Xy) -+ (€,_.X¥)(xXy)]
=[2®, +++ T Xy=2Xy. Similarly [(xXy)(@XY) -+ @naXY)]
=zXy. The proof of (2) is analogous.

Lemma B. (1) If x, -+, %,_, €M such that (x,, *++, Tp_y) 18
an (m—1)-adic identity of M and y,, +--, Y, € N, then (x.Xy,), *--,
(€,_.XY,) 18 an (m—1)s-adic identity of M[XIN.

(2) If 9y, *+, Ynos € N such that (Y, *++, Yn) 8 an (m—1)-
adic identity of N and «,, -+, x, € M, then ((x,Xy.), ***, (@XYn_1))
1s an r(m—1)-adic identity of MXN.

Proof. We shall only prove (1) since the proof of (2) is similar.
Let 4.1, -+, Yno €N such that (y, -+, ¥Yn_) is and (m—1)-adic
identity of N; then

[@Xy) «+» @noaXy)(@Xy)]=[(@KY) -+ @naKy)[(@Ky,)- - -

(x&ym—l)(x&yﬂ] = [[(xllzyl) e (xm—l&yl)(xyl)] Tt

[@Xy.) «++ (@ XKy)(@<y) J@XKYo11) -+ = (@XKY ) (@Y ]

=[@Xy) « - @EXY)@EXY,+) « -+ (@ RKYn)(@Ky) ]=2Ky.

Lemma C. (1) If (@4, ++e, 8 )~ (&}, o+, &) in M with

r<m—1 and y, ++-,y, € N, then (@[u), « -+, (@,y.) ~(@Xw),
eee, (@Xy.) in MIXIN.

(2) If (W +e, Y~ (), -+, ¥l) in N with s<m—1 and
@y, oo, 3, € M, then (@Xyy), -« ) @XY)) ~ (@00, -+, (@,595)



886 F. M. S1080N [Vol. 43,

wn M[XN.

Proof. Suppose r<m-—2., Let u,,, -+, ®,_,€M such that
(2, +++, ®,_,) and hence also (xf, ---, &), %y, *++, X,_y) is an (m—1)-
adicidentity of M. For each xe M, we have by Lemma B(1),

[(@,Xyy) - -+ (@ XY)(®r+:K91) « -+ + (@ Xya)(@Ky) ] = 2Ky
=[(@Xy)) - @ XY (@1, XY)) * -+ (@noiXY)(@XKY) ],
Whence the result follows. The proof for the case when r=m—1
is analogous. The proof of the second part will be omotted, since
it is the same as the preceding.

Lemma D. If (,, + -+, &)~ ], -+, &) in M and (4, -+, ¥,)
/s\/(y{, cee,yl) in N, then

@5y, -+, @Ky ) ~A(@KY + -, T
Proof. By Lemma C(1) we have in M[XN,

(xlyly Tty xrys)/lr\s/(x”zyu tt w;?js);
by Lemma C(2) we have in M XN,

@y, -+, XY )~ @y -+ -, UK.
The final result follows by transitivity.

Lemma E. Let G=MUM*U---UM"™" be the containing group
of the m-group M. Then (xy, -+, @)~ ), +++, @) in M if and
only if Xk, e X, =wx, - ;0 G.

The proof of Lemma K is clear.

Theorem 11. The tensor product of two abelian m-groups is
a coset of the temsor product of their respective containing groups
(by the Post Coset Theorem).

Proof. Let M and N be two abelian m-groups and M[XIN be
their tensor product. Denote respectively by A=MU2M U ---
Um—-1)M, B=NU2NU --- U(m—1)N, and C=(MXN)U2(MXN)
U-r Um—1)(MXN) their containg (abelian) groups by the Post
Coset Theorem. Define f: Ax B—C such that

(e, 3us)=3 3 @&
for all z, -+, %,¢ and ¥, ---,y, € N. Note that
F(Ze Sus) e (RN
if rs=0 (mod m—1); otherwise f<2 xm,Ey,>e(M.N)t where ¢
is the residue of »s (mod m—1). By the preceding Lemmata D and
E, f is clearly well-defined. Moreover,

F(Sa+ 3o, Zy,) (B 3w, =2 3 @&

i=r+1 i=1j=1

=S S@RY)+ 3 @R = (Do 2w+ (3 00 D ws)-

i=1 j=1 i=r-+1
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Similarly, f(Sa, v+ 3 v))=F (D, Sup)+ (e 3 ).

i=1 j=8+1
Now, note that if «, ..., m_leM such that (x, .- ,xm_l) 1s an
(m—1)-adic identity of M, i.e. Zx =0 in A, then Z X, = Ex
1.—-r+1 i=1

in 4. Thus, /(- zx“zyy) f( S o 2u) S S @Ry, By

=1 i=r+1

Lemmata B and E, then E E(x Xy;)=0 in M{XIN, and hence

t=1 j=1

2 B @)=~ 3 @)

Similarly,

f(Z;: x;, —g yj) = f(g x;, :_iE:;yQ Z. ]2 (z:Xy;)=— 2=]1 ]E=1 (:X1y,).

whence
f(“é Ly ;l]lyj)=f<§; iy _]ﬁ:lyj)-
Hence, by the analogue Theorem 9 for abelian groups, f extends to
a homomorphism f* A®B—C such that
S e@2 v,) =3 3 @Ew).

i=1 j=1
This is obviously an epimorphism. To show that f* is also a
monomorphism, suppose

(S (Seey y)) = (3 (Seresiy))

n Tk
so that > 2 E(w".y’;) EE E(x”‘&y ). However, since <06,
k=1 ¢=1 j=1 k=1 i=1 j=
then
Tk Sk w Tk %k

TS S @@yt = 222(x’k®y)

k=1 i=1 j=1 k=1 i=1 j=1
or

n Tk Sk n'
S (Berexie)=2 (z w””@'z?/ ).
Whence f* is an isomorphism,

Theorem 12. ZXM=M, where M 1is an arbitrary abelian
m-group and Z is the infinite cyclic m-group of integers.

Proof. Consider the function f: Z x M— M such that f(n, x) =2,
Then f satisfies the following conditions:

(1) f([mmg -+ n,l, x):x<[”1"2“'”m]>:x<"1+”2+'"+”m+1>[x<”1>x<"2> ‘e
x<”m>] =[f(n, ¥)f (M @) «+ (W, )],

(2) fon, [@,@, « - 2, ]) = (@00, «++ 3, ] = [a{2f™ « -+ 2]
=[f(n, ) f(n, z;) « - f(m, )],

(3) f(n®, )= f (kn(m—1) 4k +n, ) =aEr =Dt = (@) = f(n,
), Thus, f extends to a homomorphism f* ZXM—M such that
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finXx)=a or more generally, f *(E (nixi)“‘”):z‘, ()<,
Define ¢*: M—Z[XM such that g*zx):Ox. Sinée
Fil@@, -+ 2, ) =02, « - - @]
=[(0Xz)(0Kz,) « + « (0K @) ] = [gH(@,)g* () - + - gH(@w)],
then ¢* is an m-group homomorphism. Now, observe that
figt(@) = fAOXw) =2® =2=1,(x)

and
¢33 (=) ) =g 32 (9)* ) = 0K (090 = SO () )
=3 (Oaf0) 0 = 31 (0P Rar) 0 = 33 (m ) * = L3 (n5) ).

Whence, f* and ¢* are isomorphisms inverse to each other.
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