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37. On the Logarithm of Closed Linear Operators

By Atsushi YOSHIKAWA™
Department of Mathematics, Hokkaido University

(Comm. by Kosaku Yosipa, M. J.A., March 12, 1973)

For a non-negative operator A in a Banach space X, Nollau [3]
gave a definition of its logarithm log A. In this note, we present an-
other definition of log A. Formally our definition is based on the
relation

log A=log A(p+A)'—log (u+A)™",  p>0.

It is important here that log (z+A4)™' (resp. log A(u+A)™") is to be
defined as the infinitesimal generator of a holomorphic semi-group
(u+A)*, a=0, (resp.A*(x+A)"%) under suitable conditions on A.
Using this relation, we derive several formal properties of log 4, of
which some seem to be new. By means of these properties, we finally
give another proof of one of Nollau’s representation formulas for
log A. The original proof was done through Dunford’s integral and
Nollau relied on this formula for the derivation of formal properties
of log A.

1. Definition and formal properties. We only consider a densely
ranged and densely defined non-negative operator A in a Banach space
X. Namely, all positive reals are contained in the resolvent set P(—A4)
of —A;

.1 lrr+A) =M,  r>0;
1.2) DA)=X;
(1.3) RA@)=X.

Here D(T), R(T) stand for the domain and the range of an operator T,
respectively. Y is the closure of the set Y in X.

For A with (1.1), (1.2), (1.8), the following assertion is well-known
(Komatsu [1, 2], e¢f. Yosida [4]).

Proposition 1.1. For any positive p, {(u+A)*; a =0}, {A*(p+4)™=;
a=0} are strongly continuous semi-groups of bounded linear operators.
Both semi-groups are analytically continued to the half plane Re a>0.

We also note the following relation (cf. Komatsu [2]):

1.4) At A) o= (A7 4 e,

We denote by A*(x; A) (resp. 4 (u; A)) the infinitesimal generator of
(p+A) = (resp. A“(u+A)). Weset D*(u; A)=D(UA*(x; A)). We some-
times write 4*(p), D*() instcad of A*=(x; A), D*(u; A).

*  Partly supported by the Sakkokai Foundation.
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Proposition 1.2, D*(p) and D~(y) are independent of p>0:
D*(w)=D",
D~ (w=D-.
Proof. We first note the following elementary
Lemma 1.3. Let T, be a strongly continuous group of bounded
operators. If T,is analytically continued in the sectors 3> *={r; Re =0,
larg £]<4.}, (0<0.<=x/2), then its infinitesimal generator is bounded,
and T, is entire in t.

Proof. Under the assumption of Lemma, we see immediately that
the spectrum of its infinitesimal generator B is compact. In particular,
T,x:(zm')‘lfr e-(z—B)wdz, (zeX),
where I' is a bounded closed curve containing the spectrum of B in its

interior. This implies the lemma.

End of the proof of Proposition 1.2. If v>0, we have

(u+A)*={v+A)(e+A) "} 4+ A)
Since {(v+A4)(¢+A)"'}* is a group satisfying the hypothesis of Lemma
1.3, its infinitesimal generator 4,, is bounded. Thus, € D*(v) if and
only if « € D*(y), and
A*(Wr=A4*Wx+4, 2, xeD*.

The other half of Proposition 1.2 is proved similarly.

Proposition 1.4. If xze D* (resp. D7), then A*(wx (resp. A~ (x)
is strongly differentiable in p, and

(1.5) aA* (e /dp= —(u+A) 'z, x e D*.
(resp.
(1.6) dA-(Wx/dp= —(u+A) ', xe D).

Proof. Since
(p+A) - — (14 A)z— —af” (v+A)=1zdy,
we have, by differentiating in « and lettinlg a—0,
A (@z— A+ (D= — J: G+A)wdy, weD*.

Here we used that 4,, in the proof of Proposition 1.2 is continuous in
¢ or v>0. Hence, we get (1.5) after differentiation in x. (1.6) is
obtained analogously.

Corollary 1.5. The operator L with

La={A"() —A* (W}, z e D(L),
D(L)=D*ND-,

is defined independently of p>0.

Proposition 1.6. The operator L is closabdle.

Proof. First we note, for x e D*ND-,

A7 A —D(p+A) - w= J:Aﬁ(p+A)"“Lxdﬁ, a>0, 4>0.
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In fact, if we set w(a)=(A*—D(u+A) "z, x € D* N D~, then we have
{du(a) Jda= A (Wu(ax) +A*(u+A) Lz,
#(0)=0.

Thus,

u(a)=f: exp ((@—p)A* (u)AP(u+A)-*Lxdp

— J “AP(u+ A)-Ladp.
By differentiating (1.07) in u4, we obtain
1.8) (A*—D(x —|-A)‘“‘1w=rA"(/J +A)'Ladp, weD ND-.
Now let z, e D*N D~ be suchothat Z2n—2, Lz,—y. From (1.8), we have
(1.9) (A"—D(;a+A)‘“‘1z:j:Aﬁ(#+A)""1yd,3.

Here the right-hand side is differentiable in «, and (¢+A)'z¢e D*.
Thus the left-hand side of (1.9) is termwise differentiable in «. In
particular, (u+A) 'ze D~, and
A~ (@W(pe+A)"2—A"(W(p+A) 2=+ A)"Y,

or
(1.10) L(p+A)2=(u+A4)"y.
Hence, if 2=0, then y=0.

Corollary 1.7. Let L~ be the closure of L. If xe D(L~), then
(u+A) 'z e D(L), and

L(p+A)z=(pu+A)'Lx.

Proof. This follows from (1.10).

A similar discussion shows the following

Corollary 1.8. If xe D(L~), then A(u+A) 'z e D(L), and

LA(u+A)'e=A(Qu+A)'Lx.

Corollary 1.9. If A is bounded, then D(L)=D~, and L~=L. If
A~ is bounded, then D(L)=D*, and L~=L.

Proof. If A is bounded, then (x+A)~* satisfies the conditions of
Lemma 1.3. Thus, D*=X. The other half follows similarly.

Definition 1.10. We define log A=L".

Corollary 1.11. If xe D*ND~, then

log Ax=log A(p+A)'x —log (u+A) 'x.
Proposition 1.12. log A= —log A%,
Proof. Using (1.4), we have
A (u; A)=—log u+ A (u*; A7Y),
A (p; A)=—log u+A*(u"; A7)

Proposition 1.13.
(1.11) A*(p)=log (u+A)";
(1.12) A (p)=log A(u+A)".

Proof. Put B=(u+A4)"'. Since
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B*(1+B)a—(1+B) "2

= (et Ay Q)= [ 40 A+ )P,
we have
A=A ; B) B*Q+B)*x—A*(1; B A+B) “x

=A~(L; p+ A+ A A+ p+A)e j A (s A+ A)Padp

+(p+A)A+p+A) A (5 A)(p+A) 2.
A*(1;B)=4-(1; p+A) being bounded (Lemma 1.3), x e D(A~(1; B)) if
and only if x € D(A4*(¢; A)), and
A= (1;B)x—A7(1; Byx=A (p; A)x.
By Corollary 1.9, we have (1.11). (1.12) is proved in a similar way.
2. Representation formula.

Proposition 2.1. If x € D(A?) for some B,0<p<1, then

2.1) limg_. log R(R+A)'x=0.
If © e R(A?) for some §/,0< <1, then
2.2) lim,_. log A(e+A4)'x=0.

Proof. Since

(R+A)“s—R-z=—a J 'A(R+sA)-'zds, xeD(A?),
0

A*(R; A)x—log R 'x= —-rA(R—}—sA)‘lwds:O(Rﬂ"l).
0

(2.2) is proved similarly.

Proposition 2.2. If xe D(A?)NR(A?) for some B,f,0<8, <1,
then

log Az=(log )z +limy._.. r J A+ A)edp
2.3) ! g
—lim, .. I (u+A) " wdp

for every v>0.

Proof. By Proposition 1.4,

dlog p(p+A)‘w/dp={p'—(u+A) }x.
Thus, by Proposition 2.1,

—log w(v+A)w=limp_. IR p A A) " wdp.
Similarly,
log A(+A4)"'w= -—limmor(p+A)‘1xd,u.

Hence, Corollary 1.11 implies the proposition.

Corollary 2.3 (Nollau). If x e D(A®)NR(A¥) for some B, §',0<3,
B <1, then

@.9 log Aw=lity ..o 1+ (A—D(u+A) i
Proof. We divide the integral in the right-hand side of (2.4):
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[farw@-pe+tywan=[ +["=1.417, >0
Then, as easily seen,

I,={log (v+1)—log (1+&)}e— j (4 A)wdy,
and

IR=JRg-1A(y+A)‘1xdy—{log R(R+1)"'—log v+log (v+D}.
Hence, (2.4) follows from (2.8).
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