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119. A Note on M-Space and Topologically Complete Space

By Jun-iti NAGATA
Department of Mathematics, University of Pittsburgh

(Comm. by Kinjir6 KUNUGI, M. J. A., Sept. 12, 1969)

In the previous paper [4] we have proved that every paracompact
M-space with weight |A| (=the cardinality of the set A) is the perfect
image of a closed subset of D(A) and a subset of N(A), where D(A) is
Cantor discontinum (=the product of two points discrete spaces D,,
acA), and N(A) is Baire’s 0-dimensional space (=the product of
countably many copies of the discrete space A), and also stated the
following theorem without proof. (Throughout this paper we assume
that A is an infinite set and that spaces are Hausdorff. As for ter-
minologies and symbols in the present paper, see J. Nagata [3] and
[41.)

Theorem 1. A space X with weight |A|is a paracompact M-space
iff (=1if and only if) it is homeomorphic to a closed subset of SX P(A),
where S is a subspace of generalized Hilbert space H(A), and P(A) is
the product of the copies I, a ¢ A of the unit interval [0, 1].

The purpose of the present paper is to give a proof of Theorem 1
and extend our study to paracompact, topologically complete spaces (in
the sense of E. Cech), which form an important subclass of paracom-
pact M-spaces.

Proof of Theorem 1. Since the sufficiency of the condition is
obvious, we shall prove only the necessity. There is a perfect map
(=mapping) from X onto a metric space Y with weight <|4|. Let
{f:12 € A} be a collection of continuous functions |X—[0, 1] such that
for each point # of X and each nbd (=neighborhood) M of z, there is
A¢ A for which f,(x)=1, f(X—M)=0.

Then we define a map | X—Y X P(4) by

MX)=p@)X(fi(x)|Ac ), v X.
It is obvious that & is one-to-one and continuous. It is also easy to show
that A~! is continuous. Hence & is a topological map. To show that
MX) is closed in Y X P(A), let z=yX(q;|A € A) ¢ Y X P(A)—X). Then
o7 i(yN [@f 71(g)]1=¢, because otherwise for every point x in the non-

empty intersection h(x) =z holds, and thus z € #(X). Since each f7'(q,)

can be expressed as f;4(q)= ﬁf o ([qz— —3‘;, Q,+ %]) ([ ]denotes a closed
n=1

interval.) and since ¢ !(y) is compact, there are 4,, ---, 4, € A and a
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natural number » such that ¢-(y) NH=¢ in X if we put H =(kﬁ It
i=1

<[qh.——l, qli—}-l]) . Now, recall that ¢ is a closed map, and hence
n n

V=Y—¢(H) is an open nbd of y in Y. Thus VX{(p,|2¢ A) ¢ P(A)q,,
—%<Pﬁ<q1i+—1—,f=1, -+« , k} is anbd of z in Y X P(A) which is dis-
n

joint from A(X). Therefore h(X) is closed in YX P(4). By C.H.
Dowkers’s theorem (See J. Nagata [3]) Y is homeomorphic to a subspace
S of H(A), and thus the theorem is proved.

Now we can specialize the above theorem in case that X is topologi-
cally complete in the sense of E. Cech. (We are indebted to Professor
K. Nagami for calling our attention to the special case.) Let us begin
with a lemma.

Lemma. FEwvery complete metric space X with weight |A|is homeo-
morphic to a closed of H(A).

Proof. By C.H. Dowker’s theorem X is homeomorphic to a subset
S of H(A). Since X is topologically complete, S is a G,-set in H(A)

(See J. Nagata [3)]), i.e. S:ﬁ U, for open sets U,, n=1, 2, - -. in H(A).
n=1

For each natural number » let us define a continuous function f, on
U, by

f@=— X
o(x, X—-U,)
Then f(x)=(z, fi(x), fx), ---), xS is a continuous map from S into
H(A) X E~, where E~ is the product of countably many copies of the
1-dimensional Euclidean space. We can easily show that f is a topo-
logical map and that f(S) is closed in H(A) X E~. The proof is just a
copy of the proof of Kuratowski’s theorem in separable case (see J.
Nagata [3], p. 210). On the other hand E= is homeomorphic to sep-
arable Hilbert space by R.D. Anderson’s theorem [1]. Thus H(A)X E*
is homeomorphic to H(A).

Theorem 2. A space X with weight |A| is a paracompact, topo-
logically complete space iff it is homeomorphic to a closed subset of
H(A)X P(A).

Proof. The sufficiency of the condition is obvious, because H(A4)
X P(A) is paracompact and topologically complete by Z. Frolik’s
theorem [2]. To prove the necessity, let X be a paracompact, topologi-
cally complete space with weight [A|. Then by Theorem 1 X is homeo-
morphic to a closed set X’ of SXP(A). By Frolik’s another theorem
[2] there is a perfect map from X onto a complete metric space Y.
Since S and Y are homeomorphic, by Lemma S can be regarded as a
closed subset of H(A4). Thus X’ is a closed subset of H(A) X P(A).

xeU,, where p denotes the metric in H(A):
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Now, let us turn to specialize another theorem in [3] which was
stated at the beginning of the present paper, too.

Theorem 3. Ewvery paracompact, topologically complete space Y
with weight |A| is the image of a closed subset of D(A)XN(A) by a
perfect map.

Proof. All we need is a slight modification on the proof of the
general theorem given in [3], which is assumed to be known by the
reader and will be called the ‘previous proof.” Since Y is paracompact
and topologically complete, by Frolik’s theorem [2] there is a perfect
map ¢ from Y onto a complete metric space Z. Let ¥/, be a locally
finite open cover of Z such that 9/, >W >, >9Ws > -.. and such
that mesh 9/,—0. Then we may assume U,=f W )={f"(W)|W
e W, i=1,2, - - . in the previous proof, (where the word ‘locally finite’
was erroneously dropped to describe the properties of €J;,.) In the

previous proof we put S={(a;, a,, - --) € N(A) Iké Fla, -+, ap)x0} to

prove that Y is the perfect image of a closed subset of D(4) X S. Thus
it suffices to prove that S is closed in N(A) in the present case. Sup-

pose (B, B, -+ ) € N(A)—S. Then (\F(B,, - -+, f)=¢. Hence F(g, -

- Bw)=¢ for some k. Because otherwise we have here a decreasing
sequence {F(B3,, ---, B)|k=1,2, ---} of non-empty closed sets. As
implied by the construction of F(B,, ---, B, F(By, - -+, B U, holds
for some U, e U,. Hence {oF (B, ---, B |k=1,2, ...} is a Cauchy

filter basis in the complete metric space Z. Therefore ﬁ o(F(B,, -
k=1

o B)xg. Let ze N o(F By, -+, B). Then for each k we can
k=1

choose ¥, e F(B,, - -+, B) N '(»). Since ¢'(2) is compact, {y,} has a
cluster point y in ¢~'(2). Since ye F(B,, ---, By, k=1,2, ---, we
contradict ourselves. Therefore F(f,, ---, B)=¢ for some k. Now
N@QBy -+, B={(ay, &y, --)eNA)|a,=py, -+, a,=p:} is a nbd of
(815 B2, -+ ) which does not intersect S. Thus S is a closed set in N(4),
and hence D(4)X S is closed in D(A) X N(4). In other words Y is the
perfect image of a closed set of D(A) X N(A).
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